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Preface

History. This project is a local adaptation of Modeling, Functions, and
Graphs by Katherine Yoshiwara. A bit of text was added to discuss function
composition. A few topics were reordered, and a few others were removed, to
facilitate use by our instructors and students.

Mathematics, as we all know, is the language of science, and fluency in alge-
braic skills has always been necessary for anyone aspiring to disciplines based on
calculus. But in the information age, increasingly sophisticated mathematical
methods are used in all fields of knowledge, from archaeology to zoology. Conse-
quently, there is a new focus on the courses before calculus. The availability of
calculators and computers allows students to tackle complex problems involving
real data, but requires more attention to analysis and interpretation of results.
All students, not just those headed for science and engineering, should develop a
mathematical viewpoint, including critical thinking, problem-solving strategies,
and estimation, in addition to computational skills. Modeling, Functions and
Graphs employs a variety of applications to motivate mathematical thinking.

Modeling. The ability to model problems or phenomena by algebraic ex-
pressions and equations is the ultimate goal of any algebra course. Through
a variety of applications, we motivate students to develop the skills and tech-
niques of algebra. Each chapter includes an interactive Investigation that gives
students an opportunity to explore an openended modeling problem. These
Investigations can be used in class as guided explorations or as projects for small
groups. They are designed to show students how the mathematical techniques
they are learning can be applied to study and understand new situations.

Functions. The fundamental concept underlying calculus and related disci-
plines is the notion of function, and students should acquire a good understand-
ing of functions before they embark on their study of college-level mathematics.
While the formal study of functions is usually the content of precalculus, it
is not too early to begin building an intuitive understanding of functional
relationships in the preceding algebra courses. These ideas are useful not only
in calculus but in practically any field students may pursue. We begin working
with functions in Chapter 1 and explore the different families of functions in
subsequent chapters.

In all our work with functions and modeling we employ the "Rule of Four,"
that all problems should be considered using algebraic, numerical, graphical, and
verbal methods. It is the connections between these approaches that we have
endeavored to establish in this course. At this level it is crucial that students
learn to write an algebraic expression from a verbal description, recognize trends
in a table of data, and extract and interpret information from the graph of a
function.



vi

Graphs. No tool for conveying information about a system is more powerful
than a graph. Yet many students have trouble progressing from a point-wise
understanding of graphs to a more global view. By taking advantage of graphing
calculators, we examine a large number of examples and study them in more
detail than is possible when every graph is plotted by hand. We can consider
more realistic models in which calculations by more traditional methods are
difficult or impossible.

We would like to thank Roy Simpson and his colleagues at Cosumnes River
College, especially Min Zeng and Phuong Le, for their careful reading of the
text and superior error-spotting skills. We also thank Tom Judson and the
faculty at Stephen F. Austin State University for their help designing WebWork
exercises for the text.

Sean Laverty (with others, via Katherine Yoshiwara)
Edmond, OK 73034
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Chapter 1

Functions and Their Graphs

You may have heard that mathematics is the language of science. In fact,
professionals in nearly every discipline take advantage of mathematical methods
to analyze data, identify trends, and predict the effects of change. This process
is called mathematical modeling.

A model is a simplified representation of reality that helps us understand
a process or phenomenon. Because it is a simplification, a model can never
be completely accurate. Instead, it should focus on those aspects of the real
situation that will help us answer specific questions. Here is an example.

The world’s population is growing at different rates in different nations.
Many factors, including economic and social forces, influence the birth rate. Is
there a connection between birth rates and education levels?

The figure shows the birth rate plotted against the female literacy rate in
148 countries. Although the data points do not all lie precisely on a line, we see
a generally decreasing trend: the higher the literacy rate, the lower the birth
rate.
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Birth rate and female literacy

NW R N3

Births per woman

0 20 40 60 80 100
Percent of women who are literate
The regression line provides a model for this trend, and a tool for analyzing
the data. In this chapter we study the properties of linear models and some
techniques for fitting a linear model to data.

1.1 Linear Models

Investigation 1 Sales on Commission. Delbert is offered a part-time
job selling restaurant equipment. He will be paid $1000 per month plus a 6%
commission on his sales. The sales manager tells Delbert he can expect to sell
about $8000 worth of equipment per month. To help him decide whether to
accept the job, Delbert does a few calculations.

1. Based on the sales manager’s estimate, what monthly income can Delbert
expect from this job? What annual salary would that provide?

2. What would Delbert’s monthly salary be if he sold only $5000 of equipment
per month? What would his salary be if he sold $10,000 worth per month?
Compute monthly incomes for each sales total shown in the table.

Sales | Income I

5000 4000

8000
10,000
12,000
15,000
18,000
20,000
25,000 1000
30,000
35,000

3000

2000

Dollars

10 20 30 40 5
Thousands of dollars

3. Plot your data points on a graph, using sales, S, on the horizontal axis
and income, I, on the vertical axis, as shown in the figure. Connect the
data points to show Delbert’s monthly income for all possible monthly
sales totals.

4. Add two new data points to the table by reading values from your graph.

5. Write an algebraic expression for Delbert’s monthly income, I, in terms
of his monthly sales, S. Use the description in the problem to help you:
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He will be paid: $1000 . . . plus a 6% commission on his sales.
Income =

6. Test your formula from part (5) to see if it gives the same results as those
you recorded in the table.

7. Use your formula to find out what monthly sales total Delbert would need
in order to have a monthly income of $2500.

8. Each increase of $1000 in monthly sales increases Delbert’s monthly
income by

9. Summarize the results of your work: In your own words, describe the
relationship between Delbert’s monthly sales and his monthly income.
Include in your discussion a description of your graph.

1.1.1 Tables, Graphs and Equations

The first step in creating a model is to describe relationships between variables.
In Investigation 1, p. 2, we analyzed the relationship between Delbert’s sales and
his income. Starting from a verbal description, we represented the relationship
in three different ways.

1. A table of values displays specific data points with precise numerical
values.

2. A graph is a visual display of the data. It is easier to spot trends and
describe the overall behavior of the variables from a graph.

3. An algebraic equation is a compact summary of the model. It can be
used to analyze the model and to make predictions

We begin our study of modeling with some examples of linear models. In
the examples that follow, observe the interplay among the three modeling tools,
and how each contributes to the model.

Example 1.1.1 Annelise is on vacation at a seaside resort. She can rent a
bicycle from her hotel for $3 an hour, plus a $5 insurance fee. (A fraction of an
hour is charged as the same fraction of $3.)

a Make a table of values showing the cost, C, of renting a bike for various
lengths of time, t.

b Plot the points on a graph. Draw a curve through the data points.

¢ Write an equation for C' in terms of ¢.

Solution.

a To find the cost, we multiply the time by $3, and add the result to the $5
insurance fee. For example, the cost of a 1-hour bike ride is

Cost = (85 insurance fee) + ($3 per hour) x (1 hour)
C=5+3(1)=38

A 1-hour bike ride costs $8. We record the results in a table, as shown
here:
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Length of rental (hours) | Cost of rental (dollars) (t,C)
1 8 C=5+3(1) | (1,8)
2 11 C=5+3(2) | (211)
3 14 C=5+3(3) | (3,14)

Each pair of values represents a point

on the graph. The first value gives the
horizontal coordinate of the point, and
the second value gives the vertical coor-
dinate. The points lie on a straight line,
as shown in the figure. The line extends
b infinitely in only one direction, because
negative values of ¢ do not make sense

here.

¢ To write an equation, we let C represent the cost of the rental, and we
use t for the number of hours:

Cost = (85 insurance fee) 4 ($3 per hour) x (number of hours)

C=5+3-t

Example 1.1.2 Use the equation C =5+ 3 - ¢ you found in Example 1.1.1,
p- 3 to answer the following questions. Then show how to find the answers by

using the graph.

a How much will it cost Annelise to rent a bicycle for 6 hours?

b How long can Annelise bicycle for $18.507

Solution.

a We substitute ¢ = 6 into the expression for C to find

C'=5+3(6) = 23

A 6-hour bike ride will cost $23. The point P on the graph in the figure
represents the cost of a 6-hour bike ride. The value on the C-axis at the
same height as point P is 23, so a 6-hour bike ride costs $23.
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We substitute C' = 18.50 into the equation c
and solve for t.

18.50 =5+ 3t
13.50 = 3t
t=45

1, For $18.50 Annelise can bicycle for 4'% hours.
The point @ on the graph represents an
$18.50 bike ride. The value on the t-axis
below point @ is 4.5, so $18.50 will buy a
4.5 hour bike ride.

t

O
Note 1.1.3 In Example 1.1.2, p.4, notice the different algebraic techniques we
used in parts (a) and (b).

o In part (a), we were given a value of ¢ and we evaluated the expression
5+ 3t to find C.

o In part (b) we were given a value of C' and we solved the equation
C =5+ 3t to find ¢.

Checkpoint 1.1.4

Frank plants a dozen corn seedlings, each 6
inches tall. With plenty of water and sunlight
they will grow approximately 2 inches per day.
Complete the table of values for the height, h,
of the seedlings after ¢ days. 40

t 105110115 ] 20
h

80

t
10 20 30 40

a Write an equation for the height of the seedlings in terms of the number
of days since they were planted.

b Graph the equation.
Answer.

a h=6+2t h
80

40

t
20 40

Checkpoint 1.1.5 Use your equation from Checkpoint 1.1.4, p.5 to answer
the questions. Illustrate each answer on the graph.

a How tall is the corn after 3 weeks?
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b How long will it be before the corn is 6 feet tall?

Hint. For part (b), convert feet to inches.

Answer.

a 48 inches tall b 33 days

1.1.2 Choosing Scales for the Axes

To create a useful graph, we must choose appropriate scales for the axes.

e The axes must extend far enough to show the values of the variables.
e The tick marks should be equally spaced.
e Usually we should use no more than 10 or 15 tick marks.

Example 1.1.6 In 1990, the median price of a home in the US was $92,000.
The median price increased by about $4700 per year over the next decade.

a Make a table of values showing the median price of a house in 1990, 1994,
1998, and 2000.

b Choose suitable scales for the axes and plot the values you found in part
(a) on a graph. Use t, the number of years since 1990, on the horizontal
axis and the price of the house, P, on the vertical axis. Draw a curve
through the points.

¢ Write an equation that expresses P in terms of ¢.

d How much did the price of the house increase from 1990 to 19967 Illustrate
the increase on your graph.

Solution.

a In 1990 the median price was $92,000. Four years later, in 1994, the price
had increased by 4(4700) = 18,800 dollars, so

P =92,000 + 4(4700) = 110,800
In 1998 the price had increased by 8(4700) = 37,600 dollars, so
P =92,000 + 8(4700) = 129, 600

You can verify the price of the house in 2000 by a similar calculation.

Year | Price of House) (t, P)

1990 92,000 (0, 92,000)
1994 110, 800 (4, 110,800)
1998 129, 600 (8, 129,600)
2000 139,000 (10, 139, 000)

b We let ¢ stand for the number of years since 1990, so that ¢ = 0 in 1990,
t =4 in 1994, and so on. To choose scales for the axes, we look at the
values in the table. For this graph we scale the horizontal axis, or t-axis,
in 1-year intervals and the vertical axis, or P-axis, for $90,000 to $140,000
in intervals of $5,000. The points lie on a straight line, as shown in the
figure.
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P
140

P =92,000 + 4700¢

120

28,200
100

t
5 10
¢ Look back at the calculations in part (a). The price of the house started
at $92,000 in 1990 and increased by t x 4700 dollars after ¢ years. Thus,

P = 92,000 + 4700t

d We find the points on the graph for 1990 and 1996. These points lie above
t = 0 and t = 6 on the t-axis. Next we find the values on the P-axis
corresponding to the two points. The values are P = 92,000 in 1990 and
P =120,200 in 1996. The increase in price is the difference of the two
P-values.

increase in price = 120, 200 — 92, 000
= 28,200

The price of the home increased $28,200 between 1990 and 1996. This
increase is indicated by the arrows in the figure.

O

Note 1.1.7 The graphs in the preceding examples are increasing graphs .
As we move along the graph from left to right (in the direction of increasing ¢
), the second coordinate increases as well. Try Checkpoint 1.1.8, p. 7, which
illustrates a decreasing graph.

Checkpoint 1.1.8 Silver Lake has been polluted by industrial waste products.
The concentration of toxic chemicals in the water is currently 285 parts per
million (ppm). Environmental officials would like to reduce the concentration
by 15 ppm each year.

a Complete the table of values showing the desired concentration, C, of toxic
chemicals ¢ years from now. For each t-value, calculate the corresponding
value for C. Write your answers as ordered pairs.

t|C (t,C)
C=285—15(0) | (0, )
5 C=285—15(5) | (5, )
10 C =285—15(10) | (10, )
15 C =285—15(15) | (15, )

b To choose scales for the axes, notice that the value of C' starts at 285 and
decreases from there. We’ll scale the vertical axis up to 300, and use 10
tick marks at intervals of 30. Graph the ordered pairs on the grid, and
connect them with a straight line. Extend the graph until it reaches the
horizontal axis, but no farther. Points with negative C-coordinates have
no meaning for the problem.
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c
300

240
180
120

60

t

10 20

¢ Write an equation for the concentration, C, of toxic chemicals ¢ years
from now.

Hint. For part (c¢): The concentration is initially 285 ppm, and we subtract
15 ppm for each year that passes, or 15 x .

Answer.
(t,C) N c C =285 15t
(0, 285) L 240
& (5,210) 120
(10,135) !
(15,60) SH 6

Note 1.1.9 In the previous Checkpoint, we extend the graph until it reaches
the horizontal axis, but no farther. Points with negative C'-coordinates have no
meaning for the problem.

Example 1.1.10 Using a Graphing Calculator. In Example 1.1.6, p. 6,
we found the equation
P =92,000 4 4700t

for the median price of a house t years after 1990. Graph this equation on a
calculator.

Solution. To begin, we press Y= and enter
Y1 =92,000 4+ 4700X

For this graph, we’ll use the grid in Example 1.1.6, p.6 for our window
settings, so we press WINDOW and enter
Xmin= 0 Xmax= 10
Ymin= 90, 000 Ymax= 140, 000

Finally, we press GRAPH. The calculator’s graph is shown in the figure.

140,000

AN ) S —
0

Checkpoint 1.1.11
a Solve the equation 2y — 1575 = 45z for y in terms of z.
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b Graph the equation on a graphing calculator. Use the window

Xmin= —50 Xmax= 50 Xscl=5
Ymin= —500 Ymax= 1000 Yscl= 100

¢ Sketch the graph on paper. Use the window settings to choose appropriate
scales for the axes.

Answer.
a y = (1575 + 45x)/2 y
IOOOf
b C
I
=20 | 2040
=500

1.1.3 Linear Equations
All the models in the preceding examples have equations with a similar form:
y = (starting value) 4 (rate of change) - @

(We'll talk more about rate of change in Section 1.4, p.82.) Their graphs were
all portions of straight lines. For this reason such equations are called linear
equations. The order of the terms in the equation does not matter. For
example, the equation in Example 1.1.1, p. 3,

C=5+3t
can be written equivalently as
—3t+C=5
and the equation in Example 1.1.6, p.6,
P =92,000 + 4700t

can be written as
—4700t + P = 92,000

This form of a linear equation, Az + By = C, is called the general form.

General Form for a Linear Equation.

The graph of any equation
Ax+ By =C

where A and B are not both equal to zero, is a straight line.

\.

Example 1.1.12 The manager at Albert’s Appliances has $3000 to spend on
advertising for the next fiscal quarter. A 30-second spot on television costs
$150 per broadcast, and a 30-second radio ad costs $50.

a The manager decides to buy x television ads and y radio ads. Write an
equation relating = and y.
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b Make a table of values showing several choices for x and y.

¢ Plot the points from your table, and graph the equation.

Solution.

a Each television ad costs $150, so = ads will cost $150x. Similarly, y radio
ads will cost $50y. The manager has $3000 to spend, so the sum of the

costs must be $3000. Thus,

150z + 50y = 3000

b We choose some values of x, and solve the equation for the corresponding
value of y. For example, if x = 10 then

150(10) + 50y = 300
1500 4 50y = 3000
50y = 1500

y =30

If the manager buys 10 television ads, she can also buy 30 radio ads. You
can verify the other entries in the table.

8

10

12

14

y | 36

30

24

18

We plot the points from the table.
All the solutions lie on a straight line,

as shown in the figure.

6056

40

20

150x + 50y = 3000

]

o

L}

L]
e
e
Q
]

10 20
g

Checkpoint 1.1.13 In central Nebraska, each acre of corn requires 25 acre-
inches of water per year, and each acre of winter wheat requires 18 acre-inches
of water. (An acre-inch is the amount of water needed to cover one acre of
land to a depth of one inch.) A farmer can count on 9000 acre-inches of water
for the coming year. (Source: Institute of Agriculture and Natural Resources,

University of Nebraska)

a Write an equation relating the number of acres of corn, x, and the number
of acres of wheat, y, that the farmer can plant.

b Complete the table.

100

150

200
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Answer.

a 25z + 18y = 9000

bl 50 100 150 200
y | 430.6 | 361.1 | 291.7 | 222.2

1.1.4 Intercepts

y

Consider the graph of the equation
v
3y 4\/ 0,4) 3x —4y =12
. shown at left. The points where the graph crosses
=5 /(3.0 the axes are called the intercepts of the graph. The
/ coordinates of these points are easy to find.

The y-coordinate of the z-intercept is zero, so we set y = 0 in the equation
to get

3(0) —4z =12
T =3

The z-intercept is the point (—3,0). Also, the z-coordinate of the y-intercept
is zero, so we set x = 0 in the equation to get

3y — 4(0) = 12
y=4
The y-intercept is (0,4).

Intercepts of a Graph.

The points where a graph crosses the axes are called the intercepts of
the graph.

1. To find the y-intercept, set x = 0 and solve for y.

2. To find the z-intercept, set y = 0 and solve for =

The intercepts of a graph tell us something about the situation it models.

Example 1.1.14

a Find the intercepts of the graph in Checkpoint 1.1.8, p.7, about the
pollution in Silver Lake.

b What do the intercepts tell us about the problem?

Solution.

a An equation for the concentration of toxic chemicals is
C =285 —15¢
To find the C-intercept, set t equal to zero.
C =285 —15(0) = 285

The C-intercept is the point (0,285), or simply 285.
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To find the t-intercept, set C' equal to zero and solve for t.

0 =285 — 15t Add 15t to both sides.
15t = 285 Divide both sides by 15.
t=19

The t-intercept is the point (19,0), or simply 19.

b The C-intercept represents the concentration of toxic chemicals in Silver
Lake now: When t = 0, C' = 285, so the concentration is currently 285

The t-intercept represents the number of years it will take for the concen-
tration of toxic chemicals to drop to zero: When C' = 0, t = 19, so it will
take 19 years for the pollution to be eliminated entirely.

O

Checkpoint 1.1.15

a Find the intercepts of the graph in Example 1.1.12, p.9, about the
advertising budget for Albert’s Appliances: 150z 4+ 50y = 3000.

b What do the intercepts tell us about the problem?

Answer. (20,0): The manager can buy 20 television ads if she buys no radio
ads. (0,60): The manager can buy 60 radio ads if she buys no television ads.

1.1.5 Intercept Method for Graphing Lines

Because we really only need two points to graph a linear equation, we might as
well find the intercepts first and use them to draw the graph. The values of the
intercepts will also help us choose suitable scales for the axes. It is always a
good idea to find a third point as a check.

Example 1.1.16
a Find the z- and y-intercepts of the graph of 150z — 180y = 9000.

b Use the intercepts to graph the equation. Find a third point as a check.

Solution.
a To find the z-intercept, we set y = 0.
150z — 18(0) = 9000 Simpify.

1502 = 9000 Divide both sides by 150.
z = 60

The a-intercept is the point (60, 0). To find the y-intercept, we set x = 0.
150(0) — 18y = 9000 Simpify.

—180y = 9000 Divide both sides by — 180.
y = —50

The y-intercept is the point (0, —50).
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b We scale both axes in intervals of 10 and then plot the two intercepts,
(60,0) and (0, —50). We draw the line through them, as shown below.
Finally, we find another point and check that it lies on this line. We
choose z = 20 and solve for y.

150(20) — 180y = 9000

3000 — 180y = 9000

—180y = 6000
y=—-333

We plot the point (20, —33%). Because this point lies on the line, we can
be reasonably confident that our graph is correct.

y

201150x — 180y = 9000
50 x

—40

/]

To Graph a Line Using the Intercept Method:.
1 Find the intercepts of the line.

a To find the z-intercept, set y = 0 and solve for z.

b To find the y-intercept, set z = 0 and solve for y.
2 Plot the intercepts.
3 Choose a value for z and find a third point on the line.

4 Draw a line through the points.

Checkpoint 1.1.17

a In Checkpoint 1.1.13, p. 10, you wrote an equation about crops in Nebraska.
Find the intercepts of the graph.

b Use the intercepts to help you choose appropriate scales for the axes, and
then graph the equation.

¢ What do the intercepts tell us about the problem?

Answer. a., c. (360,0): If he plants no wheat, the farmer can plant 360
acres of corn. (0,500): If he plants no corn, the farmer can plant 500 acres of
wheat.
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600

400

200

x

120 240 360

Note 1.1.18 The examples in this section model simple linear relationships
between two variables. Such relationships, in which the value of one variable
is determined by the value of the other, are called functions. We will study
various kinds of functions throughout the course.

1.1.6 Section Summary

1.1.6.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e Variable o Linear equation e Intercept

« Sol i i
Solve an equation « Increasing graph

o Evaluate an expres- e Mathematical
sion ¢ Decreasing graph model

1.1.6.2 CONCEPTS

1 We can describe a relationship between variables with a table of values, a
graph, or an equation.

2 Linear models have equations of the following form:

y = (starting value) + (rate of change) -

3 To make a useful graph, we must choose appropriate scales for the axes.

~

4 General Form for a Linear Equation.

The graph of any equation
Ax+ By =C

where A and B are not both equal to zero, is a straight line.

5 The intercepts of a graph are the points where the graph crosses the axes.

6 We can use the intercepts to graph a line.

To Graph a Line Using the Intercept Method:.
1 Find the intercepts of the line.

a To find the z-intercept, set y = 0 and solve for z.

b To find the y-intercept, set = 0 and solve for y.

2 Plot the intercepts.
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7

3 Choose a value for z and find a third point on the line.

4 Draw a line through the points.

The intercepts are also useful for interpreting a model.

1.1.6.3 STUDY QUESTIONS

1

2

Name three ways to represent a relationship between two variables.

If C is expressed in terms of H, which variable goes on the horizontal
axis?

Explain the difference between evaluating an expression and solving an
equation.

How many points do you need to graph a linear equation?

Explain how the words intercept and intersect are related; explain how
they are different.

Delbert says that the intercepts of the line 3z + 5y = 30 are (10,6). What
is wrong with his answer?

1.1.6.4 SKILLS

Practice each skill in the Homework 1.1.7, p. 15 problems listed.

1

2

© o N O

10
11

12

Make a table of values: #1-4, 7 and 8
Plot points and draw a graph: #1-4, 7 and 8
Choose appropriate scales for the axes: #5-12

Write a linear model of the form y = (starting value)+ (rate of change)-x:

#1-8

Write a linear model in general form: #25-28, 33-36

Evaluate a linear expression, algebraically and graphically: #1-4
Solve a linear equation, algebraically and graphically: #1-4
Find the intercepts of a graph: #5 and 6, 13—24, 45-52

Graph a line by the intercept method: #5 and 6, 13-24
Interpret the meaning of the intercepts: #5 and 6, 25-28

Use a graphing calculator to graph a line: #37-52

Sketch on paper a graph obtained on a calculator: #3744

1.1.7 Linear Models (Homework 1.1)

1.

The temperature in the desert at 6 a.m., just before sunrise, was 65°F.
The temperature rose 5 degrees every hour until it reached its maximum
value at about 5 p.m. Complete the table of values for the temperature,
T, at h hours after 6 a.m.
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h 0 3 6 9 10
T

a Write an equation for the temperature, T, in terms of h.

b Graph the equation.

100

50

h
5 10

¢ How hot is it at noon? Illustrate the answer on your graph.

d When will the temperature be 110°F? Illustrate the answer on your

graph.
Answer.
h|O 3 6 9 10
T |65 |8 | 95 | 110 | 115
a T =65-+5h
T
€-==110%-==~+
100
1
1
b ) |
50 No:on
i
i
1
¥ h
5 10
c 95°
d 3 p.m.

2. The taxi out of Dulles Airport charges a traveler with one suitcase an
initial fee of $2.00, plus $1.50 for each mile traveled. Complete the table
of values showing the charge, C, for a trip of n miles.

n 0 5 10 15 20 25

C

a Write an equation for the charge, C, in terms of the number of miles
traveled, n.

b Graph the equation.
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60
50
40
30
20

10

n

10 20 30 40

¢ What is the charge for a trip to Mount Vernon, 40 miles from the
airport? Illustrate the answer on your graph.

d If a ride to the National Institutes of Health (NIH) costs $39.50, how
far is it from the airport to the NIH? Illustrate the answer on your
graph.

3.  On October 31, Betty and Paul fill their 250-gallon oil tank for their heater.
Beginning in November, they use an average of 15 gallons of oil per week.
Complete the table of values for the amount of oil, A, left in the tank after
w weeks.

w 0 4 8 12 16
A

a Write an equation that expresses the amount of oil, A, in the tank
in terms of the number of weeks, w, since October 31.

b Graph the equation.

300

200

100

w
10 20

¢ How much did the amount of fuel oil in the tank decrease between
the third week and the eighth week? Illustrate this amount on the
graph.

d When will the tank contain more than 175 gallons of fuel 0il? Illus-
trate on the graph.

Answer.

w
A | 250 | 190 | 130 | 70 | 10

a A=250— 15w
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A (gal)

(3,205)
b 200

100
w (weeks)

¢ 75 gallons

d Until the fifth week
4. Leon’s camper has a 20-gallon gas tank, and he gets 12 miles to the gallon.
(That is, he uses % gallon per mile.) Complete the table of values for the

amount of gas, g, left in Leon’s tank after driving m miles.
m 0 48 96 144 192

9

a Write an equation that expresses the amount of gas, g, in Leon’s fuel
tank in terms of the number of miles, m, he has driven.

b Graph the equation.

20

15

10

m
48 96 144 192 240

¢ How much gas will Leon use between 8 a.m., when his odometer
reads 96 miles, and 9 a.m., when the odometer reads 144 miles?
Tllustrate on the graph.

d If Leon has less than 5 gallons of gas left, how many miles has he
driven? Hlustrate on the graph.

5. Phil and Ernie buy a used photocopier for $800 and set up a copy service
on their campus. For each hour that the copier runs, Phil and Ernie make
$40.

a Write an equation that expresses Phil and Ernie’s profit (or loss), P,
in terms of the number of hours, ¢, they run the copier.

b Find the intercepts and sketch the graph. (Suggestion: Scale the
horizontal axis from 0 to 40 in increments of 5, and scale the vertical
axis from —1000 to 400 in increments of 100.)

¢ What do the intercepts tell us about the profit?

Answer.
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a P = —800+ 40t
b (0, —800), (20,0)

P
500
20, 0>/
t
10 20 30
=500
¢ (0, —800)
—1000

¢ The P-intercept, —800, is the initial (¢ = 0) value of the profit. Phil
and Ernie start out $800 in debt. The t-intercept, 20, is the number
of hours required for Phil and Ernie to break even.

6. A deep-sea diver is taking some readings at a depth of 400 feet. He begins
rising at 20 feet per minute.

a Write an equation that expresses the diver’s altitude, h, in terms of
the number of minutes, m, elapsed. (Consider a depth of 400 feet as
an altitude of —400 feet.)

b Find the intercepts and sketch the graph. (Suggestion: Scale the
horizontal axis from 0 to 24 in increments of 2, and scale the vertical
axis from —500 to 100 in increments of 50.)

¢ What do the intercepts tell us about the diver’s depth?

7. There are many formulas for estimating the annual cost of driving. The
Automobile Club estimates that fixed costs for a small car -- including
insurance, registration, depreciation, and financing -- total about $5000
per year. The operating costs for gasoline, oil, maintenance, tires, and so
forth are about 12.5 cents per mile. (Source: Automobile Association of
America)

a Write an equation for the annual driving cost, C, in terms of d, the
number of miles driven.

b Complete the table of values.

Miles Driven | 4000 | 8000 | 12,000 | 16,000 | 20,000
Cost (8)

¢ Choose scales for the axes and graph the equation.

d How much does the annual cost of driving increase when the mileage
increases from 8000 to 12,000 miles? Illustrate this amount on the
graph.

e How much mileage will cause the annual cost to exceed $70007
Illustrate on the graph.

Answer.
a C' = 5000+ 0.125d

b Complete the table of values.
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Miles Driven | 4000 | 8000 | 12,000 | 16,000 | 20,000
Cost ($) 5500 | 6000 6500 7000 7500
C
6000 /./4(:_/ $500
te T
C 1ol
4000 o
I
[
2000 1—
B
8000 16000
d $500

e More than 16,000 miles

8. The boiling point of water changes with altitude. At sea level, water boils
at 212°F, and the boiling point diminishes by approximately 0.002°F for
each 1-foot increase in altitude.

For each table, choose appropriate scales for the axes and plot the given points.
9.

a Write an equation for the boiling point, B, in terms of a, the altitude

in feet.

b Complete the table of values.

Altitude (ft) —500 0 1000 | 2000

3000

4000

5000

Boiling point (°F)

¢ Choose scales for the axes and graph the equation.

d How much does the boiling point decrease when the altitude increases
from 1000 to 3000 feet? Illustrate this amount on the graph.

e At what altitudes is the boiling point less than 204°F? Illustrate on

the graph.

10.

z | 0] 80| 90 | 120 z | 300 | 500

800

1100

y| 6] 2|15 1 y | 1.2 | 1.3

1.5

1.9

Answer.

(80, 2)
® e (120, 1)
(90,15) *

X
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11. 12.
x| 0.01 | 0.03 | 0.06 | 0.07 z | 0.003 | 0.005 | 0.008 | 0.011
y | —02| -1 |-11] =2 y 6 2 1.5 1
Answer.

. 0.05 01
_0.5](0.01,-0.2)

(0.03,-1)
+ .
(0.06,-1.1)

(0.07,-2)
.

For Problems 13-18,
(a) Find the intercepts of the graph.

(b) Graph the equation by the intercept method.
13. z+2y=38 14. 22—y =6
Answer.
a (8,0),(0,4)

y

S
b ﬁ
|

15. 3z —4y =12 16. 2z +6y =6

Answer.
a (4,0),(0,-3)
b

y

-5
Ty T
17. ——==1 18. —
9 4 5
Answer.
a (9, 0)7 (07 74)

For Problems 19-24,
(a) Find the intercepts of the graph.

(b) Use the intercepts to choose scales for the axes, and then graph the

equation by the intercept method.
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19. 20z = 30y — 45,000 20. 30z = 45y + 60,000

Answer.

a (—2250,0), (0,1500)

1000

21. 04x+1.2y =438 22. 3.2z — 0.8y =128

Answer.
a (12,0),(0,4)

23.

25. The owner of a gas station has $19, 200 to spend on unleaded gas this month.
Regular unleaded costs him $2.40 per gallon, and premium unleaded costs
$3.20 per gallon.

a How much do z gallons of regular cost? How much do y gallons of
premium cost?

b Write an equation in general form that relates the amount of regular
unleaded gasoline, x, the owner can buy and the amount of premium
unleaded, y.

¢ Find the intercepts and sketch the graph.

d What do the intercepts tell us about the amount of gasoline the
owner can purchase?

Answer.

a $2.40z, $3.20y
b 2.40x + 3.20y = 19,200
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¥y (gal)

c 5000

x (gal
5000  (gal)

d The y-intercept, 6000 gallons, is the amount of premium that the gas
station owner can buy if he buys no regular. The z-intercept, 8000
gallons, is the amount of regular he can buy if he buys no premium.

26. Five pounds of body fat is equivalent to 16,000 calories. Carol can burn
600 calories per hour bicycling and 400 calories per hour swimming,.

a How many calories will Carol burn in x hours of cycling? How many
calories will she burn in y hours of swimming?

b Write an equation in general form that relates the number of hours,
x, of cycling and the number of hours, y, of swimming Carol needs
to perform in order to lose 5 pounds.

¢ Find the intercepts and sketch the graph.

d What do the intercepts tell us about Carol’s exercise program?

27. Delbert must increase his daily potassium intake by 1800 mg. He decides
to eat a combination of figs and bananas, which are both low in sodium.
There are 9 mg potassium per gram of fig, and 4 mg potassium per gram
of banana.

a How much potassium is in z grams of fig? How much potassium is
in y grams of banana?

b Write an equation in general form that relates the number of grams,
x, of fig and the number of grams, y, of banana Delbert needs to get
1800 mg of potassium.

¢ Find the intercepts and sketch the graph.
d What do the intercepts tell us about Delbert’s diet?

Answer.
a 9z mg, 4y mg
b 9z + 4y = 1800

y

500
400
€ 300
200
100

L\ 5 x
100 200

d The z-intercept, 200 grams, tells how much fig Delbert should eat if
he has no bananas, and the y-intercept, 450 grams, tells how much
banana he should eat if he has no figs.
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28. Leslie plans to invest some money in two CD accounts. The first account
pays 3.6% interest per year, and the second account pays 2.8% interest
per year. Leslie would like to earn $500 per year on her investment.

a If Leslie invests x dollars in the first account, how much interest will
she earn? How much interest will she earn if she invests y dollars in
the second account?

b Write an equation in general form that relates x and y if Leslie earns
$500 interest.

¢ Find the intercepts and sketch the graph.
d What do the intercepts tell us about Leslie’s investments?

29. Find t%le intercepts of the graph for each equation.

Y 20 2y
— —:]_ - Y __
3,3+5 [¢ 5 3f1
Ty
b 2z —dy =1 d o+, =1

e. Why is the equation z + % =1 called the intercept form for a
a

line?
Answer.
a (3,0),(0,5) d (p,0),(0,9)
1 -1
b (30)-(05)
e The value of a is the z-
5 -3 intercept, and the value of b
¢ 5’0 0= is the y-intercept.

30. Write an equation in intercept form (see Problem 29) for the line with the
given intercepts. Then write the equation in general form.
a (6,0),(0,2) d (v,0), (0, —w)

b (_3’ 0)7 (Oa 8)

JCORC N O

31.
a Find the y-intercept of the line y = max + b.
b Find the x-intercept of the line y = max + b.
Answer.
a (0,b)
—b )
b |—,0),ifm#0
m
32.

a Find the y-intercept of the line Az + By = C.

b Find the z-intercept of the line Ax + By = C.

Write an equation in general form for each line.
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33. 34.

1200 / 100

Z 200 800 1600 2100 50 | 50~ 150

~1600 /

Answer. —2x + 3y = 2400
35. 36.

y

\ 0.8 1+
0.4 \ 04+
\

X T T X
80 40 [ 40 80N m.(N 0.040.08
04 04

0.8 -0.8 \

Answer. 3z + 400y = 240

<
~<

For Problems 37-44,

a Solve each equation for y in terms of . (See the Algebra Skills Refresher
Section A.2; p.859 to review this skill.)

b Graph the equation on your calculator in the specified window.

¢ Make a pencil and paper sketch of the graph. Label the scales on your
axes, and the coordinates of the intercepts.

37. 2+y=6 38. 8—y+3x=0

Xmin = —10 Ymin = —10 Xmin = —10 Ymin = —10

Xmax = 10 Ymax = 10 Xmax = 10 Ymax = 10
Xscl=1 Yscl =1 Xscl =1 Yscl =1
Answer.

ay=6-2z

25
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39. 3z —4y = 1200 40. z + 2y =500
Xmin = —1000 Ymin = —1000 Xmin = —1000 Ymin = —1000
Xmax = 1000 Ymax = 1000 Xmax = 1000 Ymax = 1000
Xscl = 100 Yscl = 100 Xscl = 100 Yscl = 100
Answer.
3
ay= Zw — 300

(400, 0)

b
1000 1000
(0, =300)
—1000
41. 0.2x+5y =0.1 42, 1.2x —4.2y=3.6

Xmin = -1 Ymin = —0.1 Xmin = -1 Ymin = -1
Xmax =1 Ymax = 0.1 Xmax = 4 Ymax =1

Xscl = 0.1 Yscl =0.01 Xscl =0.2 Yscl =0.1

Answer.

a y=0.02—0.04z

b
—0.1
43. 70x + 3y =y + 420 44. 40y — 5x = 780 — 20y
Xmin=0 Ymin=0 Xmin = —200 Ymin =0
Xmax = 10 Ymax = 250 Xmax =0 Ymax = 20
Xscl=1 Yscl =25 Xscl = 20 Yscl = 2
Answer.

a y=210— 35z
(0,210)

b 150
100

50
(6, 0)

2 4 6 8 10
For Problems 45-52,
a Find the z- and y-intercepts.
b Solve the equation for y.

¢ Choose a graphing window in which both intercepts are visible, and graph
the equation on your calculator.
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45. z 44y =100 46. 2z — 3y = —72
Answer.
a (100,0), (0,25)

1
b y=25— Zx
c
47. 25x — 20y =1 48. 4z + 75y = 60,000
Answer.

a (0.04,0), (0, —0.05)
b y = 1.25z — 0.05

v_T so. L. Y
12 60 80 400
Answer.

a (—60,0),(0,12)

1

51. —2x =3y + 84 52. 7Tr =91 - 13y
Answer.
a (—42,0),(0,—28)

—2
by:?x—QS

1.2 Functions

1.2.1 Definition of Function

We often want to predict values of one variable from the values of a related
variable. For example, when a physician prescribes a drug in a certain dosage,
she needs to know how long the dose will remain in the bloodstream. A sales
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manager needs to know how the price of his product will affect its sales. A
function is a special type of relationship between variables that allows us to
make such predictions.

Suppose it costs $800 for flying lessons, plus $30 per hour to rent a plane.
If we let C represent the total cost for ¢ hours of flying lessons, then

C =800+30t (t>0)

Thus, for example

when t=0, C =800+ 30(0) =800
when t=4, C =800+ 30(4) =920
when t=10, C =800+ 30(10)= 1100

The variable t is called the input or independent variable, and C is the
output or dependent variable, because its values are determined by the value
of t. We can display the relationship between two variables by a table or by
ordered pairs. The input variable is the first component of the ordered pair,
and the output variable is the second component.

t C (t,C)
0 | 800 (0,800)
4 | 920 (4,920)
10 | 1100 | (10,1100)
For this relationship, we can find the value of C for any given value of ¢.

All we have to do is substitute the value of ¢ into the equation and solve for C.
Note that there can be only one value of C for each value of ¢.

Definition of Function.

A function is a relationship between two variables for which a unique
value of the output variable can be determined from a value of the
input variable.

Note 1.2.1 What distinguishes functions from other variable relationships?
The definition of a function calls for a unique value -- that is, exactly one value
of the output variable corresponding to each value of the input variable. This
property makes functions useful in applications because they can often be used
to make predictions.

Example 1.2.2

a The distance, d, traveled by a car in 2 hours is a function of its speed, r.
If we know the speed of the car, we can determine the distance it travels
by the formula d = r - 2.

b The cost of a fill-up with unleaded gasoline is a function of the number of
gallons purchased. The gas pump represents the function by displaying
the corresponding values of the input variable (number of gallons) and
the output variable (cost).

¢ Score on the Scholastic Aptitude Test (SAT) is not a function of score on
an IQ test, because two people with the same score on an IQ test may
score differently on the SAT; that is, a person’s score on the SAT is not
uniquely determined by his or her score on an 1Q test.

O
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Checkpoint 1.2.3

a As part of a project to improve the success rate of freshmen, the counseling
department studied the grades earned by a group of students in English
and algebra. Do you think that a student’s grade in algebra is a function
of his or her grade in English? Explain why or why not.

b Phatburger features a soda bar, where you can serve your own soft drinks
in any size. Do you think that the number of calories in a serving of Zap
Kola is a function of the number of fluid ounces? Explain why or why
not.

Answer.

a No, students with the same grade in English can have different grades in
algebra.

b Yes, the number of calories is proportional to the number of fluid ounces.

A function can be described in several different ways. In the following exam-
ples, we consider functions defined by tables, by graphs, and by equations.

1.2.2 Functions Defined by Tables

When we use a table to describe a function, the first variable in the table (the
left column of a vertical table or the top row of a horizontal table) is the input
variable, and the second variable is the output. We say that the output variable
is a function of the input.

Example 1.2.4

a The table below shows data on sales compiled over several years by the
accounting office for Eau Claire Auto Parts, a division of Major Motors.
In this example, the year is the input variable, and total sales is the
output. We say that total sales, S, is a function of t.

Year (t) | Total sales (.5)
2000 $612,000
2001 $663,000
2002 $692,000
2003 $749,000
2004 $904,000

b The table below gives the cost of sending printed material by first-class
mail in 2016.

Weight in ounces (w) | Postage (P)
O<w<l1 $0.47
l<w<2 $0.68
2<w<3 $0.89
3<w<4 $1.10
4<w<bh $1.31
5<w<6 $1.52
6<w<7 $1.73

If we know the weight of the article being shipped, we can determine the
required postage from the table. For instance, a catalog weighing 4.5
ounces would require $1.31 in postage. In this example, w is the input
variable and p is the output variable. We say that p is a function of w.
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¢ The table below records the age and cholesterol count for 20 patients
tested in a hospital survey.

Age | Cholesterol count Age | Cholesterol count
53 217 51 209
48 232 53 241
55 198 49 186
56 238 51 216
51 227 57 208
52 264 52 248
53 195 50 214
47 203 56 271
48 212 53 193
50 234 48 172

According to these data, cholesterol count is not a function of age, because
several patients who are the same age have different cholesterol levels.
For example, three different patients are 51 years old but have cholesterol
counts of 227, 209, and 216, respectively. Thus, we cannot determine a
unique value of the output variable (cholesterol count) from the value
of the input variable (age). Other factors besides age must influence a
person’s cholesterol count.

O

Checkpoint 1.2.5 Decide whether each table describes y as a function of .
Explain your choice.

x|35]1201]25(35(25|40]| 25|30
y|25|30]25]40|35|40|20]|25

a

ple]-3][-2]-1]0f1]2]3
y|1w[ 3o ]-1]o0[3]17

Answer.
a No, for example, z = 3.5 corresponds both to y = 2.5 and also to y = 4.0.

b Yes, each value of x has exactly one value of y associated with it.

1.2.3 Functions Defined by Graphs

A graph may also be used to define one variable as a function of another. The
input variable is displayed on the horizontal axis, and the output variable on
the vertical axis.

Example 1.2.6 The graph shows the number of hours, H, that the sun is
above the horizon in Peoria, Illinois, on day ¢, where January 1 corresponds to
t=0.
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a Which variable is the input, and
which is the output?

b Approximately how many hours 14
of sunlight are there in Peoria on
day 1507

¢ On which days are there 12 hours 11
of sunlight? 10

d What are the maximum and min-
imum values of H, and when do
these values occur?

50 100 150 200 250 300 350

Solution.

a The input variable, ¢, appears on the horizontal axis. The number of
daylight hours, H, is a function of the date. The output variable appears
on the vertical axis.

b The point on the curve where ¢ = 150 has H ~ 14.1, so Peoria gets about
14.1 hours of daylight when ¢t = 150, which is at the end of May.

¢ H =12 at the two points where ¢t = 85 (in late March) and t ~ 270 (late
September).

d The maximum value of 14.4 hours occurs on the longest day of the
year, when t =~ 170, about three weeks into June. The minimum of 9.6
hours occurs on the shortest day, when ¢ &~ 355, about three weeks into
December.

O

Checkpoint 1.2.7 The graph shows the elevation in feet, a, of the Los Angeles

Marathon course at a distance d miles into the race. (Source: Los Angeles

Times, March 3, 2005)
a

LA Marathon
300
200
100
5 10 15 20 25 ¢

a Which variable is the input, and which is the output?
b What is the elevation at mile 207
¢ At what distances is the elevation 150 feet?

d What are the maximum and minimum values of a, and when do these
values occur?

e The runners pass by the Los Angeles Coliseum at about 4.2 miles into
the race. What is the elevation there?

Answer.
a The input variable is d, and the output variable is a.

b Approximately 210 feet
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¢ Approximately where d ~ 5, d ~ 11, d =~ 12, d = 16, d =~ 17.5, and d ~ 18

d The maximum value of 300 feet occurs at the start, when d = 0. The
minimum of 85 feet occurs when d ~ 15.

e Approximately 165 feet

1.2.4 Functions Defined by Equations
Example 1.2.8, p. 32 illustrates a function defined by an equation.

Example 1.2.8 As of 2016, One World Trade Center in New York City is the
nation’s tallest building, at 1776 feet. If an algebra book is dropped from the
top of One World Trade Center, its height above the ground after ¢ seconds is

given by the equation
h = 1776 — 16t°

Thus, after 1 second the book’s height is

h = 1776 — 16(1)? = 1760 feet
After 2 seconds its height is

h = 1776 — 16(2)? = 1712 feet

For this function, ¢ is the input variable and A is the output variable. For any
value of ¢, a unique value of h can be determined from the equation for h. We
say that h is a function of t. a

Checkpoint 1.2.9 Write an equation that gives the volume, V', of a sphere as
a function of its radius, r.

Answer. V = gm“?’

1.2.5 Function Notation

There is a convenient notation for discussing functions. First, we choose a
letter, such as f, g, or h (or F, G, or H), to name a particular function. (We
can use any letter, but these are the most common choices.)

For instance, in Example 1.2.8, p. 32, the height, h, of a falling algebra book
is a function of the elapsed time, t. We might call this function f. In other
words, f is the name of the relationship between the variables h and t. We
write

h=f(t)
which means " h is a function of ¢, and f is the name of the function."

Caution 1.2.10 The new symbol f(t), read " f of ¢," is another name for the
height, h. The parentheses in the symbol f(¢) do not indicate multiplication.
(It would not make sense to multiply the name of a function by a variable.)
Think of the symbol f(t) as a single variable that represents the output value
of the function.

With this new notation we may write

h = f(t) = 1776 — 16t

or just
f(t) = 1776 — 16t
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instead of
h = 1776 — 16t>

to describe the function.

Note 1.2.11 Perhaps it seems complicated to introduce a new symbol for h,
but the notation f(t) is very useful for showing the correspondence between
specific values of the variables h and t.

Example 1.2.12 In Example 1.2.8, p. 32, the height of an algebra book dropped
from the top of One World Trade Center is given by the equation

h = 1776 — 16¢>

We see that
when t =1 h = 1760

when t = 2 h=1712
Using function notation, these relationships can be expressed more concisely
as
f(1)=1760 and f(2)=1712

which we read as " f of 1 equals 1760" and " f of 2 equals 1712." The values
for the input variable, ¢, appear inside the parentheses, and the values for the
output variable, h, appear on the other side of the equation. O

Remember that when we write y = f(z), the symbol f(x) is just another
name for the output variable.

r

Function Notation.

\.

Checkpoint 1.2.13 Let F' be the name of the function defined by the graph
in Example 1.2.6, p. 30, the number of hours of daylight in Peoria.

a Use function notation to state that H is a function of ¢.

b What does the statement F'(15) = 9.7 mean in the context of the problem?

Answer.
a H=F()

b The sun is above the horizon in Peoria for 9.7 hours on January 16.

1.2.6 Evaluating a Function

Finding the value of the output variable that corresponds to a particular value
of the input variable is called evaluating the function.

Example 1.2.14 Let g be the name of the postage function defined by the
table in Example 1.2.2, p.28 b. Find ¢(1), ¢(3), and ¢(6.75).

Solution. According to the table,
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when w =1, p=047 so g(1) =047
when w = 3, p=0.89 so ¢(3)=0.89
when w = 6.75, p=173 so ¢(6.75) =1.73

Thus, a letter weighing 1 ounce costs $0.47 to mail, a letter weighing 3
ounces costs $0.89, and a letter weighing 6.75 ounces costs $1.73. O

Checkpoint 1.2.15 When you exercise, your heart rate should increase until
it reaches your target heart rate. The table shows target heart rate, r = f(a),
as a function of age.

a| 20 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70
r | 150 | 146 | 142 | 139 | 135 | 131 | 127 | 124 | 120 | 116 | 112

a Find f(25) and f(50).
b Find a value of a for which f(a) = 135.

Answer.
a f(25) =146, f(50) =127

b a=40

If a function is described by an equation, we simply substitute the given
input value into the equation to find the corresponding output, or function
value.

Vi 3
Example 1.2.16 The function H is defined by H = f(s) = Ss+ . Evaluate
the function at the following values.
as==6
bs=-1
Solution.
643 9 3 1 1
= = —= = = =, Th = -,
2 1(6) =" S 3 Thus, 7(6) =
vV—143 2
b f(—1)= % = £1 = —V2. Thus, f(-1) = —V2.
O

Checkpoint 1.2.17 Complete the table displaying ordered pairs for the function
f(z) =5 — x3. Evaluate the function to find the corresponding f(x)-value for
each value of x.

z | f(z)
—2 [(=2)=5-(-2)*=
0 f(0)=5-0°
1 f()y=5-13%=
3 f(3)=5-3%=
Answer.

z | f(z)

-2 | 13

0 5

1 4

3 | —22
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To simplify the notation, we sometimes use the same letter for the output
variable and for the name of the function. In the next example, C' is used in
this way.

Example 1.2.18 TrailGear decides to market a line of backpacks. The cost,
C, of manufacturing backpacks is a function of the number, z, of backpacks
produced, given by the equation

C(z) = 3000 + 20z

where C(z) is measured in dollars. Find the cost of producing 500 backpacks.

Solution. To find the value of C that corresponds to x = 500, evaluate
C(500).
C(500) = 3000 + 20(500) = 13,000

The cost of producing 500 backpacks is $13,000. O

Checkpoint 1.2.19 The volume of a sphere of radius r centimeters is given by

Evaluate V' (10) and explain what it means.

Answer. V(10) = 40007 /3 ~ 4188.79 cm? is the volume of a sphere whose
radius is 10 cm.

1.2.7 Operations with Function Notation

Sometimes we need to evaluate a function at an algebraic expression rather
than at aspecific number.

Example 1.2.20 TrailGear manufactures backpacks at a cost of
C(z) = 3000 + 20x

for x backpacks. The company finds that the monthly demand for backpacks
increases by 50% during the summer. The backpacks are produced at several
small co-ops in different states.

a If each co-op usually produces b backpacks per month, how many should
it produce during the summer months?

b What costs for producing backpacks should the company expect during
the summer?

Solution.

a An increase of 50% means an additional 50% of the current production
level, b. Therefore, a co-op that produced b backpacks per month during
the winter should increase production to b + 0.5b, or 1.5b backpacks per
month in the summer.

b The cost of producing 1.5b backpacks will be

C(1.5b) = 3000 + 20(1.5b) = 3000 + 30b
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Checkpoint 1.2.21 A spherical balloon has a radius of 10 centimeters.

a If we increase the radius by h centimeters, what will the new volume be?

b If h = 2, how much did the volume increase?
Answer.
4
a V(104 h) = gﬂ'(lO +h)? cm?

b By 3049.44 cm3

Example 1.2.22 Evaluate the function f(z) = 422 — x + 5 for the following
expressions.
a x=2h brxz=a+3

Solution.

a
f(2h) = 4(2h)? — (2h) + 5
= 4(4h*) —2h +5
=16h* —2h +5
b
fla+3)=4(a+3?2—-(a+3)+5
=4(a®*+6a+9) —a—3+5
= 4a* + 24a + 36 — a + 2
= 4a” 4 23a + 38

Caution 1.2.23 In Example 1.2.22, p. 36, notice that

f(2h) # 2f(h)

and
fla+3)# f(a) +f(3)
To compute f(a)+ f(3), we must first compute f(a) and f(3), then add them:

fla)+ f(3) = (4a* —a+5)+ (4-3* =3 +5)
=4a% —a+43

In general, it is not true that f(a +b) = f(a) + f(b). Remember that
the parentheses in the expression f(x) do not indicate multiplication, so the
distributive law does not apply to the expression f(a +b).

Checkpoint 1.2.24 Let f(x) = 2% — 1 and evaluate each expression.
a f(2)+f(3)
b f(2+3)
c 2f(z)+3

Answer.

a 33 b 124 c 223 +1
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1.2.8 Compostion and other Operations with Functions

(Note, some information found in this section has come from an OpenStax
textbook titled "College Algebra". Access for free at this link.)

In Example 1.2.22, p. 36 you were asked to evaluate the function f(z) =
422 — x + 5 at = 2h. We can ask this question using composition notation.
Let f(z) = 422 — 2 + 5 and g(h) = 2h, and find (f o g)(h), or, f(g(h)). The
idea with composition is that you do not only evaluate a function at a point,
but at another function. The end result is a new function.

The process of combining functions so that the output of one function be-
comes the input of another is known as a composition of functions. The resulting
function is known as a composite function. We represent this combination by
the following notation:

(fog)(x) = flg(x)).

We read the left-hand side as " f composed with g at z," and the right-
hand side as " f of g of z". The two sides of the equation have the same
mathematical meaning and are equal. The open circle symbol o is called
the composition operator. We use this operator mainly when we wish to
emphasize the relationship between the functions themselves without referring
to any particular input value. Composition is a binary operation that takes
two functions and forms a new function, much as addition or multiplication
takes two numbers and gives a new number. However, it is important not
to confuse function composition with multiplication, because in most cases
f(g(@)) # f(2)g(x).

It is also important to understand the order of operations in evaluating
a composite function. We follow the usual convention with parentheses by
starting with the innermost parentheses first, and then working to the outside.
In the equation above, the function g takes the input, x, first and yields an
output, g(z). Then the function f takes g(x) as an input and yields an output,
flg(a)).

Just like subtraction, order matters. Typically, f(g(x)) # g(f(z)), so it is
important to understand which is the "inner" function and which is the "outer"
function.

Example 1.2.25 Let f(z) = 2? — 3z and g(z) = x + 2.
a Find f(g(z)).

b Find g(f(z)).
Solution.

a f(g(z)) =f(z+2)
=(x+2)*-3(z+2)
:(,7;2 +4x + 4) — (3$ + 6)
=2’ +4r+4-3x—6
=’ 4z —2

b g(f(x)) =g(z* — 3z)
=(2? — 3z) +2
=2% — 3z +2
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Example 1.2.26 Let f(z) = —222 + 3z and g(z) = 5z + 9.
a Find f(g(z)).

b Find g(f(z)).
¢ Find g(g(z)).
Solution.
a f(g(z)) = —502% — 165z — 135.
b g(f(x)) = —1022 + 152 + 9.
¢ g(g(x)) = 25 + 54.
0

The same process holds true if you want to evalute a composition of functions
at a given point.
Example 1.2.27 Let f(z) =4+ 2 and g(z) =z + 5.

a Find f(g(0)).

)
b Find g(f(0)).
¢ Find f(g(5)).
d Find g(f(5))

Solution.

a f(g(0)). Using the order of operations, we want to start inside and work
our way out. g(0) =045 = 5. Now let us look at the original problem
and replace g(0) with 5. So we can evaluate f(g(0)) = f(5) =v4+5=
V9 =3.

b g(£(0)). First, evaluate f(0) = v4+0 = v4 = 2. Finally, g(f(0)) =
g(2)=24+5=T.

¢ Another way that you can write the solution, all at once, is as follows.

f(g(®) = f(5+5) = f(10) = v/4 + 10 = v/14. (Notice, we always want
exact solutions unless stated otherwise. Often in applications problems it
is sufficient to use rounded solutions.)

d g(f(5) =9g(Vi+5)=9(V9) =g(3) =3+5=38.

g
Example 1.2.28 Let h(z) = ga? + 6 and j(z) = 2% + 2z.
a Find h(j(2)). ¢ Find h(j(3)).
b Find j(h(2)). d Find j(5(1)).
Solution.
a h(j(2)) = % ¢ h(j(3)) = 16.
b j(h(2)) = %- d j(j(1)) = 15.
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Composition of functions has very useful applications, and more than likely
you have done it yourself. This will appear in "day-to-day" life when you have
to evaluate a function and use the output you just found to evaulate a different
function.

Example 1.2.29 Suppose there is a function, A(d), which gives the pain
level on a scale of 0 to 10 experienced by a patient with d milligrams of a
pain-reducing drug in her system. There is another function m(t) which gives
the number of milligrams of the drug in the patient’s system after ¢ minutes.

A nurse is asked how long it will be until her patient will be at pain level of
3. Which of the 4 options below indicate how she would evaluate this?

a A(m(t)) =3 c m(A(d)) =3
b A(m(3)) d m(A(3))

Solution. Let us first look at what order you evaluate the functions: A(m(t))
or m(A(d)). A nice way to determine order is to examine input and output
variables. A(d) has the input of milligrams and output of pain scale. m(t) has
the input of time and output of milligrams. This means we have to match up
the output of m(t) with the input of A(d). Right away, this means we want
option (a) or (b), since the order of composition is right. Notice, if we are asked
"how long", this means we want to solve for the variable ¢. The pain level is at
3, which means A(d) = 3. The only way both of these is satisfied is in option
(a). O

Composition of functions is not the only way that we can combine two
functions: we can also add, subtract, multiply and divide. Note, mathematicians
like to simplify as much as possible, and have created shorthand notation for
various concepts. For instance: (f + g)(z) =f(x) + g(z),

(f = 9)(x) =f(z) — g(),
(f9)(x) =f(x)g(x),
f f(x)

(g) (@) =4y provided g(z) £0.

Note that multiplication and composition are different function operations.
Multiplication is the product of two functions. We notate multiplication of

functions in the following ways: (fg)(x) = f(z)g(z) = (f - 9)(x) = f(z) - g(x).
Example 1.2.30 Let f(z) = —22 + 8z — 15 and g(z) = 2% — 22 — 15.

a Find (f + g)(x).

b Find (f — g)(z).

¢ Find (fg)(x).

Solution.
a (f+9)(z) =f(x) +g(x)
=(—2? 4 8z — 15) + (2% — 22 — 15)
=— 2> +8x—15+2>—2x—15
=6x — 30

d Find <

Q |~
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b When subtracting functions be sure to subtract \emph{all} of the second
function. Putting parentheses around the second function will help you
remember to do this. (f — g)(z) =f(z) — g(z)

=(—a2? + 8z — 15) — (22 — 22 — 15)
=—224+8x—15—2>4+2x+15
=— 222+ 10z

¢ (fg)(z) =f(2)g(x)
=(—2? 4 8z — 15)(2* — 2z — 15)
= — 2% 4+ 22% + 1522 + 823 — 1622 — 1202 — 1522 + 30 + 225
= — 2% 4102 — 162 — 90z + 225

f —22+8zx—15
d (g) @) ==, =15
:(—x+3)(x—5)
(x —5)(z +3)
_—r+3
T +3

Example 1.2.31 Let f(z) = 22 + 3z + 2 and g(z) = 2% + 62 + 8.
a Find (f + f)(z).

b Find (g — f)(z).
¢ Find (fg)(x).

) ().

a (f+ f)(x) =22% + 62+ 4

(
(g— f)(z) =3x+6
(fg)(z) = z* + 92° + 2822 + 36z + 16

(o)

d Find (

Q [

Solution.

o

o

1.2.9 Section Summary

1.2.9.1 Vocabulary

Look up the definitions of new terms in the Glossary.

o Function e Independent wvari- e Dependent  vari-
able able

e Input variable ¢ Function value e QOutput variable
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1.2.9.2 CONCEPTS

1 A function is a rule that assigns to each value of the input variable a
unique value of the output variable.

2 Functions may be defined by words, tables, graphs, or equations.

3 Function notation: y = f(x), where z is the input and y is the output.

1.2.9.3 STUDY QUESTIONS

1 What property makes a relation between two variables a function?
2 Name three ways to define a function.

3 Give an example of a function in which two distinct values of the input
variable correspond to the same value of the output variable.

4 Use function notation to write the statement "G defines w as a function
of p."

5 Give an example of a function for which f(2 4 3) # f(2) + f(3).

1.2.9.4 SKILLS

Practice each skill in the Homework 1.2.10, p. 41 problems listed.
1 Decide whether a relationship between two variables is a function: #1-26
2 Evaluate a function defined by a table, a graph, or an equation: #27-54
3 Choose appropriate scales for the axes: #5-12
4 Interpret function notation: #31-34, 49-54

5 Simplify expressions involving function notation: #59-76

1.2.10 Functions (Homework 1.2)

For which of Problems 1-6 is the second quantity a function of the first? Explain
your answers.

1. Price of an item; sales tax on the item at 4%

Answer. Function; the tax is determined by the price of the item.
2. Time traveled at constant speed; distance traveled
3. Number of years of education; annual income

Answer. Not a function; incomes may differ for same number of
years of education.

4. Distance flown in an airplane; price of the ticket
5. Volume of a container of water; the weight of the water
Answer. Function; weight is determined by volume.

6. Amount of a paycheck; amount of Social Security tax withheld

Each of the objects in Problems 7-14 establishes a correspondence between two
variables. Suggest appropriate input and output variables and decide whether
the relationship is a function.
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11.

13.
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An itemized grocery receipt 8.

Answer. Input: items
purchased; output: price of
item. Yes, a function because
each item has only one price.

An index 10. A will

Answer. Input: topics;
output: page or pages on
which topic occurs. No, not a
function because the same
topic may appear in more
than one page.

An inventory list

An instructor’s grade book 12. An address book

Answer. Input: students’
names; output: students’
scores on quizzes, tests, etc.
No, not a function because the
same student can have
different grades on different
tests.

A bathroom scale 14. A radio dial

Answer. Input: person
stepping on scales; output:
person’s weight. Yes, a
function because a person
cannot have two different
weights at the same time.

Which of the tables in Problems 15-26 define the second variable as a function
of the first variable? Explain why or why not.

15.

19.

16. 17. 18.
T t Yy | w T Y s |t
-1 2 0| 8 -3 | 8 215
9 1] 12 -2 3 4|10
1 -2 3 7 -11 0 6 | 15
-3 51 =3 0 -1 8|20
-1 5 71 4 1 0 6 | 25
Answer. 2 3 4 | 30
No 3 8 2 | 35
Answer.
Yes
20.
—4 1 -2|101]2|4 p|—=5|—-4|-3]-2]-1
6 6 |3]6]|8 d| 5| —-4]-3|-2]-1

Answer. Yes
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21. 22.
Pressure (p) | Volume (v) Frequency (f) | Wavelength (w)
15 100.0 5 60.0
20 75.0 10 30.0
25 60.0 20 15.0
30 50.0 30 10.0
35 42.8 40 7.5
40 37.5 50 6.0
45 33.3 60 5.0
50 30.0 70 4.3
Answer. Yes
23. 24.
Temperature (7) | Humidity (h) Inflation Unemployment
Jan. 1 34°F 42% rate (I) rate (U)
Jan. 2 36°F 44% 1972 5.6% 5.1%
Jan. 3 35°F 47% 1973 6.2% 4.5%
Jan. 4 29°F 50% 1974  10.1% 4.9%
Jan. 5 31°F 52% 1975 9.2% 7.4%
Jan. 6 35°F 51% 1976  5.8% 6.7%
Jan. 7 34°F 49% 1977 5.6% 6.8%
Answer. No 1978 6.7% 7.4%
2 Adjusted gross 20 Cost of Shipping
income (I) Tax bracket (T) merchandise (M) | charge (C)
$0 — 2479 0% $0.01 — 10.00 $2.50
$2480 — 3669 4.5% 10.01 — 20.00 3.75
$3670 — 4749 12% 20.01 — 35.00 4.85
$4750 — 7009 14% 35.01 — 50.00 5.95
$7010 — 9169 15% 50.01 — 75.00 6.95
$9170 — 11,649 16% 75.01 — 100.00 7.95
$11,650 — 13,919 18% Over 100.00 8.95

Answer. Yes

27. The function described in Problem 21 is called g, so that v = g(p). Find

the following:
a g(25)

b g(40)

¢ z so that g(z) = 50

Answer.
a 60
b 37.5
c 30

28.
the following;:

a h(20)

The function described in Problem 22 is called h, so that w = h(f). Find
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b h(60)
¢ z so that h(z) = 10

29. The function described in Problem 25 is called T, so that T' = T'(I). Find
the following:

a T(8750)
b T(6249)
¢ z so that T'(z) = 15%

Answer.
a 15%
b 14%
¢ $7010-$9169

30. The function described in Problem 26 is called C, so that C = C(M).
Find the following:

a (C(11.50)
b C(47.24)
¢ z so that C(x) =7.95

31. Data indicate that U.S. women are delaying having children longer than
their counterparts 50 years ago. The table shows f(¢) the percent of
20—24-year-old women in year ¢t who had not yet had children. (Source:
U.S. Dept of Health and Human Services)

Year (t) 1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995

2000

Percent of | )7 51 514 | 47.0 | 625 | 662 | 67.7 | 68.3 | 655

women

66.0

a Evaluate f(1985) and explain what it means.

b Estimate a solution to the equation f(t) = 68 and explain what it
means.

¢ In 1997, 64.9% of 20—24-year-old women had not yet had children.
Write an equation with function notation that states this fact.

Answer.

a 67.7: In 1985, 67.7% of 20-24 year old women had not yet had
children.

b 1987: Approximately 68% of 20-24 year old women had not yet had
children in 1987.

¢ £(1997) = 64.9

32. The table shows f(t), the death rate (per 100,000 people) from HIV among
15-24-year-olds, and g(t), the death rate from HIV among 25-34-year-olds,
for selected years from 1997 to 2002. (Source: U.S. Dept of Health and
Human Services)




SECTION 1.2. FUNCTIONS 45
Year 1987 | 1988 | 1989 | 1990 | 1992 | 1994 | 1996 | 1998 | 2000 | 2002
15—24-year-olds | 1.3 1.4 1.6 1.5 1.6 1.8 1.1 0.6 0.5 0.4
25-34-year-olds | 11.7 | 14.0 | 17.9 | 19.7 | 24.2 | 28.6 | 19.2 | 8.1 6.1 4.6
a Evaluate f(1995) and explain what it means.
b Find a solution to the equation g(t) = 28.6 and explain what it
means.
¢ In 1988, the death rate from HIV for 25-34-year-olds was 10 times
the corresponding rate for 15-24-year-olds. Write an equation with
function notation that states this fact.
33. When you exercise, your heart rate should increase until it reaches your
target heart rate. The table shows target heart rate, r = f(a), as a function
of age.
a| 20 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70
r | 150 | 146 | 142 | 139 | 135 | 131 | 127 | 124 | 120 | 116 | 112
a Does f(50) = 2f(25)?
b Find a value of a for which f(a) = 2a. Is f(a) = 2a for all values of
a?
¢ Is r = f(a) an increasing function or a decreasing function?
Answer.
a No
b 60; no
¢ Decreasing
34. The table shows M = f(d), the men’s Olympic record time, and W = g(d),
the women’s Olympic record time, as a function of the length, d, of the
race. For example, the women’s record in the 100 meters is 10.62 seconds,
and the men’s record in the 800 meters is 1 minute, 42.58 seconds. (Source:
www.hickoksports.com)
Distance | 051 900 | 400 800 1500 5000 10, 000
(meters)
Men 9.63 | 19.30 | 43.03 | 1:40.91 | 3:32.07 | 12:57.82 | 27:01.17
Women | 10.62 | 21.34 | 48.25 | 1:53.43 | 3:53.96 | 14:26.17 | 29:17.45

a Does f(800) = 2£(400)? Does g(400) = 2¢(200)?

b Find a value of d for which f(2d) < 2f(d). Is there a value of d for
which g(2d) < 2¢(d)?

In Problems 35—40, use the graph of the function to answer the questions.

35. The graph shows C as a function of ¢t. C' stands for the number of
students (in thousands) at State University who consider themselves
computer literate, and t represents time, measured in years since 1990.
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15

]
-2 -1 1 2 3 4

t

a When did 2000 students consider themselves computer literate?
b How long did it take that number to double?

¢ How long did it take for the number to double again?

d How many students became computer literate between January

1992 and June 19937

Answer.
a 1991
b 1yr
clyr
d About 7300

36. The graph shows P as a function of ¢t. P is the number of people in

Cedar Grove who owned a portable DVD player ¢ years after 2000.
P

5000
4000
3000
2000
1000

t

5 10

a When did 3500 people own portable DVD players?
b How many people owned portable DVD players in 20057

¢ The number of owners of portable DVD players in Cedar Grove
seems to be leveling off at what number?

d How many people acquired portable DVD players between 2001
and 20047

37. The graph shows the revenue, R, a movie theater collects as a function
of the price, d, it charges for a ticket.
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2000
1500
1000

500

a What is the revenue if the theater charges $12.00 for a ticket?

b What should the theater charge for a ticket in order to collect
$1500 in revenue?

¢ For what values of d is R > 18757

Answer.
a Approximately $1920
b $5 or $15
¢ 7.50 < d < 12.50

38. The graph shows S as a function of w. S represents the weekly sales of
a best-selling book, in thousands of dollars, w weeks after it is released.
s

10

w

5 10 15
a In which weeks were sales over $70007?
b In which week did sales fall below $5000 on their way down?
¢ For what values of w is S > 3.47

39. The graph shows the federal minimum wage, M, as a function of time,
t, adjusted for inflation to reflect its buying power in 2004 dollars.
(Source: www.infoplease.com)

U.S. minimum wage

$9.00
$8.00
$7.00

$6.00

Wage (2004 dollars)

$5.00
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005

Year

a When did the minimum wage reach its highest buying power,
and what was it worth in 2004 dollars?
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b When did the minimum wage fall to its lowest buying power
after its peak, and what was its worth at that time?

¢ Give two years in which the minimum wage was worth $8 in 2004
dollars.

Answer.
a 1968, about $8.70
b 1989, about $5.10

¢ 1967, approximately 1970

40. The graph shows the U.S. unemployment rate, U, as a function of time,
t, for the years 1985-2004. (Source: U.S. Bureau of Labor Statistics)

U.S. unemployment rate
8

7
6
5

Rate (%)

4

3
1985 1990 1995 2000

Year

a When did the unemployment rate reach its highest value, and
what was its highest value?

b When did the unemployment rate fall to its lowest value, and
what was its lowest value?

¢ Give two years in which the unemployment rate was 4.5%.

In Problems 41-48, evaluate each function for the given values, if possible. If
not, state why.

41. f(z)=6—2z 42. g(t) =5t —3
a £(3) ¢ F12.7) a g(1) ¢ g(14.1)
b f(-2) df <§> b g(—4) dyg (i)
Answer.
a0 c —194
b 10 a2
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49.

50.

43. h(v) =20 -3v+1 . 44. r(s) =2s —s? .
a h(0 a r(2
O en(3) & ()
b h(-1) d h(—6.2) b r(—4) d r(-1.3)
Answer.
al c 3
8
b 6 d 96.48
2z —3 1—=z
45. H(z) = 46. F(z) =
a H(HT2 4 a F% -3 3
O () T er(3)
b H(-3) d H(4.5) b F(—3) d F(2)
Answer.
a § d 1—2 o
6 1323
b 9 0.9
-1
47. E(t) = O\/t —4 48. D(r)=+5—r
a E(16) ¢ E(7) a D(4) ¢ D(9)
b E(4) d E(4.2) b D(-3) d D(4.6)
Answer.
a V12 c V3
d V02~
b0 0.447

A sport utility vehicle costs $28,000 and depreciates according to the
formula

V(t) = 28,000(1 — 0.08t)
where V' is the value of the vehicle after t years.

a Evaluate V(12) and explain what it means.

b Solve the equation V' (¢) = 0 and explain what it means.

c If this year is ¢t = n, what does V(n + 2) mean?
Answer.

a V(12) = 1120: After 12 years, the SUV is worth $1120.

b t =12.5: The SUV has zero value after 12% years.

¢ The value 2 years later

In a profit-sharing plan, an employee receives a salary of

S(x) = 20,000 + 0.01z
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where x represents the company’s profit for the year.
a Evaluate S(850,000) and explain what it means.
b Solve the equation S(x) = 30,000 and explain what it means.

¢ If the company made a profit of p dollars this year, what does S(2p)

mean?
51. The number of compact cars that a large dealership can sell at price p is
given by
12,000, 000
N(p) = —

a Evaluate N(6000) and explain what it means.

b As p increases, does N(p) increase or decrease? Why is this reason-
able?

¢ If the current price for a compact car is D, what does 2N (D) mean?

Answer.
a N(6000) = 2000: 2000 cars will be sold at a price of $6000.

b N(p) decreases with increasing p because fewer cars will be sold
when the price increases.

¢ 2N(D) represents twice the number of cars that can be sold at the
current price.

52. A department store finds that the market value of its Christmas-related
merchandise is given by

600,000

M(t) = =,

t <30

where t is the number of weeks after Christmas.

a Evaluate M (2) and explain what it means.

b As t increases, does M (t) increase or decrease? Why is this reason-
able?

¢ If this week ¢t = n, what does M (n + 1) mean?

53. The velocity of a car that brakes suddenly can be determined from the
length of its skid marks, d, by

v(d) = V12d

where d is in feet and v is in miles per hour.

a Evaluate v(250) and explain what it means.

b Estimate the length of the skid marks left by a car traveling at 100
miles per hour.

¢ Write your answer to part (b) with function notation.

Answer.

a v(250) = 54.8 is the speed of a car that left 250-foot skid marks.

b 833% feet
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1
833- | =100
c o (sa3)

51

54. The distance, d, in miles that a person can see on a clear day from a height,
h, in feet is given by

d(h) =1.22v'h

a Evaluate d(20,320) and explain what it means.

b Estimate the height you need in order to see 100 miles.

¢ Write your answer to part (b) with function notation.

55.

The figure gives data about snowfall, air temperature, and number of

avalanches on the Mikka glacier in Sarek, Lapland, in 1957. (Source:

Leopold, Wolman, Miller, 1992)
3

0

o
(=]

—_
(=]

Number of
avalanches

(=]

200

100

Snowfall,
mm

Mean daily
temperature, °C

Avalanches

i

] White
1 Dirty

I Snowfall
® Rain

T

oo;—l_ﬂ—wooo o

Air temperature

-4
16 18 20 22 24 26 28 30 2 4

June 1957

6 8

July 1957

10 12 14

a During June and July, avalanches occurred over three separate time

intervals. What were they?

b Over what three time intervals did snow fall?

¢ When was the temperature above freezing (0°C)?

d Using your answers to parts (a)—(c), make a conjecture about the
conditions that encourage avalanches.

Answer.

a June 21-24, June 29-July 3, July 8-14

b June 17-21, June 25-29, July 4-7

¢ June 22-24, June 27, June 29-July 4, July 8-14

d Avalanches occur when temperatures rise above freezing immediately
after snowfall.

56. The bar graph shows the percent of Earth’s surface that lies at various
altitudes or depths below the surface of the oceans. (Depths are given as
negative altitudes.) (Source: Open University)
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25

§20

£

515

=

S 10

S

=}

o ==
7 -6 5 4 3 2 -1 0 | 2 3 4 5 6

Depth/altitude (km)

a Read the graph and complete the table.

Percent of
Altitude (k
itude (km) Earth’s surface

—7to —6
—6 to —5
—5to —4
—4 to -3
-3 to -2
—2to —1
—1to0
0Oto1l
1to?2
2to 3
3to4d
4tob

b What is the most common altitude? What is the second most
common altitude??

¢ Approximately what percent of the Earth’s surface is below sea level?

d The height of Mt. Everest is 8.85 kilometers. Can you think of a
reason why it is not included in the graph?

57. The graph shows the temperature of the ocean at various depths. (Source:
Open University)

Temperature (°C) als depth a function of tempera—
0 10 20 ture?
Mixed layer
E b Is temperature a function of
3 ?
05 g depth?
Qo
o E ¢ The axes are scaled in an un-
< 10 usual way. Why is it useful to
gl present the graph in this way?
1.5
2.0
Answer.

a No
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b Yes

¢ Moving downwards on the graph corresponds to moving downwards
in the ocean.

58. The graph shows the relationship between annual precipitation, p, in a
region and the amount of erosion, measured in tons per square mile, s.
(Source: Leopold, Wolman, Miller, 1992)

P
. 60
2
S
8 ¢
é 40 Forest
S °
= v
S
E' 20 .. Grassland
E v
| Desert shrub
L] s
400 800

Annual sediment yield
(tons per square mile)

a Is the amount of erosion a function of the amount of precipitation?

b At what annual precipitation is erosion at a maximum, and what is
that maximum?

¢ Over what interval of annual precipitation does erosion decrease?

d An increase in vegetation inhibits erosion, and precipitation en-
courages vegetation. What happens to the amount of erosion as
precipitation increases in each of these three environments?

desert shrub: 0<p <12
grassland: 12<p<30
forest: 30 < p <60

In Problems 59—64, evaluate the function and simplify.

59. G(s) =3s?—6s 60. h(z) =222+6x—3
a G(3a) ¢ G(a)+2 a h(2a) ¢ h(a)+3
b G(a+2) d G(—a) b h(a+3) d h(—a)
Answer.
a 27a* — ¢ 3a* —
18a 6a + 2

b 3a®+ 6a d 3d® +6a
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61. g(z)=28

Answer.

a8
b 8

63. P(z)=2a2%-1

a P(2z)
b 2P(x)

Answer.

a 8z° —1

b 223 — 2

CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

62. f(t)=-3
c gla+1) a f(4) c f(b—2)
d g(—=) b f(=3) d f(-1)
c 8
d 8

64. Q(t) = 5t?
¢ P(2?) a Q(2t) c Q%)
d [P(x)) b 2Q(t) d [Q(1)]?
cab—1
d 2% —

223 +1

In Problems 65—68, evaluate the function for the given expressions and simplify.

65. f(z)=2°
a f(a?)
b a®-

f(a®)

Answer.

aa6

b a12

c a®b®

67. F(z)=3a°
a F(2a)

b 2F(a)
Answer.

a 96a°

b 6a’

For the functions in Problems 69-76, compute the following:

a f(2)+f(3)

b f(2+3)

66. g(x) =2t
c f(ab) a g(a’) ¢ g(ab)
ba'-g(a')  dgla+b)
d fla+b)
d a®+
3a%b +
3ab*+b*
68. G(z) = 4a3
¢ F(a?) a G(3a) ¢ G(a*)
d [F(a))? b 3G(a) d [G(a))*
¢ 3a*
d 9a'°
¢ fla)+ f(b) d f(a+0b)

For which functions does f(a + b) = f(a) + f(b) for all values of a and b?
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69. f(z)=3r—-2 70. f(x)=1-4x 71. f(z)=2%+3
Answer. Answer.
a 3b— a b2_|_
11 4 19 6
b d b d ,
13 3a+ 28 a”+
C 3b— 2ab+
3a+ 2 ¢ b2+
a’+ 3
This function . .
does NOT satisfy This function
fla+b) = does NOT satisfy
f(a) + f(b). fla+b) =
f(a) + f(b).
72. f(z)=2%-1 73. f(z)=+vVx+1 74. f(x)=+6—=z
Answer.
a c
V3+  Va+ 1+
2 b+1
b d
V6 Va+b+1

This function
does NOT satisfy

fla+b) =
f(a) + f(b).
75 _ 2 76 _3
-f(x)*T . f(ff)*;
Answer.
a -2
75 a
3 —2
b b
-2
3 4
¢ a+b

This function
does NOT satisfy
fla+b) =

fla) + f(b).

77. Use a table of values to estimate a solution to
f(x) =800 + 62 — 0.22% = 500

as follows:

a Make a table starting at x = 0 and increasing by Az = 10, as shown
in the accompanying tables. Find two z-values a and b so that

f(a) > 500 > f(b).
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T 0] 10|20 | 30|40 |50 |60 70|80 |90 | 100
f(z)

b Make a new table starting at * = a and increasing by Az = 1. Find
two x-values, ¢ and d, so that f(c) > 500 > f(d).

¢ Make a new table starting at x = ¢ and increasing by Az = 0.1.
Find two z-values, p and ¢, so that f(p) > 500 > f(q).
. _ptgq .
d Take the average of p and ¢, that is, set s = — Then s is an
approximate solution that is off by at most 0.05.

e Evaluate f(s) to check that the output is approximately 500.

Answer.

al @ 0 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 90

100

f(z) | 800 | 840 | 840 | 800 | 720 | 600 | 440 | 240 | O | —280 | —600

a =50 and b =60

b T 50 51 52 53 54 55 56 57 58
f(x) | 600 | 585.8 | 571.2 | 556.2 | 540.8 | 525 | 508.8 | 492.2 | 475.2
c=>56 and d = 57
T 56 56.1 56.2 56.3 56.4 56.5 56.6
f(z) | 508.8 | 507.158 | 505.512 | 503.862 | 502.208 | 500.55 | 498.888

p = 56.5 and ¢ = 56.6
d s =56.55
e f(56.55) = 499.7195

78. Use a table of values to estimate a solution to
f(z) = 2® — 42 4 52 = 18,000

as follows:

a Make a table starting at x = 0 and increasing by Az = 10, as shown
in the accompanying tables. Find two z-values a and b so that
fa) < 18,000 < f(b).

x 0|10 |20 | 30|40 |50 |60 70|80 |90 | 100
f(z)

b Make a new table starting at = a and increasing by Az = 1. Find
two x-values, ¢ and d, so that f(c) < 18,000 < f(d).

¢ Make a new table starting at x = ¢ and increasing by Az = 0.1.
Find two z-values, p and ¢, so that f(p) < 18,000 < f(q).
. _ptgq .
d Take the average of p and ¢, that is, set s = — Then s is an
approximate solution that is off by at most 0.05.

e Evaluate f(s) to check that the output is approximately 18, 000.
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79. Use tables of values to estimate the positive solution to
5 1
f(z) =2 — — = 9000,
x

accurate to within 0.05.

Answer. 94.85
80. Use tables of values to estimate the positive solution to

8 x?
= — +500 — — =300
f(x) = = +500 — - = 300,

accurate to within 0.05.
81. Let f(x) = —bz — 5 and g(x) = 222 + 1. Evaluate each of the following.

a g(f(4)) d g(g(4))
b f(g(—4)) e (9-h?2)
¢ f(f(2) f (fg)(—4)

82. Answer "True" or "False": f(g(x)) must always equal g(f(x)).
83. Suppose f(x) =3z + 1 and g(x) = |z|. Evaluate each of the following.

a f(z)+g(x) d f(z)/g(x)
b g(z) — f(z) flg(x))
¢ f(z)g(x) 9(f(x))
84. Let f(r) =2%—2and g(x) = /2 +6. Flnd f(g(z)) and g(f(z)).
a f(g(x)) 9(f(x))

1.3 Graphs of Functions

1.3.1 Reading Function Values from a Graph

The Dow-Jones Industrial Average (DJTA) gives the average of the stock prices
of 30 major companies. The graph below shows the DJIA as a function of time
during the stock market correction of October 1987. The DJIA is thus f(¢),
recorded at noon on day t of October.

f@
2500
2400
2300
2200
2100
2000
1900
1800

Dow-Jones Industrial Average

0
12 13 14 15 16 19 20 21 22 23
October 1987
The values of the input variable, time, are displayed on the horizontal axis,
and the values of the output variable, DJIA, are displayed on the vertical axis.
There is no formula that gives the DJIA for a particular day; but it is still a
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function, defined by its graph. The value of f(t) is specified by the vertical
coordinate of the point with the given ¢t-coordinate.

Example 1.3.1

a The coordinates of point P on the DJIA graph are (15,2412). What do
the coordinates tell you about the function f7

b If the DJIA was 1726 at noon on October 20, what can you say about
the graph of f7

Solution.

a The coordinates of point P tell us that f(15) = 2412, so the DJIA was
2412 at noon on October 15.

b We can say that f(20) = 1726, so the point (20,1726) lies on the graph
of f. This point is labeled @ in the figure above.

O
Thus, the coordinates of each point on the graph of the function represent
a pair of corresponding values of the two variables.

Graph of a Function.

The point (a, b) lies on the graph of the function f if and only if f(a) = b.

Checkpoint 1.3.2 The water level in Lake Huron alters unpredictably over
time. The graph below gives the average water level, L(t), in meters in the year
t over a 20-year period. (Source: The Canadian Hydrographic Service)

Lake Huron water level
177.50

177.00 i

176.50

176.00

175.50
1985 1990 1995 2000
Year

Level (meters)

a The coordinates of point H on the graph are (1997,176.98). What do the
coordinates tell you about the function L7

b The average water level in 2004 was 176.11 meters. Write this fact in
function notation. What can you say about the graph of L?

Answer.

a L(1997) = 176.98; the average water level was 176.98 meters in 1997.
b L(2004) = 176.11. The point (2004,176.11) lies on the graph of L.

Here is another way of describing how a graph depicts a function.

Functions and Coordinates.

Each point on the graph of the function f has coordinates (z, f(x)) for
some value of z.
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Example 1.3.3 The figure shows the graph of a function g.
g

5

yATaN
WARYS

=5

a Find g(—2) and g(5).
b For what value(s) of ¢ is g(t) = —27

¢ What is the largest, or maximum, value of g(¢)? For what value of ¢ does
the function take on its maximum value?

d On what intervals is g increasing?

Solution.

a To find g(—2), we look for the point with ¢t-coordinate —2. The point
(—2,0) lies on the graph of g, so g(—2) = 0. Similarly, the point (5, 1) lies
on the graph, so g(5) = 1.

b We look for points on the graph with y-coordinate —2. Because the
points (—5,—-2), (—3,—2), and (3, —2) lie on the graph, we know that
g(=5) = =2, g(—3) = =2, and ¢(3) = —2. Thus, the t-values we want are
—5, -3, and 3.

¢ The highest point on the graph is (1,4), so the largest y-value is 4. Thus,
the maximum value of g(t) is 4, and it occurs when t = 1.

d A graph is increasing if the y-values get larger as we read from left to
right. The graph of ¢ is increasing for t-values between —4 and 1, and
between 3 and 5. Thus, ¢ is increasing on the intervals (—4, 1) and (3, 5).

O

Checkpoint 1.3.4 Refer to the graph of the function g shown in Example 1.3.3,
p-H9.

a Find ¢(0).
b For what value(s) of ¢ is g(¢) = 0?

¢ What is the smallest, or minimum, value of ¢g(¢)? For what value of ¢ does
the function take on its minimum value?

d On what intervals is g decreasing?
Answer.

a3 c -3 t=-4
b —2,2,4 d (=5,—4) and (1, 3)
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1.3.2 Constructing the Graph of a Function

Although some functions are defined by their graphs, we can also construct
graphs for functions described by tables or equations. We make these graphs
the same way we graph equations in two variables: by plotting points whose
coordinates satisfy the equation.

Example 1.3.5 Graph the function f(z) = V& + 4

Solution. We choose several convenient values for x and evaluate the function
to find the corresponding f(x)-values. For this function we cannot choose
x-values less than —4, because the square root of a negative number is not a

real number.
f(=4)=v=4+4=v0=0
Vi=1

=
e
I
o=}
+
>~
I
S
I

The results are shown in the table.

z | f(z) Y
—4 0 o
-3 1 51 f(x)=\Nx+4

0 2

2 | V6

5 | 3 s s

Points on the graph have coordinates (z, f(x)), so the vertical coordinate
of each popint is given by the value of f(z). We plot the points and connect
them with a smooth curve, as shown in the figure. Notice that no points on
the graph have z-coordinates less than —4. O

Checkpoint 1.3.6 f(z) = 2% —2
a Complete the table of values and sketch a graph of the function.

T T
f(x)
b Use your calculator to make a table of values and graph the function.
Answer.
al @ | 2| -1]-2]0 | 3 [ 1|2
Sl [ -10] 3] =] 2] =2]-1]6
J)
b X
i} ]
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1.3.3 The Vertical Line Test

In a function, two different outputs cannot be related to the same input. This
restriction means that two different ordered pairs cannot have the same first
coordinate. What does it mean for the graph of the function?

Consider the graph shown in figure (a) below. Every vertical line intersects
the graph in at most one point, so there is only one point on the graph for each
z-value. This graph represents a function.

y y

v

\ X
(a) (b)

In figure (b), however, the line £ = 2 intersects the graph at two points,
(2,1) and (2,4). Two different y-values, 1 and 4, are related to the same x-value,
2. This graph cannot be the graph of a function.

We summarize these observations as follows.

The Vertical Line Test.

A graph represents a function if and only if every vertical line intersects
the graph in at most one point.

Example 1.3.7 Use the vertical line test to decide which of the graphs in the

figure represent functions.
y y y

(a) (b) (0

Solution.
o Graph (a) represents a function, because it passes the vertical line test.

o Graph (b) is not the graph of a function, because the vertical line at (for
example) x = 1 intersects the graph at two points.

o For graph (c), notice the break in the curve at x = 2: The solid dot at
(2,1) is the only point on the graph with x = 2; the open circle at (2, 3)
indicates that (2,3) is not a point on the graph. Thus, graph (c) is a
function, with f(2) = 1.

O

Checkpoint 1.3.8 Use the vertical line test to determine which of the graphs
below represent functions.
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(@) (b) (c)

Answer. Only (b) is a function.

1.3.4 Graphical Solution of Equations and Inequalities

The graph of an equation in two variables is just a picture of its solutions.
When we read the coordinates of a point on the graph, we are reading a pair of
z- and y-values that make the equation true.

For example, the point (2,7) lies on the graph of
y = 2z + 3 shown at right, so we know that the
ordered pair (2,7) is a solution of the equation y =
2z + 3. You can verify algebraically that x = 2 and
y = 7 satisfy the equation:

Does 7 =2(2)+ 37 Yes

X

/ 3
We can also say that x = 2 is a solution of the one-variable equation
2z + 3 = 7. In fact, we can use the graph of y = 2z 4 3 to solve the equation

2z + 3 = k for any value of k. Thus, we can use graphs to find solutions to
equations in one variable.

Example 1.3.9 Use the graph of y = 285 — 15z to solve the equation 150 =
285 — 15z.

Solution.
We begin by locating the point P on the graph y
for which y = 150, as shown in the figure. 300

Next we find the z-coordinate of point P by
drawing an imaginary line from P straight down
to the z-axis. The z-coordinate of P is x = 9. 200
Thus, P is the point (9,150), and x = 9 when
y = 150. The solution of the equation 150 =
285 — 1bzris z = 9. 100

y =285 15x

150 p===—

X
5 9 15 20

You can verify the solution algebraically by substituting x = 9 into the
equation:
Does 150 = 285 — 15(9)7

285 — 15(9) = 285 — 135 = 150. Yes
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Note 1.3.10 The relationship between an equation and its graph is an important
one. For the previous example, make sure you understand that the following
three statements are equivalent:

e The point (9,150) lies on the graph of y = 285 — 15z.
e The ordered pair (9,150) is a solution of the equation y = 285 — 15z.
e x =19 is a solution of the equation 150 = 285 — 15z.

Checkpoint 1.3.11

a Use the graph of y = 30 — 8x shown in the figure to solve the equation

30 — 8z = 50

b Verify your solution algebraically.

y
60

30\ y =30 - 8x

-5 \5 *
Answer. —-2.5

In a similar fashion, we can solve inequalities with a graph.

Consider again the graph of y = 2z + 3, shown
at right. We saw that x = 2 is the solution of
the equation 2z + 3 = 7. When we use z = 2
as the input for the function f(z) = 2z + 3,
the output is y = 7. Which input values for x
produce output values greater than 77

You can see that z-values greater than 2 pro-
duce y-values greater than 7, because points
on the graph with x-values greater than 2 have
y-values greater than 7. Thus, the solutions
of the inequality 2z + 3 > 7 are x > 2. You
can verify this result by solving the inequality
algebraically.

Example 1.3.12 Use the graph of y = 285 — 15z to solve the inequality

285 — 15z > 150

Solution. We begin by locating the point P on the graph for which y = 150.
Its x-coordinate is x = 9. Now, because y = 285 — 15z for points on the graph,
the inequality

285 — 15z > 150

is equivalent to y > 150.
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! y=285—-15x

-100

So we are looking for points on the graph with y-coordinate greater than
150. These points are shown in red on the graph. The z-coordinates of these
points are the z-values that satisfy the inequality. From the graph, we see that
the solutions are x < 9. ]

Checkpoint 1.3.13

a Use the graph of y = 30 — 8z in the previous Checkpoint to solve the
inequality
30 — 8z <50

b Solve the inequality algebraically.

Answer. > -25

We can also use this graphical technique to solve nonlinear equations and
inequalities.

Example 1.3.14 Use a graph of f(z) = —22° + 2% + 162 to solve the equation

—22% + 2% + 16z =15

Solution. If we sketch in the horizontal line y = 15, we can see that there are
three points on the graph of f that have y-coordinate 15, as shown below. The
z-coordinates of these points are the solutions of the equation.

y

40

flx)==2x3+ x>+ 16x
30

20

=20
From the graph, we see that the solutions are x = —3, = 1, and approxi-
mately x = 2.5. We can verify each solution algebraically.
For example, if x = —3, we have

f(=3) = =2(=3)3 + (—3)* + 16(—3)
= —2(—27) 4+ 9 — 48
—54+9—48 =15
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so —3 is a solution. Similarly, you can check that x = 1 and x = 2.5 are
solutions. 0

Checkpoint 1.3.15 Use the graph of y = %ng +2n — 10 shown below to solve
Ly
5” +2n—-10=6

and verify your solutions algebraically.
y

n

y= %”2 +2n—10

Answer. -84

Example 1.3.16 Use the graph in Example 1.3.14, p. 64 to solve the inequality

—22% + 22 + 162 > 15

Solution. We first locate all points on the graph that have y-coordinates
greater than or equal to 15. The x-coordinates of these points are the solutions
of the inequality.

The figure below shows the points in red, and their z-coordinates as intervals
on the x-axis. The solutions are x < —3 and 1 < x < 2.5, or in interval notation,
(—o0, —=3] U[1,2.5].

flx)==2x3+ x>+ 16x

]

Checkpoint 1.3.17 Use the graph in Checkpoint 1.3.15, p. 65 to solve the
inequality

1
5n2+2n—10<6

Answer. (—8,4)

1.3.5 Section Summary

1.3.5.1 Vocabulary

Look up the definitions of new terms in the Glossary.
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e Coordinates o Interval e Algebraic solution
e Maximum o Vertical line test
e Minimum o Inequality e Graphical solution

1.3.5.2 CONCEPTS
1 The point (a, bd) lies on the graph of the function f if and only if f(a) = b.

2 Each point on the graph of the function f has coordinates (x, f(x)) for
some value of x.

3 The vertical line test tells us whether a graph represents a function.

4 We can use a graph to solve equations and inequalities in one variable.

1.3.5.3 STUDY QUESTIONS

1 How can you find the value of f(3) from a graph of f?

2 If f(8) = 2, what point lies on the graph of f?

3 Explain how to construct the graph of a function from its equation.
4 Explain how to use the vertical line test.

5 How can you solve the equation z++/r = 56 using the graph of y = z++/z?

1.3.5.4 SKILLS
Practice each skill in the Homework 1.3.6, p. 66 problems listed.
1 Read function values from a graph: #1-8, 17-20, 33-36
2 Recognize the graph of a function: #9-10, 31 and 32
3 Construct a table of values and a graph of a function: #11-16

4 Solve equations and inequalities graphically: #21-30, 41-50

1.3.6 Graphs of Functions (Homework 1.3)

In Problems 1-8, use the graphs to answer the questions about the functions.
1.
a Find h(=3), h(1), and h(3).

b For what value(s) of z is h(z) = 37

¢ Find the intercepts of the graph. List the function values given
by the intercepts.

d What is the maximum value of h(z)?
e For what value(s) of z does h take on its maximum value?

f On what intervals is the function increasing? Decreasing?
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h(z)

5

I

_5 / 5

-5

Answer.
a —2,0,5
b 2
¢ h(=2)=0, h(1) =0, h(0) = —2
d>5
e 3
f Increasing: (—3,0) and (1, 3); decreasing: (0,1) and (3, 5)

a Find G(-3), G(—1), and G(2).
b For what value(s) of s is G(s) = 37

¢ Find the intercepts of the graph. List the function values given
by the intercepts.

d What is the minimum value of G(s)?
e For what value(s) of s does G take on its minimum value?

f On what intervals is the function increasing? Decreasing?

o
e

=5

[~

Find R(1) and R(3).

o

For what value(s) of p is R(p) = 27

¢ Find the intercepts of the graph. List the function values given
by the intercepts.

d Find the maximum and minimum values of R(p).

@

For what value(s) of p does R take on its maximum and minimum
values?
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f On what intervals is the function increasing? Decreasing?

R(p)

/A

\
N

Answer.
a —1,2
b 3, 1.3
¢ R(-2)=0,R(2) =0, R(4) =0, R(0) =4
d Max: 4; min: —5
e Maxat p=0; minat p=>5
f Increasing: (—3,0) and (1, 3); decreasing: (0,1) and (3,5)

a Find f(—1) and f(3).

o

For what value(s) of t is f(t) =57

¢ Find the intercepts of the graph. List the function values given
by the intercepts.

d Find the maximum and minimum values of f(t).

e For what value(s) of t does f take on its maximum and minimum
values?

f On what intervals is the function increasing? Decreasing?

f@®

(R

=

Find 5(0), S <é) and S(—1).

1
b Estimate the value of .S <3) from the graph.
. 1
¢ For what value(s) of z is S(z) = 757

d Find the maximum and minimum values of S(z).
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e For what value(s) of z does S take on its maximum and minimum
values?
50
/\ |
2 i \/2 *
-1
Answer.
0 ! 0
a 0.=
) 27
b 0.9
-5 -1 7 11
c —, - L =
6 676 6
d Max: 1; min: —1
e Max at £ = —1.5,0.5; min at x = —0.5,1.5
6.
1
a Find C(0), C <—3), and C(1).
. 1
b Estimate the value of C (6) from the graph.
. 1
¢ For what value(s) of x is C(z) = 5?
d Find the maximum and minimum values of C(z).
e For what value(s) of 2 does C take on its maximum and minimum
values?
cw
-1
7.
a Find F(-3), F(-2), and F(2).
b For what value(s) of s is F(s) = —17
¢ Find the maximum and minimum values of F(s).
d For what value(s) of s does F take on its maximum and minimum

values?
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F(s)
5
*—0 *—0
0 O

Answer.
a 2,2,1
b-6<s<—-4or 0<s<2
¢ Max: 2; min: —1
d Max for —3 < s< —1 or 3<s<5;minfor -6 <s< —4 or
0<s<2
a Find P(-3), P(—2), and P(1).
b For what value(s) of n is P(n) = 07
¢ Find the maximum and minimum values of P(n).

d For what value(s) of n does P take on its maximum and minimum
values?

P(n)

Which of the graphs in Problems 9 and 10 represent functions?

9. :
y y y y y
L b e
N~ [ T
@ ® © @ ©
Answer. (a)and (d)
10.

y

(a)

¥y y y y
x NI
) © @
In Problems 11-16,

a Make a table of values and sketch a graph of the function by plotting
points. (Use the suggested z-values.)
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b Use your calculator to graph the function.

Compare the calculator’s graph with your sketch.

11. g(x) = 23 + 4; 12, h(z) =2+ x;
r=—2,-1,....2 2=0,1,....9

Answer.

)

8(x)

13. 14. F(z)=+vz-—1;
r=1,2,...,10
3
1
-3 3 *
15. v(z) =1+ 62 — 23; 16. w(z) = 23 — 8;
r=-3-2...3 r=—4,-3,... .4
Answer.
(x)
6
3 2 !
-6

17. The graph shows the speed of sound in the ocean as a function of depth,
S = f(d). The speed of sound is affected both by increasing water pressure

and by dropping temperature. (Source: Scientific American)
N Speed of sound
1560

1540
1520

1500

1480

400 800 1200 1600

a Evaluate f(1000) and explain its meaning.
b Solve f(d) = 1500 and explain its meaning.

¢ At what depth is the speed of sound the slowest, and what is the
speed? Write your answer with function notation.

d Describe the behavior of f(d) as d increases.
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Answer.

a f(1000) = 1495: The speed of sound at a depth of 1000 meters is
approximately 1495 meters per second.

b d =570 or d = 1070: The speed of sound is 1500 meters per second
at both a depth of 570 meters and a depth of 1070 meters.

¢ The slowest speed occurs at a depth of about 810 meters and the
speed is about 1487 meters per second, so f(810) = 1487.

d f increases from about 1533 to 1541 in the first 110 meters of depth,
then drops to about 1487 at 810 meters, then rises again, passing
1553 at a depth of about 1600 meters.

18. The graph shows the water level in Lake Superior as a function of time,
L = f(t). (Source: The Canadian Hydrographic Service)

Lake Superior water level
183.80

183.60
183.40

183.20
1985 1990 1995 2000

a Evaluate f(1997) and explain its meaning,.
b Solve f(t) = 183.5 and explain its meaning.

¢ In which two years did Lake Superior reach its highest levels, and
what were those levels? Write your answers with function notation.

d Over which two-year period did the water level drop the most?

19. The graph shows the federal debt as a percentage of the gross domestic
product (GDP), as a function of time, D = f(¢). (Source: Office of

Management and Budget)
Federal debt as percent of GDP

120
100
80
60
40
20

1940 1960 1980 2000
a Evaluate f(1985) and explain its meaning,.
b Solve f(t) = 70 and explain its meaning.

¢ When did the federal debt reach its highest level since 1960, and
what was that level? Write your answer with function notation.

d What is the longest time interval over which the federal debt was
decreasing?

Answer.
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a f(1985) = 41: The federal debt in 1985 was about 41% of the gross
domestic product.

b t = 1942 or t = 1955: The federal debt was 70% of the gross domestic
product in 1942 and 1955.

¢ In about 1997, the debt was about 67% of the gross domestic product,
so f(1997) =~ 67.3.

d The percentage basically dropped from 1946 to 1973, but there were
small rises around 1950, 1954, 1958, and 1968, so the longest time
interval was from 1958 to 1967.
20. The graph shows the elevation of the Los Angeles Marathon course as

a function of the distance into the race, a = f(t). (Source: Los Angeles
Times, March 3, 2005)
a

LA Marathon
300
200
100
0 5 10 15 20 5

a Evaluate f(5) and explain its meaning.
b Solve f(d) =200 and explain its meaning.

¢ When does the marathon course reach its lowest elevation, and what
is that elevation? Write your answer with function notation.

d Give three intervals over which the elevation is increasing.

21. The figure shows a graph of y = —2z + 6.
)

E
RS

a Use the graph to find all values of x for which

ITy=12
IT y>12
IIT y < 12

b Use the graph to solve

I 2z+6=12
II —2x+4+6>12
I —2x+6 <12

¢ Explain why your answers to parts (a) and (b) are the same.

Answer.
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a ix=-3
ix<—=3
iii > -3
b lx=-3
II z< -3
I z > -3

¢ On the graph of y = —2x + 6, a value of y is the same as a value of

—2x + 6, so parts (a) and (b) are asking for the same z’s.

22. The figure shows a graph of y = —?x — 6.

&

a Use the graph to find all values of x for which

iy=-4
iiy>—-4
iii y < —4

b Use the graph to solve

—T
i =4
'3

—X
i L 6> -4
11 3

—X
i 6« —4
111 3

¢ Explain why your answers to parts (a) and (b) are the same.

In Problems 23 and 24, use the graph to solve the equation or inequality, and
then solve algebraically. (To review solving linear inequalities algebraically, see
Algebra Skills Refresher A.2, p.859.)

23. The figure shows the graph of y = 1.4x — 0.64. Solve the following;:
¥

1.2
0.8

0.8 1.2
-0.4

£
a 1.4x —0.64 =0.2

b —1.2 =142 —0.64
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c 1.4z —0.64 > 0.2
d —1.2> 14z —0.64

Answer.
ax=0.06
bz=-04
cz>0.6
d x<-04
24. The figure shows the gragh of y = —2.4x + 2.32. Solve the following:

N
2

a l6=-24z+42.32
b —24z+232=04
¢ —24rx+232>1.6
d 0.4 > —2.4x + 2.32

For Problems 25-30, use the graphs to estimate solutions to the equations and
inequalities.

12
25. The figure shows the graph of g(z) = a0
y
7
2
X
4 2 2 4
12
a Solve 7722 =4
b Solve 1 < 12 <2
2+ x2
Answer.
ar=—lorx=1

b Approximately —3 <z < -2o0r2<z<3

NG

B

26. The figure shows the graph of f(x)
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y
16
12 [\
8
4
X
2 4 6 8 10
a Solve 0vz =15
1+
30
b Solve S0VT _ 1
1+

1
27. The figure shows a graph of B = §p3 —3p+2.
B

6

1

a Solve §p3—3p+2:6
L g

b Solve gp —3p+2=5

1
¢ Solve §p3—3p+2< 1

d What range of values does B have for p between —2.5 and 0.57

e For what values of p is B increasing?

Answer.
a 3.5
b —2.2,-1.2,34
cp<—-31lor03<p<28
d 0.5< B <55

ep<—17o0rp>17

28. The figure shows a graph of H = 3 — 4t? — 4t + 12.
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H
16

-3 3 [ 6
4
-8

a Solve 3 — 42 — 4t + 12 = —4

b Solve 3 — 4t — 4t + 12 = 16
¢ Solve 3 — 412 — 4t +12 > 6
d Estimate the horizontal and vertical intercepts of the graph.

e For what values of ¢ is H increasing?

29. The figure shows a graph of M = g(q).
M

-3 2 -1 2 3

a Find all values of ¢ for which

I g(g)=0
IT g(q) = 16
III g(q) < 6

b For what values of ¢ is g(¢q) increasing?

Answer.

a i—2,2
ii —2.8,0,2.8
iii =25 <g<—1250r1.25 < qg<25

b -2<g<0org>2

30. The figure shows a graph of P = f(¢).

7
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t

2 4 6 8 10

a Find all values of t for which

I f(t)=3
IT f(t) > 4.5
I 2< f(t) <4

b For what values of ¢ is f(¢) decreasing?
31.

a Delbert reads the following values from the graph of a function:
f(=3)=5 f(-1)=2, f(1) =0,
f(=1) = =4, f(=3) = -2

Can his readings be correct? Explain why or why not.

b Francine reads the following values from the graph of a function:
9(=2) =6, 9(0) = 0, g(2) =6,
9(4) =0, g(6) =6
Can her readings be correct? Explain why or why not.
Answer.

a He has an error: f(—3) cannot have both the value 5 and also the
value —2, and f(—1) cannot have both values 2 and —4.

b Her readings are possible for a function: each input has only one
output.

32.
a Sketch the graph of a function that has the following values:

b Sketch the graph of a function that has the following values:
G(-2)=1, G(-1)=0, G(0) = —1,
G(1)=0, G(2)=1
For Problems 33-36, graph each function in the friendly window

Xmin = —9.4 Xmax = 9.4



SECTION 1.3. GRAPHS OF FUNCTIONS 79
Ymin = —10 Ymax = 10

Then answer the questions about the graph. (See Appendix B, p.977 for an
explanation of friendly windows.)

33. g(x) =36 — a2

a Complete the table. (Round values to tenths.)

T -4 | =2 3 5
g(x)
b Find all points on the graph for which g(z) = 3.6.

Answer.
a T 41 -2 3 5
g(z) | 45| 5.7 |52 3.3
b —4.8,4.8

34. g(z)=V22 -6

(a) Complete the table. (Round values to tenths.)

T -8 | -2 3 6
f(x)
(b) Find all points on the graph for which f(x) = —2.

35. F(z)=0.52% — 4x

a Estimate the coordinates of the turning points of the graph, that
is, where the graph changes from increasing to decreasing or vice
versa.

b Write an equation of the form F'(a) = b for each turning point.
Answer.

a (—1.6,4.352), (1.6, —4.352)

b F(—1.6) = 4.352; F(1.6) = —4.352

36. G(z)=2+4x — 23

a Estimate the coordinates of the turning points of the graph, that

is, where the graph changes from increasing to decreasing or vice
versa.

b Write an equation of the form G(a) = b for each turning point.

For Problems 37-40, graph the function

a First using the standard window.

b Then using the suggested window. Explain how the window alters the
appearance of the graph in each case.
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1 p—
37. hz)= —— 38. H(z)= V1—22
72+ 10
Xmin = —2 Xmax = 2
Xmin = -5 Xmax =5

Ymin =0 Ymax = 0.5

Ymin = -2 Ymax =2

Answer.

The curve cannot be
distinguished from the
z-axis in the standard
window because the
values of y are closer to
zero than the resolution
of the calculator can
display. The second
window provides
sufficient resolution to
see the curve.

39. P(z)=(x—8)(x+6)(x—15) 40. p(z)= 200>

Xmin = —-10 Xmax = 20 Xmin = -5 Xmax =5
Ymin = —250 Ymax = 750 Ymin = —10,000 Ymax = 10,000
Answer.

a

b

The curve looks like two
vertical lines in the
standard window
because that window
covers too small a region
of the plane. The second
window allows us to see
the turning points of the
curve.

For Problems 4144, graph the equation with the ZInteger setting. (Press ZOOM
6,then ZOOM 8 ENTER.) Use the graph to answer each question. Use the equation
to verify your answers.
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41. Graph y =2z —3
a For what value of z is y = 57
b For what value of z is y = —137?
¢ For what values of z is y > —17

d For what values of x is y < 257

Answer.

ar=4 bxz=-5 cx>1 dzx<l14
42. Graphy =4 -2z

a For what value of = is y = 67
b For what value of z is y = —47
¢ For what values of z is y > —127

d For what values of x is y < 187
43. Graph y =6.5— 1.8z

a For what value of z is y = —13.37
b For what value of z is y = 24.57
¢ For what values of z is y < 15.57

d For what values of = is y > —7.97
Answer.

axrx=11 b x=-10 cxr>-5 dz<8
44. Graphy=02x+14

a For what value of = is y = —5.27
b For what value of z is y = 2.87
¢ For what values of z is y < —3.27

d For what values of x is y > 4.47

For Problems 45-48, graph the equation with the ZInteger setting. Use the
graph to solve each equation or inequality. Check your solutions algebraically.

45. Graph y = —0.4z + 3.7
a Solve —0.4x + 3.7 = 2.1

b Solve —0.4x + 3.7 > —5.1
Answer.

az=4 b x <22
46. Graph y =0.4(z — 1.5)
a Solve 0.4(z — 1.5) = —8.6

b Solve 0.4(x — 1.5) < 8.6
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2
47. Graph y = gz —24

2 2
Solve —z — 24 = —10=
a Solve sz 3

2 1
b Solve —x —24 < —19-
olve 7z < 3

Answer.
axz =20 bx<T7
80 —3
48. Graph y = 3 :17'
80 — 3x 3
Sol =22—.
a Solve 3 3
80 — 3x 2
b Sol < —9-.
olve 3 < £

49. Graph y = 0.0122 — 0.12%2 — 2.75z + 15.
a Use your graph to solve 0.012% — 0.122 — 2.75z + 15 = 0.

b Press Y= and enter Y5 = 10. Press GRAPH, and you should see the
horizontal line y = 10 superimposed on your previous graph. How
many solutions does the equation

0.012% — 0.122 — 2.752 + 15 = 10
have? Estimate each solution to the nearest whole number.

Answer.

a —15,5,20 b —13,2,22
50. Graph y = 2.5z — 0.02522 — 0.005z3.
a Use your graph to solve 2.5z — 0.0252% — 0.005z3 = 0.
b Press Y= and enter Y5 = —5. Press GRAPH, and you should see the

horizontal line y = —5 superimposed on your previous graph. How
many solutions does the equation

2.5z — 0.0252% — 0.00523 = —5

have? Estimate each solution to the nearest whole number.

1.4 Slope and Rate of Change

1.4.1 Using Ratios for Comparison

Which is more expensive, a 64-ounce bottle of Velvolux dish soap that costs
$3.52, or a 60-ounce bottle of Rainfresh dish soap that costs $3.367

You are probably familiar with the notion of comparison shopping. To
decide which dish soap is the better buy, we compute the unit price, or price
per ounce, for each bottle. The unit price for Velvolux is

352 cents

—— = 5.5 cents per ounce
64 ounces
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and the unit price for Rainfresh is

336 cents

—— = 5.6 cents per ounce
60 ounces

The Velvolux costs less per ounce, so it is the better buy. By computing the
price of each brand for the same amount of soap, it is easy to compare them.

In many situations, a ratio, similar to a unit price, can provide a basis for
comparison. Example 1.4.1, p. 83 uses a ratio to measure a rate of growth.

Example 1.4.1 Which grow faster, Hybrid A wheat seedlings, which grow 11.2
centimeters in 14 days, or Hybrid B seedlings, which grow 13.5 centimeters in
18 days?

Solution. We compute the growth rate for each strain of wheat. Growth rate

. . centimeters i
is expressed as a ratio, ————, or centimeters per day. The growth rate

days
for Hybrid A is

11.2 centimeters

14 days = 0.8 centimeters per day

and the growth rate for Hybrid B is

13.5 centimeters

18 days = 0.75 centimeters per day

Because their rate of growth is larger, the Hybrid A seedlings grow faster. [

By computing the growth of each strain of wheat seedling over the same

unit of time, a single day, we have a basis for comparison. In this case, the

centimeters
ratio e measures the rate of growth of the wheat seedlings.
ay

Checkpoint 1.4.2 Delbert traveled 258 miles on 12 gallons of gas, and Francine

iles
for each car.
n

traveled 182 miles on 8 gallons of gas. Compute the ratio

Whose car gets the better gas mileage?

Answer. Delbert: 21.5 mpg, Francine: 22.75 mpg. Francine gets better
mileage.

1
In Checkpoint 1.4.2, p. 83, the ratio miles measures the rate at which each
gallon

car uses gasoline. By computing the mileage for each car for the same amount
of gas, we have a basis for comparison. We can use this same idea, finding a
common basis for comparison, to measure the steepness of an incline.

1.4.2 Measuring Steepness

Imagine you are an ant carrying a heavy burden along one of the two paths
shown below. Which path is more difficult? Most ants would agree that the
steeper path is more difficult.

But what exactly is steepness? It is
not merely the gain in altitude, because
even a gentle incline will reach a great
height eventually. Steepness measures
how sharply the altitude increases. An
ant finds the second path more difficult, /fm
or steeper, because it rises 5 feet while

the first path rises only 2 feet over the
same horizontal distance.

L8]

le—

=3
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To compare the steepness of two inclined paths, we compute the ratio of
change in altitude to change in horizontal distance for each path.

Example 1.4.3 Which is steeper, Stony Point trail, which climbs 400 feet over
a horizontal distance of 2500 feet, or Lone Pine trail, which climbs 360 feet over
a horizontal distance of 1800 feet?

Solution. For each trail, we compute the ratio of vertical gain to horizontal
distance. For Stony Point trail, the ratio is

400 feet

———— =0.1
2500 feet 0-16

and for Lone Pine trail, the ratio is

360 feet

1800 feet
Lone Pine trail is steeper, because it has a vertical gain of 0.20 foot for every
foot traveled horizontally. Or, in more practical units, Lone Pine trail rises 20

feet for every 100 feet of horizontal distance, whereas Stony Point trail rises
only 16 feet over a horizontal distance of 100 feet. g

Checkpoint 1.4.4 Which is steeper, a staircase that rises 10 feet over a
horizontal distance of 4 feet, or the steps in the football stadium, which rise 20
yards over a horizontal distance of 12 yards?

Answer. The staircase is steeper.

1.4.3 Definition of Slope

To compare the steepness of the two trails in Example 1.4.3, p. 84, it is not
enough to know which trail has the greater gain in elevation overall. Instead,
we compare their elevation gains over the same horizontal distance. Using the
same horizontal distance provides a basis for comparison. The two trails are
illustrated below as lines on a coordinate grid.

y

400 Lone Pine  Stony Point

300
200
100

X

500 1000 1500 2000 2500
The ratio we computed in Example 1.4.3, p. 84,

change in elevation

change in horizontal position
appears on the graphs as

change in y-coordinate

change in z-coordinate

For example, as we travel along the line representing Stony Point trail, we move
from the point (0, 0) to the point (2500, 400). The y-coordinate changes by 400
and the z-coordinate changes by 2500, giving the ratio 0.16 that we found in
Example 1.4.3, p.84. We call this ratio the slope of the line.
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Definition of Slope.
The slope of a line is the ratio

change in y-coordinate

change in z-coordinate

as we move from one point to another on the line.

\.

Example 1.4.5

Compute the slope of the line that
passes through points A and B on the
graph at right. A

vd

Solution. As we move along the line from A to B, the y-coordinate changes
by 3 units, and the z-coordinate changes by 4 units. The slope of the line is

thus . .
change in y-coordinate 3

change in z-coordinate 4

Checkpoint 1.4.6
Compute the slope of the line through
the indicated points on the graph at
right. On both axes, one square repre-

sents one unit. /

change in y-coordinate

change in z-coordinate

1
A —
nswer.

Note 1.4.7 The slope of a line is a number. It tells us how much the y-
coordinates of points on the line increase when we increase their z-coordinates

3
by 1 unit. For instance, the slope 1 in Example 1.4.5, p.85 means that the

3
y-coordinate increases by 1 unit when the z-coordinate increases by 1 unit. For

increasing graphs, a larger slope indicates a greater increase in altitude, and
hence a steeper line.

1.4.4 Notation for Slope

We use a shorthand notation for the ratio that defines slope,

change in y-coordinate

change in z-coordinate

The symbol A (the Greek letter delta) is used in mathematics to denote change
in. In particular, Ay means change in y-coordinate, and Ax means change in
x-coordinate. We also use the letter m to stand for slope. With these symbols,
we can write the definition of slope as follows.
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Notation for Slope.
The slope of a line is given by

Ay  change in y-coordinate

— = A 0
Az change in z-coordinate’ 7

y

4 t t X

J

Example 1.4.8 The Great Pyramid of Khufu in Egypt was built around
2550 B.C. It is 147 meters tall and has a square base 229 meters on each side.
Calculate the slope of the sides of the pyramid, rounded to two decimal places.

Solution.

From the figure, we see that Ax is only
half the base of the Great Pyramid, so

Az = 0.5(229) = 114.5

and the slope of the side is

Ay 147
oY 2
M= Az T 1145 8

Checkpoint 1.4.9 The Kukulcan Pyramid at Chichen Itza in Mexico was built
around 800 A.D. It is 24 meters high, with a temple built on its top platform,
RO A% is 55 met h 1
quare base is 55 meters on eac 95m

side, and the top platform is 19.5 r T
meters on each side. Calculate the
slope of the sides of the pyramid.
Which pyramid is steeper, Kukulcan 24m
or the Great Pyramid?

[ 55m !

Answer. 1.35; Kukulcan is steeper.

So far, we have only considered examples in which Ax and Ay are positive
numbers, but they can also be negative.

A positive if x increases (move to the right)
xTr =
negative if « decreases (move to the left)

A positive if y increases (move up)
y =
negative if y decreases (move down)

Example 1.4.10
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Compute the slope of the line that y
passes through the points P(—4,2)
and Q(5,—1) shown in at right. Il- 5

lustrate Ay and Az on the graph. Pd.2)
‘\A}'Y\

\

T
_5 Y-)—»—-»—)—»—-»N

Ax 0 (s,-1)

X

Solution. As we move from the point P(—4,2) to the point Q(5,—1), we move
3 units down, so Ay = —3. We then move 9 units to the right, so Az = 9.Thus,
the slope is

Ay -3 —1
"TArT 9 T3
Ay and Az are labeled on the graph. O

We can move from point to point in either direction to compute the slope.
The line graphed in Example 1.4.10, p. 86 decreases as we move from left to
right and hence has a negative slope.

The slope is the same if we move from y
point @ to point P instead of from P to
@, as shown at right. In that case, our 5
computation looks like this:

Ay 3

P A
B \‘\ }Ay
(v ) s
x — _
i s

Ay and Az are labeled on the graph.

1.4.5 Lines Have Constant Slope

How do we know which two points to choose when we want to compute the
slope of a line? It turns out that any two points on the line will do.

Checkpoint 1.4.11
a Graph the line 4z — 2y = 8 by finding the z- and y-intercepts

b Compute the slope of the line using the z-intercept and y-intercept.

¢ Compute the slope of the line using the points (4,4) and (1, —2).
Answer.

b 2

c 2

Note 1.4.12 Checkpoint 1.4.11, p. 87 illustrates an important property of lines:
They have constant slope. No matter which two points we use to calculate the
slope, we will always get the same result. We will see later that lines are the
only graphs that have this property.

We can think of the slope as a scale factor that tells us how many units y
increases (or decreases) for each unit of increase in z. Compare the lines shown
below.
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y y y
10 10 10
5 5 5
_ _
2 4 2 4 2 4 7
Ax 2 Ax 2 Ax 3
y increases by 2 units y increases by 1.5 units y decreases by 2 units

for each 1-unit increase in x for each 1-unit increase inx  for each 1-unit increase in x

Observe that a line with positive slope increases from left to right, and one
with negative slope decreases. What sort of line has slope m = 07

1.4.6 Meaning of Slope

In Example 1 of Section 1.1, p. 3, we graphed the 20
equation C' = 5+ 3t showing the cost of a bicycle
rental in terms of the length of the rental. The
graph is reproduced at right. We can choose
any two points on the line to compute its slope.

Using points P and @ as shown, we find that 10
L_AC 9
At 3 5

The slope of the line is 3.

What does this value mean for the cost of renting a bicycle? The expression

ac_o
At 3
stands for
change in cost 9 dollars

change in time 3 hours

If we increase the length of the rental by 3 hours, the cost of the rental
increases by 9 dollars. The slope gives the rate of increase in the rental fee, 3
dollars per hour. In general, we can make the following statement.

Rate of Change.

The slope of a line measures the rate of change of the output variable
with respect to the input variable.

Depending on the variables involved, this rate might be interpreted as a
rate of growth or a rate of speed. A negative slope might represent a rate of
decrease or a rate of consumption. The slope of a graph can give us valuable
information about the variables.

Example 1.4.13
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The graph at right shows the distance in 250
miles traveled by a big-rig truck driver

200
after ¢ hours on the road.
150

a Compute the slope of the graph. 100

b What does the slope tell us about

50
the problem?

Solution.

a Choose any two points on the line, say G(2,100) and H(4,200), as shown.
As we move from G to H, we find

AD 100
A~ o

The slope of the line is 50.

b The best way to understand the slope is to include units in the calculation.
For our example,

AD change in distance
——  means —
At change in time

or
A7D 100 miles

At 2 hours
The slope represents the trucker’s average speed or velocity.

= 50 miles per hour

Checkpoint 1.4.14

The graph shows the altitude, a (in feet), of
a skier ¢ minutes after getting on a ski lift. -
a Choose two points and compute the 600
slope (including units). .
b What does the slope tell us about the 200
problem? t
2 4 6 8
Answer.
a 150

b Altitude increases by 150 feet per minute.

1.4.7 A Formula for Slope

A
We have defined the slope of a line to be the ratio m = =Y as we move from

x

one point to another on the line. So far, we have computed Ay and Ax by
counting squares on the graph, but this method is not always practical. All we
really need are the coordinates of two points on the graph.
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Subscripts.

We will use subscripts to distinguish the two points:
P; means "first point" and P, means "second point."

We denote the coordinates of Py by (z1,y1) and the coordinates of P,
by (x27y2).

y Now consider a specific example. The

line through the two points P;(2,9) and

10 T P,(7,—6) is shown at left. We can find

: Ax by subtracting the z-coordinates of the
points:

W

Ar=7—-2=5

In general, we have
Ay

5 10 Axr =29 — 17

and similarly

-5
\_A_/ P, (7,-6) Ay =1ys — y1
X

These formulas work even if some of the coordinates are negative; in our
example
Ay=y2—y1=—-6-9=-15
By counting squares down from P; to Py, we see that Ay is indeed —15. The
slope of the line is

m = % = y2 _ yl = ;15 = —3
Ar  x9 — 21 5
We now have a formula for the slope of a line that works even if we do not have

a graph.

Two-Point Slope Formula.

The slope of the line passing through the points P (21, y1) and Pa(xs, y2)
is given by

% _Y%2-n
Azr 19—

, T2 F# T

J

Example 1.4.15 Compute the slope of the line above using the points Q1 (6, —3)
and Q2(4,3).

Solution. We substitute the coordinates of @)1 and @2 into the slope formula

to find 3 (_3) 6
Y2~ —(—
= = = — = —3
mn To — I 4—6 -2
This value for the slope, —3, is the same value we found above. 0

Checkpoint 1.4.16
a Find the slope of the line passing through the points (2, —3) and (-2, —1).

b Sketch a graph of the line by hand.

Answer.
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It will also be useful to write the slope formula with function notation.
Recall that f(x) is another symbol for y, and, in particular, that y; = f(z1)
and yo = f(x2). Thus, if 25 # 1, we have this formula.

Slope Formula in Function Notation.

Ay -y flar) = flza)

T Az x2—x1: To—x1 T2 7 0
Example 1.4.17
The figure shows a graph of y
fl@) = z? — 6z gl Sfx) =x*—6x
a Compute the slope of the line seg-
ment joining the points at x = 1
and z = 4. 5 o
b Compute the slope of the line seg-
ment joining the points at x = 2 -8
and x = 5.
Solution.

a We set 1 = 1 and x5 = 4 and find the function values at each point.
flz) = f(1) =1 -6(1) = =5

Flas) = F(4) = 4% — 6(4) = -8

Then
_ f(z2) — f(z1) _ —8—(-5) 7;3 _

= -1
To — X1 4—1 3

b We set ;1 = 2 and x2 = 5 and find the function values at each point.
f(z1) = f(2) =2° - 6(2) = -8

Jlas) = J(5) = 5° — 6(5) = -5

Then
_ o) —fl@) _ 5-(8) 3 _
T @g—z: 5—-2 3

O

Note that the graph of f is not a straight line and that the slope is not
constant.

Checkpoint 1.4.18 The figure shows the graph of a function f.
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a Find f(3) and f(5). y

b Compute the slope of the line segment

10
joining the points at © = 3 and z = 5.

¢ Write an expression for the slope of the
line segment joining the points at x = a

and z = b.
5 0"
Answer.
a f(3)=2, f(5)=38
b 3
WCES(0

1.4.8 Section Summary

1.4.8.1 Vocabulary

Look up the definitions of new terms in the Glossary.

« Ratio e Slope

¢ Rate of change e Scale factor

1.4.8.2 CONCEPTS

1 We can use ratios to compare quantities.

change in y-coordinate
2 The slope ratio, neemy rem

L - Tinate’ measures the steepness of a line.
change in z-coordinate

A
3 Notation for slope: m = A—y, Az # 0.
T

Y2 — Y1

4 Formula for slope: m = =—=—= x5 # 21
T2 — T1
5 Formula for slope: m = M, To # T
o — X1

6 Lines have constant slope.

7 Slope is a scale factor that tells us how many units Ay increases for each
unit increase in Az as we move along the line.

8 The slope gives us the rate of change.
1.4.8.3 STUDY QUESTIONS
1 Explain how to compare prices with unit pricing.
2 Why is Ay the numerator of the slope ratio and Az the denominator?
3 Which line is steeper, one with m = —2 or one with m = —57

4 A classmate says that you must always use the intercepts to calculate the
slope of a line. Do you agree? Explain.

5 In an application, what does the slope of the graph tell you about the
situation?
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1.4.8.4 SKILLS

Practice each skill in the Homework 1.4.9, p. 93 problems listed.

1 Use ratios for comparison: #1—4

2 Compute slope from a graph: #5-16, 23-26

3 Use slope to find Ay or Ax: #1720, 27-30

4 Use slope to compare steepness: #21 and 22

5 Decide whether data points lie on a straight line: #41-46

6 Interpret slope as a rate of change: #31-40

7 Use function notation to discuss graphs and slope: #5362

1.4.9 Slope and Rate of Change (Homework 1.4)

Compute ratios to answer the questions in Problems 1-4.

1.

Carl runs 100 meters in 10 seconds. Anthony runs 200 meters in 19.6
seconds. Who has the faster average speed?

Answer. Anthony

On his 512-mile round trip to Las Vegas and back, Corey needed 16
gallons of gasoline. He used 13 gallons of gasoline on a 429-mile trip
to Los Angeles. On which trip did he get better fuel economy?
Grimy Gulch Pass rises 0.6 miles over a horizontal distance of 26 miles.
Bob’s driveway rises 12 feet over a horizontal distance of 150 feet.
Which is steeper?

Answer. Bob’s driveway

Which is steeper, the truck ramp for Acme Movers, which rises 4 feet

over a horizontal distance of 9 feet, or a toy truck ramp, which rises 3
centimeters over a horizontal distance of 7 centimeters?

In Problems 5-8, compute the slope of the line through the indicated points.
On both axes, one square represents one unit.

5.

6.

X

Answer. -1

i

-2
A .=
nswer. —

For Problems 9-14,
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a Graph each line by the intercept method.

b Use the intercepts to compute the slope.
9. 3z—-4y=12 10. 2y —5z =10

Answer.

11. 2y + 6z = —18 12. 9z + 12y =36

Answer.

14.

15.

a Use the points (0,2) and (4,8) to compute the slope of the line.
Tllustrate Ay and Az on the graph.

b Use the points (—4,—4) and (4,8) to compute the slope of the line.
Illustrate Ay and Az on the graph.

¢ Use the points (0,2) and (—6,—7) to compute the slope of the line.
Tllustrate Ay and Az on the graph.

Answer.
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16.
a Use the points (0, —6) and (8, —12) to compute the slope of the line.
Tllustrate Ay and Az on the graph.

b Use the points (—8,0) and (4, —9) to compute the slope of the line.
Tllustrate Ay and Az on the graph.

¢ Use the points (4, —9) and (0, —6) to compute the slope of the line.
Ilustrate Ay and Az on the graph.

y

N

For Problems 1720, use the formula m = %
T

. -3

17. A line has slope T

a Find the vertical change associated with each horizontal change
along the line.

i Az=4 iii Az =2
i Az = —8 iv Az = —6

b Find the horizontal change associated with each vertical change
along the line.
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i Ay=3 iii Ay = -2
ii Ay=—-6 iv Ay =1
Answer.
a i3 i 6 iii _73 iv g
b i—4 i 8 iii § iv é
3 3

5
18. A line has slope 3"
a Find the vertical change associated with each horizontal change
along the line.
i Az =3 iii Az =1
ii Ax =—6 iv Ax = —-24

b Find the horizontal change associated with each vertical change
along the line.

i Ay=-5 i Ay=—1
iit Ay=-2.5 iv Ay =3

19. Residential staircases are usually built with a slope of 70%, or l If

the vertical distance between stories is 10 feet, how much horizontal
space does the staircase require?

Answer. g ft ~ 14.286 ft ~ 14 ft 3.4 in

20. A straight section of highway in the Midwest maintains a grade (slope)

of 4%, or 25 for 12 miles. How much does your elevation change as

you travel the road?

21. Choose the line with the correct slope. The scales are the same on both

axes. ) ) .
am=2 bm:—§ cm=g dm:—§
I I
\ e
I v
\ /
Answer.

a IV b III cII dI
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22. Choose the line with the correct slope. The scales are the same on both

axes.
al<m<l1 bm<-1 cm=>1 dm=0
I il
/
—
I v

/ N

Compute the slope of the line in Problems 23-26. Note the scales on the axes.

23. 24.
y y
1
250 \
05
T X
500
R mm— X
LA 50
-05
~500
Answer. -
25. , 26.
y y
2000
2
1000 —74 x
20402 02 04
/
———— X
~05
N —4

Answer. —4000

Each table in Problems 27-30 gives the coordinates of points on a line.

a Find the slope of the line.

b Fill in the missing table entries.
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27. 28. 29. 30.
x Yy z Yy z Y x Yy
—4 | —14 -5 | —=3.8 -3 | 36 —10 | 800
-2 =9 -1 1] —-0.6 -1 -2
2 1 2 1.8 12 5 440
3 4.2 6 9 368
11 7 10 | =3 16 | 176
Answer. Answer.
a T |y a T y
g 3|2 -3 —-1]30
6 | 11 b 5 12
b

31. A temporary typist’s paycheck (before deductions) is given, in dollars, by
S = 8t, where t is the number of hours she worked.

(a) Make a table of values for the function.

t 4 8 20 40
S

(b) Graph the function.

AS
(c¢) Using two points on the graph, compute the slope AL

, including
units.

(d) What does the slope tell us about the typist’s paycheck?

Answer.

t| 4] 8| 20 | 40 ¢ 8 dollars/hour
S| 32|64 | 160 | 320

d The typist is paid $8 per hour.

300
b 200

100

t
10 20 30 40
32. The distance (in miles) covered by a cross-country competitor is given by

d = 6t, where t is the number of hours she runs.

(a) Make a table of values for the function.

t 2 4 6 8
d

(b) Graph the function.

Ad
(¢) Using two points on the graph, compute the slope AL including

units.

(d) What does the slope tell us about the cross-country runner?
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In Problems 33—40,

a Choose two points and compute the slope of the graph (including units).

b Explain what the slope measures in the context of the problem.

33. The graph shows the number of barrels of oil, B, that has been pumped
at a drill site ¢t days after a new drill is installed.
B

8000
6000
4000
2000

Answer.
a 1250 barrels/day

b The slope indicates that oil is pumped at a rate of 1250 barrels
per day.

34. The graph shows the amount of garbage, G (in tons), that has been
deposited at a dump site ¢t years after new regulations go into effect.
G

200
150
100

50

5 10 15 20

35. The graph shows the amount of emergency water, W (in liters), re-

maining in a southern California household ¢ days after an earthquake.
w

48
36
24
12

Answer.
a —6 liters/day

b The slope indicates that the water is diminishing at a rate of 6
liters per day.

36. The graph shows the amount of money, M (in dollars), in Tammy’s
bank account w weeks after she loses all sources of income.
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8000

6000
4000

2000

37. The graph shows the length in inches, i, corresponding to various
lengths in feet f.

1
80
60
40
20

Answer.
a 12 inches/foot
b The slope gives the conversion rate of 12 inches per foot.
38. The graph shows the number of ounces, z, that correspond to various

weights measured in pounds, p.
E

h
2 4 6 8

39. The graph shows the cost, C' (in dollars), of coffee beans in terms of
the amount of coffee, b (in kilograms).
C

40
30
20

Answer.
a 4 dollars/kilogram
b The slope gives the unit price of $4 per kilogram

40. The graph shows Tracey’s earnings, E (in dollars), in terms of the
number of hours, h, that she babysits.
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20
15

2 4 6 8

Which of the tables in Problems 41 and 42 represent variables that are related
by a linear function? (Hint: Which relationships have constant slope?)

41.
x|y t| P
2|12 2] 4
NG NEE
4 122 4116
o | 27 91 25
6 | 32 6 | 36

Answer. (a)

42,
h | w t d
—6 | 20 ) 0
NEIEE L1038
0 | 16 15| 6
3 |14 20 | 12
6 | 12 25 | 24

43. The table shows the amount of ammonium chloride salt, in grams, that

can be dissolved in 100 grams of water at different temperatures.
Temperature,°C | 10 | 12 | 15 21 25 | 40 | 52
Grams of salt 33 | 34| 355 | 385 | 40.5 | 48 | 54

a If you plot the data, will the points lie on a straight line? Why or
why not?

b Calculate the rate of change of salt dissolved with respect to temper-
ature.

Answer.

a Yes, the slope between any two points is %

b 0.5 grams of salt per degree Celsius
44. A spring is suspended from the ceiling. The table shows the length of the
spring, in centimeters, as it is stretched by hanging various weights from
it.

Weight, kg 3 4 ) 0] 12 [ 15 22
Length, cm | 25.87 | 25.88 | 26.36 | 26.6 | 26.84 | 27.2 | 28.04

a If you plot the data, will the points lie on a straight line? Why or
why not?

b Calculate the rate of change of length with respect to weight.
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45.

46.

47.

48.

49.

CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

The table gives the radius and circumference of various circles, rounded to
three decimal places.

r C

4 | 25.133
6 | 37.699
10 | 62.832
15 | 94.248

a If we plot the data, will the points lie on a straight line?

b What familiar number does the slope turn out to be? (Hint: Recall
a formula from geometry.)

Answer.

a Yes b 27

The table gives the side and the diagonal of various squares, rounded to
three decimal places.

s d

3 | 4.243
6 | 8.485
8 | 11.314
10 | 14.142

a If we plot the data, will the points lie on a straight line?

b What familiar number does the slope turn out to be? (Hint: Draw a
picture of one of the squares and use the Pythagorean theorem to
compute its diagonal.)

Geologists can measure the depth of the ocean at different points using a
technique called echo-sounding. Scientists on board a ship send a pulse of
sound toward the ocean floor and measure the time interval until the echo
returns to the ship. The speed of sound in seawater is about 1500 meters
per second.

a Write the speed of sound as a ratio.

b If the echo returns in 4.5 seconds, what is the depth of the ocean at
that point?

Answer.

1500 meters b 3375 meters
1 second
Niagara Falls was discovered by Father Louis Hennepin in 1682. In 1952,

much of the water of the Niagara River was diverted for hydroelectric
power, but until that time erosion caused the Falls to recede upstream by
3 feet per year.

a How far did the Falls recede from 1682 to 19527

b The Falls were formed about 12,000 years ago during the end of the
last ice age. How far downstream from their current position were
they then? (Give your answer in miles.)

Geologists calculate the speed of seismic waves by plotting the travel times
for waves to reach seismometers at known distances from the epicenter.
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The speed of the wave can help them determine the nature of the material
it passes through. The graph shows a travel-time graph for P-waves from
a shallow earthquake.

w9
e

N
=

Time (sec)

\S)

100 200
Distance (km)

a Why do you think the graph is plotted with distance as the input
variable?

b Use the graph to calculate the speed of the wave.

Answer.
a The distances are known.

b 5.7 km per second

50. Energy (supplied by heat) is required to raise the temperature of a sub-
stance, and it is also needed to melt a solid substance to a liquid. The
table shows data from heating a solid sample of stearic acid. Heat was

applied at a constant rate throughout the experiment. (Source: J. A. Hunt
and A. Sykes, 1984)

Time (minutes 005|152 (25| 3 | 4|5 |6 | 7] 885|995

10

Temperature, °C | 19 | 29 | 40 | 48 | 53 | 55 | 55 | 55 | 55 | 55 | b5 | 64 | 70 | 73

74

a Did the temperature rise at a constant rate? Describe the tempera-
ture as a function of time.

b Graph temperature as a function of time.

¢ What is the melting point of stearic acid? How long did it take the
sample to melt?

51. The graph shows the temperature of the ocean as a function of depth.
Temperature (°C)

0 10 20

Mixed layer

0.5

Thermocline

Depth (km)
=

2.0

a What is the difference in temperature between the surface of the
ocean and the deepest level shown?
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b Over what depths does the temperature change most rapidly?

¢ What is the average rate of change of temperature with respect to
depth in the region called the thermocline?

Answer.
a About 18°C
b 0.3 km to 0.4 km

¢ About —28°C per kilometer

52. The graph shows the average air temperature as a function of altitude.
(Figure (b) is an enlargement of the indicated region of Figure (a).) (Source:
Ahrens, 1998)

800 o
600 50 & ) = 2
g 2 g g
5 o |5 : g g
e < £ 3 = £
S 400 5
E 50
s s
2 2
g 200 5
5 5
B === E 5o
0
1
4]
-200 _
100 200 300 400 500 600 100 20 40 60 80 100 120
Altitude (km) Altitude (km)
(a) (b)

a Is temperature a decreasing function of altitude?

b The lapse rate is the rate at which the temperature changes with
altitude. In which regions of the atmosphere is the lapse rate positive?

¢ The region where the lapse rate is zero is called the isothermal zone.
Give an interval of altitudes that describes the isothermal zone.

d What is the lapse rate in the mesosphere?

e Describe the temperature for altitudes greater than 90 kilometers.

In Problems 53-56, evaluate the function at x = a and = = b, and then find the
slope of the line segment joining the two corresponding points on the graph.
Illustrate the line segment on a graph of the function.
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53. f(z)=2%-22-38
aa=-2b=1

ba=-1,b=5

ba=0,b=5
Answer.
a —3
y
5
5 X
-10
b 2
y
5
5 X
-10
55. h(z) = 4 56. q(v) = 2% —4x
agit? boa— aa=—1,b=2
0,b=06 —-1,b=
’ 9 ba=-1,b=3
Answer.
-1
7y

In Problems 57-62, find the coordinates of the indicated points, then write an
algebraic expression using function notation for the indicated quantity.

105
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57. The length of the vertical line segment on the y-axis

a b
“i ________ y=Fo \
Answer.
a (1,F(1)),(4,F(4)); F4)-F(Q)
b (r, f(r), (s, f(s));  f(s) = f(r)

58. The length of the vertical line segment on the y-axis

a
y

2

59.
a The increase in y as x in- b The increase in y as z in-
creases from 2 to 3 creases from a to b
y y
y=8()
y=H(x)
: — x N
23
Answer.
a (2,H(2)),(3,H(3)); H()—-H(?2)
b (a,g(a)), (b,g(b));  g(b) —g(a)
60.

a The increase in y as x in-
creases from —4 to —1

y

y=FQ)

—rw

X

T4 4

b The increase in y as z in-

creases from u to v
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61. The shaded area

m -

~<

Answer.
a (¢, s(c), (d,s(d);  s(e)(d—c)
b (z1,q(z1)), (22, 9(z2)); q(z2)(z2 — 71)

62. The shaded area
a b

y y

y=G6)

T t t t X
a at00l N\ a a+00l N

In Problems 63-66, find the coordinates of the indicated points on the graph
of y = f(z) and write an algebraic expression using function notation for the
slope of the line segment joining points P and Q.

63.

N y b ,

0 /g/_,
| - Vol 2 '
Answer.

a (1, £(1)), (5, £(5)); f(5) ; f(1)

b (L)) TEEIED
64.
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65.
& b
Answer.
a (@ fa), o 50 IO
b (a f(a), (a+ Az, fla+ Az));  L4TF AAa:; — f(@)
66.

1.5 Linear Functions

1.5.1 Slope-Intercept Form

As we saw in Section 1.1, p. 2, many linear models y = f(x) have equations of
the form

f(x) = (starting value) + (rate of change) - @

The starting value, or the value of y at x = 0, is the y-intercept of the graph,
and the rate of change is the slope of the graph. Thus, we can write the equation
of a line as

f(x) =b+ma
where the constant term, b, is the y-intercept of the line, and m, the coefficient

of x, is the slope of the line. This form for the equation of a line is called the
slope-intercept form.

Slope-Intercept Form.
If we write the equation of a linear function in the form,
flz)=b+ma

then m is the slope of the line, and b is the y-intercept.

(You may have encountered the slope-intercept equation in the equivalent
form y = ma + b.)

For example, consider the two linear functions and their graphs shown
below.
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f(z) =10 - y g(z) = =3+ y
3z 104 2z
v | f@) g =-3+2x z | @) \ fln'=10-3x
0 10 0 =3 104
1 7 1 -1
2 1 2 1
3 1 5T 3 3
4 -2 4 5
5 4

T T X
7 2 B\\
Some observations:

e We can see that the y-intercept of each line is given by the constant term,
b.

¢ By examining the table of values, we can also see why the coeflicient of
zgives the slope of the line:

e For f(x), each time x increases by 1 unit, y decreases by 3 units.
e For g(z), each time z increases by 1 unit, y increases by 2 units.

For each graph, the coefficient of x is a scale factor that tells us how many
units y changes for 1 unit increase in x. But that is exactly what the slope tells
us about a line.
Example 1.5.1

Francine is choosing an Internet service y

provider. She paid $30 for a modem, 300 Il

and she is considering three companies I

for service:

e Juno charges $14.95 per month, 200

o ISP.com charges $12.95 per
month,

100
o and peoplepc charges $15.95 per

month.

Match the graphs in the figure to x
Francine’s Internet cost with each com-
pany.

Solution. Francine pays the same initial amount, $30 for the modem, under
each plan. The monthly fee is the rate of change of her total cost, in dollars
per month. We can write a formula for her cost under each plan.

Juno: f(x) =30+ 14.95z

ISP.com: g(z) =30+ 12.95z
peoplepc: h(x) = 30 + 15.95z

The graphs of these three functions all have the same y-intercept, but their
slopes are determined by the monthly fees. The steepest graph, III, is the one
with the largest monthly fee, peoplepc, and ISP.com, which has the lowest
monthly fee, has the least steep graph, I. O
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Checkpoint 1.5.2 Delbert decides to use DSL for his Internet service.
o Earthlink charges a $99 activation fee and $39.95 per month,

DigitalRain charges $50 for activation and $34.95 per month,

and FreeAmerica charges $149 for activation and $34.95 per month.

a Write a formula for Delbert’s Internet costs under each plan.

b Match Delbert’s Internet cost under each company with its graph shown
below.

400

200

Answer.

a Earthlink: f(x) =99 4 39.95x; DigitalRain: g(z) = 50 + 34.95z; FreeAm-
erica: h(xz) = 149 4 34.95z

b DigitalRain: I; Earthlink: II; FreeAmerica: IIT

Note 1.5.3 In the equation f(x) = b+ ma, we call m and b parameters.
Their values are fixed for any particular linear equation; for example, in the
equation y = 34 2z, b = 3 and m = 2, and the variables are = and y. By
changing the values of m and b, we can write the equation for any line except
a vertical line. The collection of all linear functions f(z) = b+ mz is called a
two-parameter family of functions.

These lines have the same These lines have the same
y-intercept but different slopes. slope but different y-intercepts.
Y y

1.5.2 Slope-Intercept Method of Graphing

Look again at the lines in the previous figure: There is only one line that has a
given slope and passes through a particular point. That is, the values of m and
b determine the particular line. The value of b gives us a starting point, and
the value of m tells us which direction to go to plot a second point. Thus, we
can graph a line given in slope-intercept form without having to make a table
of values.
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Example 1.5.4

a Write the equation 4z — 3y = 6 in slope-intercept form.

b Graph the line by hand.

Solution.

a We solve the equation for y in terms of x.

—3y=6—4x Divide both sides by — 3
76—4mii+—4x
YT T 3T
4
y:—2+§x

4
b We see that the slope of the line is m = - and its y-intercept is b = —2.

We begin by plotting the y-intercept, (0, —2). We then use the slope to
find another point on the line. We have

Ay 4

m = — = —

Az 3
so starting at (0, —2), we move 4 units in the y-direction and 3 units in
the z-direction, to arrive at the point (3,2). Finally, we draw the line
through these two points.

Ay=4 [ ’
-5 A / 5
0,-2)

|
Note 1.5.5 The slope of a line is a ratio and can be written in many equivalent

8 1
ways. In Example 1.5.4, p. 111, the slope is equal to 5o and =3 We can
use any of these fractions to locate a third point on the line as a check. If we
Ay —4

use m = Nt we move down 4 units and left 3 units from the y-intercept

-
to find the point (—3, —6) on the line.

Slope-Intercept Method for Graphing a Line.
a Plot the y-intercept (0, b).

b Use the definition of slope to find a second point on the line:
Starting at the y-intercept, move Ay units in the y-direction and
Ax units in the z-direction. Plot a second point at this location.

¢ Use an equivalent form of the slope to find a third point, and draw
a line through the points.
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F=>——3>—— ﬁ
Ay New point
b Start here

y=mx+b

X

\.

Checkpoint 1.5.6
a Write the equation 2y + 3z + 4 = 0 in slope-intercept form.

b Use the slope-intercept method to graph the line.

Answer.
ay=-—2-— gx
y
b 6
> X
-6 \ 6
_6 \

1.5.3 Finding a Linear Equation from a Graph

We can also use the slope-intercept form to find the equation of a line from its
graph. First, we note the value of the y-intercept from the graph, and then we
calculate the slope using two convenient points.

Example 1.5.7
Find an equation for the line shown at right. y

(20, 6000)
|

/ (0. 3200)
X
/ 50

Solution. The line crosses the y-axis at the point (0, 3200), so the y-intercept
is 3200. To calculate the slope of the line, we locate another point, say (20, 6000),

and compute:

5000

Ay 6000 — 3200

Ay T T 200
2800
=220 a0
20

The slope-intercept form of the equation, with m = 140 and b = 3200, is

y = 3200 + 140z
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Checkpoint 1.5.8
Find an equation for the line shown at right.

<

b:
= »
y:

40

20 \im

— 5
Answer. b=280, m = TR y:80—§x

1.5.4 Point-Slope Form

We can find the equation for a line if we know its slope and y-intercept. What
if we do not know the y-intercept, but instead know some other point on the
line? There is only one line that passes through a given point and has a given
slope, so we should be able to find its equation.

-3
For example, we can graph the line of slope e that passes through the

point (1,—4). We first plot the given point, (1,—4), as shown in the figure
below.

Then we use the slope to find another point on
the line. The slope is

=3 Ay
mET T Ax
so we move down 3 units and then 4 units to
the right, starting from (1, —4). This brings us
to the point (5, —7). We can then draw the line
through these two points.

We can also find an equation for the line, as shown in Example 1.5.9, p.113.

Example 1.5.9 Find an equation for the line that passes through (1, —4) and
has slope —-.
as slope —

Solution. We will use the formula for slope,

YU
T2 —T1

m

-3
We substitute e for the slope, m, and (1,—4) for (z1,y1). For the second
point, (z2,y2), we use the variable point (x,y). Substituting these values into
the slope formula gives us

3 _y—(—4) y+4

4 rz—1 x—1
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To solve for y we first multiply both sides by = — 1.

-3 4
(@-1)7 =@
_73(33 —1)=y+4 Apply the distributive law.
_Tgx + g =y+4 Subtract 4 from both sides.
-3 13 3 3 16 -—-13
i 1 YT i 1T
The equation of the line is y = _Tl?) — %x O

When we use the slope formula in this way to find the equation of a line,
we substitute a variable point (z,y) for the second point. This version of the
formula,

Yy—H
T — T
is called the point-slope form for a linear equation. It is sometimes stated in
another form obtained by clearing the fraction to get
Yy—un
—

(x — x1)m = (x — x1) Multiply both sides by (x — 1)

(x—z1)m=y—1u Clear fractions and solve for y.

Y=y +m(r—x1)

Point-Slope Form.

The equation of the line that passes through the point (21,y;) and has
slope m is
Y=y +m(z—m1)

Checkpoint 1.5.10 Use the point-slope form to find the equation of the line
that passes through the point (—3,5) and has slope —1.4.

y=vy1 + m(x —x1) Substitute — 1.4 for m and (—3,5) for (x1,y1).
Simplify: Apply the distributive law.

Answer. y=0.8—14x

The point-slope form is useful for modeling linear functions when we don’t
know the initial value but do know some other point on the line.

Example 1.5.11 Under a proposed graduated income tax system, single
taxpayers would owe $1500 plus 20% of the amount of their income over
%13,000. (For example, if your income is $18,000, you would pay $1500 plus
20% of $5000.)

a Complete the table of values for the tax, T', on various incomes, I.

I | 15,000 | 20,000 | 22,000
T

b Write a linear equation in point-slope form for the tax, T, on an income
1.

¢ Write the equation in slope-intercept form.

Solution.
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a On an income of $15,000, the amount of income over $13,000 is $15,000 -
$13,000 = $2000, so you would pay $1500 plus 20% of $2000, or

T = 1500 + 0.20(2000) = 1900

You can compute the other function values in the same way.

1 | 15,000 | 20,000 | 22,000
T | 1900 2900 3300

b On an income of I, the amount of income over $13,000 is I — $13, 000, so
you would pay 41500 plus 20% of I — 13,000, or

T = 1500 + 0.20(I — 13,000)

¢ Simplify the right side of the equation to get

T = 1500 + 0.201 — 2600
T = —1100 + 0.201

O

Checkpoint 1.5.12 A healthy weight for a young woman of average height,
64 inches, is 120 pounds. To calculate a healthy weight for a woman taller than
64 inches, add 5 pounds for each inch of height over 64.

a Write a linear equation in point-slope form for the healthy weight, W, for
a woman of height, H, in inches.

b Write the equation in slope-intercept form.

Answer.
a W =120+ 5(H — 64)
b W =-200+5H

1.5.5 Section Summary

1.5.5.1 Vocabulary

Look up the definitions of new terms in the Glossary.

o Slope-intercept form e Parameter

¢ Point-slope form

1.5.5.2 CONCEPTS
1 Linear functions form a two-parameter family, f(z) = b+ mx.

2 The initial value of a linear function and the y-intercept of its graph are
given by b. The rate of change of the function and the slope of its graph
are given by m.

3 The slope-intercept form, y = b + muz, is useful when we know the initial
value and the rate of change.

4 The point-slope form, y = y; + m(x — 1), is useful when we know the
rate of change and one point on the line.



116 CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

1.5.5.3 STUDY QUESTIONS

1 How can you put a linear equation into slope-intercept form?

2 What do the coefficients in the slope-intercept form tell you about the
line?

3 Explain how to graph a line using the slope-intercept method.
4 Explain how to find an equation for a line from its graph.
5 Explain how to use the point-slope form for a linear equation.

6 Francine says that the slope of the line y = 4o — 6 is 4. Is she correct?
Explain your answer

7 Delbert says that the slope of the line 3z — 4y = 8 is 3. Is he correct?

Explain your answer.

1.5.5.4 SKILLS

Practice each skill in the Homework 1.5.6, p. 116 problems listed.
1 Write a linear equation in slope-intercept form: #1-14
2 Identify the slope and y-intercept: #1-10
3 Graph a line by the slope-intercept method: #11-14
4 Find a linear equation from its graph: #21-26, 29-32, 53-56
5 Interpret the slope and y-intercept: #21-28, 63 and 64

6 Find a linear equation from one point and the slope: #33-50

1.5.6 Linear Functions (Homework 1.5)

In Problems 1-10,
a Write each equation in slope-intercept form.

b State the slope and y-intercept of the line.

1. 3z+2y=1 2. brx—4y=0
Answer.
13
ay—2 295

-3 1
b Slope - y-intercept 3

3 1 n 1 4 7 2 3
—x — - —-r — — =
45TV T 6" 9Y

Answer
ay=—-— -z

1 1
b Slope —, y-intercept ~
ope 6 y-mtuercep 9
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5.

4.2 — 0.3y = 6.6
Answer.

ay=-—22+4+ 14x

b Slope 14, y-intercept
—22
y+29=0

Answer.

ay=-29

b Slope 0, y-intercept —29
250z + 150y = 2450

Answer.
49 5
ay= 3 gx
b Slope %5, y-intercept
49
3

In Problems 11-14,

6. 0.8z +40.004y = 0.24

8 07x—-12=0

10. 80z — 360y = 6120

117

a Sketch by hand the graph of the line with the given slope and y-intercept.

b Write an equation for the line.

¢ Find the z-intercept of the line.
11. m=3 and b= -2

Answer.

12. m=—-4andb=1

14. m:%andb:—2

15. The point (2, —1) lies on the graph of f(x) = —3z + b. Find b.
Answer. 5
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16.

17.

18.

19.

20.

CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

2
The point (—3, —8) lies on the graph of f(z) = 3% +b. Find b.

The point (8, —5) lies on the graph of f(z) = ma — 3. Find m.

A .=
nswer. —

The point (—5, —6) lies on the graph of f(x) = mz + 2. Find m.

Find the slope and intercepts of the line Az + By = C

A W = — intercept *C 0 intercept | 0 70
nswer. m T-1mterc -1nterc
B ) P A ’ Y P ’ B

Find the slope and intercepts of the line z + % =1
a

In Problems 21-26,

a Find a formula for the function whose graph is shown.

b Say what the slope and the vertical intercept tell us about the problem.

21. The graph shows the altitude, = 22. The graph shows the distance,

a (in feet), of a skier ¢ minutes d (in meters), traveled by a
after getting on a ski lift. train ¢ seconds after it passes
a
an obssrver.
800
600 40
400 30
200 20
t
2 4 6 8 10
t
Answer 10 20 30 40

a a = 100 + 150t

b The slope tells us that
the skier’s altitude is
increasing at a rate of
150 feet per minute, the
vertical intercept that
the skier began at an
altitude of 200 feet.
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23.

The graph shows the amount
of garbage, G (in tons), that
has been deposited at a dump
site t years after new
regulaticons go into effect.

200
150
100

50

5 10 15 20

Answer.
a G=25+12.5t

b The slope tells us that
the garbage is increasing
at a rate of 12.5 tons per
year, the vertical
intercept that the dump
already had 25 tons
(when the new
regulations went into
effect).

25. The graph shows the amount

of money, M (in dollars), in
Tammy’s bank account w
weeks after she loses all
sources A(}f income.

8000
6000
4000
2000

Answer.
a M = 7000 — 400w

b The slope tells us that
Tammy’s bank account
is diminishing at a rate
of $400 per week, the
vertical intercept that
she had $7000 (when she
lost all sources of
income).

119

24. The graph shows the number

of barrels of oil, B, that has
been pumped at a drill site ¢
days after a new drill is

installed.
B

8000
6000
4000
2000

26. The graph shows the amount

of emergency water, W (in
liters), remaining in a
southern California household
t days u‘jmfter an earthquake.

48
36

24

9
27. The formula F = —C'+ 32 defines a function that converts the temperature

in degrees Celsius to degrees Fahrenheit.

a What is the Fahrenheit temperature when it is 10° Celsius?
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b What is the Celsius temperature when it is —4° Fahrenheit?

¢ Choose appropriate WINDOW settings and graph the equation y =

g:p + 32.

d Find the slope and explain its meaning for this problem.

e Find the intercepts and explain their meanings for this problem.

Answer.
a b0°F
b —20°C

d The slope, % = 1.8, tells us that Fahrenheit temperatures increase
by 1.8° for each increase of 1° Celsius.

e C-intercept (—17%,0): —17%O C is the same as 0°F; F-intercept
(0,32): 0°C is the same as 32°F.

28. If the temperature on the ground is 70° Fahrenheit, the formula 7" =

3
70 — @h defines a function that gives the temperature at an altitude of
h feet.

a What is the temperature at an altitude of 4100 feet?
b At what altitude is the temperature 34° Fahrenheit?

¢ Choose appropriate WINDOW settings and graph the equation y =

3

d Find the slope and explain its meaning for this problem.

e Find the intercepts and explain their meanings for this problem.

29. In England, oven cooking temperatures are often given as Gas Marks
rather than degrees Fahrenheit. The table shows the equivalent oven
temperatures for various Gas Marks.

Gas Mark 3 5 7 9

Degrees (F) | 325 | 375 | 425 | 475

a Plot the data and draw a line through the data points.

b Calculate the slope of your line. Estimate the y-intercept from the
graph.

¢ Find an equation that gives the temperature in degrees Fahrenheit
in terms of the Gas Mark.

Answer.
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500

= 400
(5]
=
5

£ 300
a Q:S
2

gu 200
o)
=}

100

X
5 10
Gas marks

b m =25, b= 250
c y =250+ 25z

30. European shoe sizes are scaled differently than American shoe sizes. The
table shows the European equivalents for various American shoe sizes.
American shoe size | 5.5 | 6.5 | 7.5 | 8.5

European shoe size | 37 | 38 | 39 | 40

a Plot the data and draw a line through the data points.

b Calculate the slope of your line. Estimate the y-intercept from the
graph.

¢ Find an equation that gives the European shoe size in terms of
American shoe size.

31. A spring is suspended from the ceiling. The table shows the length of the
spring in centimeters as it is stretched by hanging various weights from it.

Weight, kg | 3 4 ) 10 12 [ 15 22

Length, cm | 25.76 | 25.88 | 26.36 | 26.6 | 26.84 | 27.2 | 28.04

a Plot the data on graph paper and draw a straight line through the
points. Estimate the y-intercept of your graph.

b Find an equation for the line.
¢ If the spring is stretched to 27.56 cm, how heavy is the attached
weight?

Answer.
y
30

NN N
~N o0 O

¥
Length (cm)

[
(=)

[
[
=

10 20
Weight (kg)

b y=0.12x + 254
c 18 kg

32. The table shows the amount of ammonium chloride salt, in grams, that
can be dissolved in 100 grams of water at different temperatures.
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Temperature, °C | 10 | 12 | 15 21 25 | 40 | 52
Grams of salt 33 | 34 | 35.5 | 385 | 40.5 | 48 | 54

a Plot the data on graph paper and draw a straight line through the
points. Estimate the y-intercept of your graph.

b Find an equation for the line.

¢ At what temperature will 46 grams of salt dissolve?
In Problems 33-36,

a Sketch by hand the graph of the line that passes through the given point
and has the given slope.

b Write an equation for the line in point-slope form.

¢ Put your equation from part (b) into slope-intercept form.

33. (2,-5);m=-3 34. (—6,—-1);m=4

Answer.

—10 -5

—10

b y+5=—3z—2)

cy=1-3z
5 3
35. (2,-1);m= 3 36. (—1,2); m= —3
Answer.

For Problems 37-40,

a Write an equation in point-slope form for the line that passes through
the given point and has the given slope.

b Put your equation from part (a) into slope-intercept form.

¢ Use your graphing calculator to graph the line.
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37. (—-6.4,-3.5), m=-0.25 38. (7.2,—-5.6), m=1.6
Answer.
ay+35=-025(z+6.4)

b y=-51-0.25z2

39. (80,—250), m =24 40. (—150,1800), m = —24
Answer.
a y+ 250 = 2.4(x — 80)

by = —442 + 2.4z

For Problems 41 and 42,

a Find the slope of the line. (Note that not all the labeled points lie on the
line.)
b Find an equation for the line.

41. 42.

y y

4 (=2,5) \4
(0,3)
PANCIS) . 2
/'% a, N(z, 0)
X

-4 | 2 2 4 -4 =2 4
3,26 5|©-D 2| 3,-2)
(—4,-3)
4 4
Answer.
2
am=—
3
-1 2
by=—+-2x
Y7373

For Problems 43 and 44, the equation of line l; is y = ¢ 4+ px, and the equation
of line Iy is y = v + tx.

a Decide whether the coordinates of each labeled point are

I a solution of y = g + px,
IT a solution of y = v + tx,
IIT a solution of both equations, or

IV a solution of neither equation.

b Find p, ¢, t, and v.
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43. 44. ,

Answer.
a (—4,4): neither; (0,3):
y =pr+q; (3,2): both;
(2,1): neither; (1,—2):

y=tx+v
bp:%,q=3,t=2,
v=—4

For Problems 45-50,

a Estimate the slope and vertical intercept of each line. (Hint: To calculate
the slope, find two points on the graph that lie on the intersection of grid

lines.)

b Using your estimates from (a), write an equation for the line.

45. ‘ 46.
y y
100 / 2000
0 1000
X
20 0 10 20 x
/ =50 50
-50
~1000
Answer.
am=4, b=40
b y=40+ 4z
47. 48.
P s
10,000 \ 10,000
100 50 50 100 5000

-10,000
10\ 20
Answer. o

a m=—80, b= —2000
b P = —2000 — 80t
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49. 50.

[

0.1

Answer. -05 0.5

1
4
~02
1
4

51.

a Write equations for three lines with slope m = (Many answers

o

are possible.)

b Graph all three lines on the same axis. What do you notice about
the lines?

Answer.

The lines are parallel.

52.
a Write equations for three lines with slope m = 0. (Many answers are

possible.)

b Graph all three lines in the same window. What do you notice about
the lines?

In Problems 53-56, choose the correct graph for each equation. The scales on
both axes are the same.

53. 5 5
ay:1$+2 cy:zx—Q

- -3
by:TBx—l—Q dy:T:v—Q
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I y v

X

-
]
N

Answer.
a II b III cl d v
54.
am<0,b>0 c0<m<1,b<0
bm>1,b<0 dm<-1,b<0
I y / I \y
I y v y
55.
ay=1+2(z+3) cy=—-1+2(z+3)
by=-1+2(z—-3) dy=1+2(z—-3)
I ) I Y
507 5
-5
/ 0
it Y v Y

=5

Answer.
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a III b IV c II dI
56.
2 3
ay=2——(z—23) cy=2+-(r—3)
3 2
3 2
by:2—§(x+3) dy:2+§(x+3)
I Y i "
5 /5/
X X
5 5
I " v Y
; \5\
5 X 5 X

In Problems 57-60, find the slope of each line and the coordinates of one point
on the line. (No calculation is necessary!)
57. y+1=2(z—6) 58. 2(y —8) = 5(z +2)
Answer. m =2; (6,—1)
60. Tz = —3y

4
59. y=3- S(¢+5)

Answer. m = 3 (—5,3)

61.

a Draw a set of coordinate axes with a square grid (i.e., with units the
same size in both directions). Sketch four lines through the point (0,
4) with the following slopes:

b What do you notice about these lines?

Hint. Look for perpendicular lines.

Answer.
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62.

63.

64.

CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

b The lines with slope 3 and _71 are perpendicular to each other, and

the lines with slope —3 and % are perpendicular to each other.

a Draw a set of coordinate axes with a square grid (see Problem 61).
Sketch four lines through the point (0, -3) with the following slopes:

5 )
m=—, m=-, m=—
’ 2’ 2

b What do you notice about these lines?

The boiling point of water changes with altitude and is approximated by
the formula
B = f(h) =212 —0.0018h

where B is in degrees Fahrenheit and h is in feet. State the slope and
vertical intercept of the graph, including units, and explain their meaning
in this context.

Answer. m = —0.0018 degree/foot, so the boiling point drops with
altitude at a rate of 0.0018 degree per foot. b = 212, so the boiling point
is 212° at sea level (where the elevation h = 0).

The height of a woman in centimeters is related to the length of her femur
(in centimeters) by the formula

H = f(x) =247z + 54.10

State the slope and the vertical intercept of the graph, including units,
and explain their meaning in this context.

1.6 Chapter Summary and Review

1.6.

1

1 Key Concepts

We can describe a relationship between variables with a table of values, a
graph, or an equation.

Linear models have equations of the following form:

y = (starting value) + (rate of change) - x

The general form for a linear equation is Ax + By = C.

We can use the intercepts to graph a line. The intercepts are also useful
for interpreting a model.

A function is a rule that assigns to each value of the input variable a
unique value of the output variable.

Function notation: y = f(x), where z is the input and y is the output.
The point (a,b) lies on the graph of the function f if and only if f(a) = b

Each point on the graph of the function f has coordinates (z, f(x)) for
some value of x.

The vertical line test tells us whether a graph represents a function.
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10 Lines have constant slope.

11 The slope of a line gives us the rate of change of one variable with
respect to another

12 Formulas for Linear Functions.

ﬁ_yz—w
Ax a9 — 31
_ flaz) = fz1)

T2 — T1

Slope: m =

Slope-intercept form: y =0+ mx

Point-slope form: y =y +m(z — x1)

13 The slope-intercept form is useful when we know the initial value and
the rate of change.

14 The point-slope form is useful when we know the rate of change and
one point on the line.

15 Linear functions form a two-parameter family, f(z) = b+ muz.
16 We can approximate a linear pattern by a regression line.

17 We can use interpolation or extrapolation to make estimates and
predictions.

18 If we extrapolate too far beyond the known data, we may get unreasonable
results.

1.6.2 Chapter 1 Review Problems

Write and graph a linear equation for each situation. Then answer the questions.

1. Last year, Pinwheel Industries introduced a new model calculator. It
cost $2000 to develop the calculator and $20 to manufacture each one.

a Complete the table of values showing the total cost, C, of pro-
ducing n calculators.

n | 100 | 500 | 800 | 1200 | 1500
C

b Write an equation that expresses C' in terms of n.
¢ Graph the equation by hand.

d What is the cost of producing 1000 calculators? Illustrate this
as a point on your graph.

e How many calculators can be produced for $10, 0007 Illustrate
this as a point on your graph.

Answer.

100 500 800 1200 1500
C' | 4000 | 12,000 | 18,000 | 26,000 | 32,000

3

a
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b C = 20n + 2000

30

20

Cost (thousands of dollars)

(400, 10)

i
500 1000 1500

Number of calculators

d $22,000

e 400

2. Megan weighed 5 pounds at birth and gained 18 ounces per month
during her first year.

a Complete the table of values for Megan’s weight, w, in terms of
her age, m, in months.

m 2 4 6 9 12
w

b Write an equation that expresses 2 in terms of m.
¢ Graph the equation by hand.

d How much did Megan weigh at 9 months? Illustrate this as a
point on your graph.

e When did Megan weigh 9 pounds? Illustrate this as a point on
your graph.
3. The total amount of oil remaining in 2005 is estimated at 2.1 trillion
barrels, and total annual consumption is about 28 billion barrels.

a Assuming that oil consumption continues at the same level, write
an equation for the remaining oil, R, as a function of time, ¢ (in
years since 2005).

b Find the intercepts and graph the equation by hand.

¢ What is the significance of the intercepts to the world’s oil
supply?

Answer.
a R =2100 — 28t
b (75,0), (0,2100)
¢ t-intercept: The oil reserves will be gone in 2080; R-intercept:

There were 2100 billion barrels of oil reserves in 2005.

4. The world’s copper reserves were 950 million tons in 2004; total annual
consumption was 16.8 million tons.

a Assuming that copper consumption continues at the same level,
write an equation for the remaining copper reserves, R, as a
function of time, ¢ (in years since 2004).
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b Find the intercepts and graph the equation by hand.
¢ What is the significance of the intercepts to the world’s copper
supply?
5.  The owner of a movie theater needs to bring in $1000 at each screening

in order to stay in business. He sells adult tickets at $5 apiece and
children’s tickets at $2 each.

a Write an equation that relates the number of adult tickets, A,
he must sell and the number of children’s tickets, C'.

b Find the intercepts and graph the equation by hand.

¢ If the owner sells 120 adult tickets, how many children’s tickets
must he sell?

d What is the significance of the intercepts to the sale of tickets?

Answer.
a 2C +5A = 1000
b (500,0), (0,200)
300

200
100

100 200 300 400 500 ¢

¢ C-intercept: If no adult tickets are sold, he must sell 500 chil-
dren’s tickets; A-intercept: If no children’s tickets are sold, he
must sell 200 adult tickets.

6. Alida plans to spend part of her vacation in Atlantic City and part in
Saint-Tropez. She estimates that after airfare her vacation will cost
$60 per day in Atlantic City and $100 per day in Saint-Tropez. She
has $1200 to spend after airfare.

a Write an equation that relates the number of days, C, Alida
can spend in Atlantic City and the number of days, T, in Saint-
Tropez.

b Find the intercepts and graph the equation by hand.

¢ If Alida spends 10 days in Atlantic City, how long can she spend
in Saint-Tropez?

d What is the significance of the intercepts to Alida’s vacation?

Graph each equation on graph paper. Use the most convenient method for each
problem.
7. 4dx—3y=12 8

Y
Answer. 12

>R




132 CHAPTER 1. FUNCTIONS AND THEIR GRAPHS

9. 50z = 40y — 20,000 10. 14z + 2.1y =84
Answer.
500,
=500 .
11. 3z -4y =0 12. z=—4y
Answer.

13. 4z =-12 14. 2y —x =0

Answer.

Which of the following tables describe functions? Explain.

15. 16.
x| -2|-1]01]2]|3 p|3]-3[2|-2]-2]0
y| 6 0 |[1]2]6]|8 qgl|2|-1]14|—-4] 3 |0
Answer. A function: Each x
has exactly one associated
y-value.
17. - - 18. — 3
core on core on orrect answers uiz
Student IQ test | SAT test Student on math quiz grade
(A) 118 649 (A) 13 85
(B) 98 450 (B) 15 89
(©) 110 590 () 10 79
(D) 105 520 (D) 12 82
(E) 98 490 (E) 16 91
(F) 122 680 (F) 18 95

Answer. Not a function:
The IQ of 98 has two possible
SAT scores.

19. The total number of barrels of oil pumped by the AQ oil company is given
by the formula
N(t) = 2000 + 500¢

where N is the number of barrels of oil ¢t days after a new well is opened.

Evaluate N(10) and explain what it means.

Answer. N(10) = 7000: Ten days after the new well is opened, the
company has pumped a total of 7000 barrels of oil.

20. The number of hours required for a boat to travel upstream between two
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cities is given by the formula

where v represents the boat’s top speed in miles per hour. Evaluate H(16)
and explain what it means.

Which of the following graphs represent functions?

y

21. R 22, s 23. ) 24.

Answer. Answer.
Function Not a
function

Evaluate each function for the given values.
25. F(t)=+1+4t2, F(0) and F(-3)
Answer. F(0)=1, F(-3)=+/37
26. G(z)=vr -8, G(0) and G(20)
27. h(v)=6—4—2v|, Rh(8) and h(-8)
Answer. h(8)=—6, h(—8)=-14
120

=T m(5) and m(—40)

28. m(p)

Refer to the graphs shown for Problems 29 and 30.
29.
a Find f(-2) and f(2).

b For what value(s) of ¢ is f(t) = 47
¢ Find the t- and f(¢)-intercepts of the graph.

d What is the maximum value of f? For what value(s) of ¢ does f
take on its maximum value?

f@®

5

£ i
Answer.

a f(=2)=3, f(2)=5
bt=1, t=3

¢ t-intercepts (—3,0), (4,0); f(¢)-intercept: (0, 2)

d Maximum value of 5 occurs at t = 2
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30.
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a Find P(—3) and P(3).

b For what value(s) of z is P(z) = 27

¢ Find the z- and P(z)-intercepts of the graph.

d What is the minimum value of P? For what value(s) of z does

P take on its minimum value?
P(z)

\

5

N

\

Graph the given function on a graphing calculator. Then use the graph to solve
the equations and inequalities. Round your answers to one decimal place if
necessary.

31.

y= e
a Solve /x = 0.8
b Solve ¢/z =1.5

Answer.

=25

b Solve — =0.3125

Bl—= 8|

33. y=—

2 1
a Solve — = 0.03

2
1

b Solve — =625
T

Answer.

a r~ 458

b x=404

34. y=+/v

a Solve /z = 0.707
b Solve /z = 1.7

Evaluate each function.

Solve /x > 1.7
Solve /x < 1.26

Solve

Solve

Solve i > 0.16
T

1
Solve — <4
T

—25<x<0or0<xz <25

< —-050rx>0.5

Solve v/z < 1.5
Solve /z > 1.3
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35. H(t)=t>+2t, H(2a) and H(a+1)
Answer. H(2a)=4a?+4a, H(a+1)=a%+4a+3
36. F'(r)=2—-3z, F(2)+F(3) and F(2+3)
37. f(x)=222>—4, f(a)+ f(b) and f(a+Db)
Answer. f(a)+ f(b) =2a*+2b*> -8, f(a+b)=2a%+4ab+2b* -4
38. G(t)=1—-t* G@Bw) and G(s+1)
39. A spiked volleyball travels 6 feet in 0.04 seconds. A pitched baseball travels
66 feet in 0.48 seconds. Which ball travels faster?
Answer. The volleyball
40. Kendra needs 4% gallons of Luke’s Brand primer to cover 1710 square feet

of wall. She uses 5% gallons of Slattery’s Brand primer for 2040 square
feet of wall. Which brand covered more wall per gallon?

41. Which is steeper, Stone Canyon Drive, which rises 840 feet over a horizontal
distance of 1500 feet, or Highway 33, which rises 1150 feet over a horizontal
distance of 2000 feet?

Answer. Highway 33

42. The top of Romeo’s ladder is on Juliet’s window sill that is 11 feet above

the ground, and the bottom of the ladder is 5 feet from the base of the

wall. Is the incline of this ladder as steep as a firefighter’s ladder that rises
a height of 35 feet over a horizontal distance of 16 feet?

43. The table shows the amount of oil, B (in thousands of barrels), left in a
tanker ¢ minutes after it hits an iceberg and springs a leak.

t 0 10 20 30

B | 800 | 750 | 700 | 650

a Write a linear function for B in terms of t.

b Choose appropriate window settings on your calculator and graph
your function.

¢ Give the slope of the graph, including units, and explain the meaning
of the slope in terms of the oil leak.

Answer.
a B =800-5t
b
¢ m = —5 thousand barrels/minute: The amount of oil in the tanker

is decreasing by 5000 barrels per minute.

44. A traditional first experiment for chemistry students is to make 98 ob-
servations about a burning candle. Delbert records the height, h, of the
candle in inches at various times £ minutes after he lit it.

t| 0 10 30 45
h | 12 | 11.5 | 10.5 | 9.75

a Write a linear function for A in terms of ¢.
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b Choose appropriate window settings on your calculator and graph
your function.

¢ Give the slope of the graph, including units, and explain the meaning
of the slope in terms of the candle.

45. An interior decorator bases her fee on the cost of a remodeling job. The
accompanying table shows her fee, F', for jobs of various costs, C, both
given in dollars.

C | 5000 | 10,000 | 20,000 | 50,000
F 11000 | 1500 2500 5500

a Write a linear function for F' in terms of C.

b Choose appropriate window settings on your calculator and graph
your function.

¢ Give the slope of the graph, including units, and explain the meaning
of the slope in terms of the the decorator’s fee.

Answer.

a F' =500+ 0.10C

¢ m = 0.10: The fee increases by $0.10 for each dollar increase in the
remodeling job.

46. Auto registration fees in Connie’s home state depend on the value of the

automobile. The table below shows the registration fee, R, for a car whose

value is V, both_given in dollars.
V| 5000 | 10,000 | 15,000 | 20,000

R | 135 235 335 435

a Write a linear function for R in terms of V.

b Choose appropriate window settings on your calculator and graph
your function.

¢ Give the slope of the graph, including units, and explain the meaning
of the slope in terms of the registration fee.

Find the slope of the line segment joining each pair of points.
47. (_1»4)7 (37 _2) 48. (570)7 (2a _6)

Answer. >
49. (6.2,14), (—2.1,4.8) 50. (0,—6.4), (—5.6,3.2)
Answer. _8—:;4 ~ —04
51. The planners at AquaWorld want the small water slide to have a slope of

25%. 1If the slide is 20 feet tall, how far should the end of the slide be from
the base of the ladder?

Answer. 80 ft
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52. In areas with heavy snowfall, the pitch (or slope) of the roof of an A-frame
house should be at least 1.2. If a small ski chalet is 40 feet wide at its
base, how tall is the center of the roof?

Find the coordinates of the indicated points, and then write an algebraic
expression using function notation for the indicated quantities.

53.
a Ay as z increases from
x1 to X9
b The slope of the line
segment joining P to @

y

Answer.
a h(xa) — h(x1)
h(z2) — h(z1)

T2 — T1

b

54.

a Ay as x increases from 2
to2+h

b The slope of the line
segment joining P to @

Which of the following tables could represent linear functions?

55.

r| E

1|5

. 2] 2

417

511

Answer. Neither

56.

w A

2 | =13

a 4 | -23

6 | —33

8 | —43

10 | —53

S t
10 | 6.2
b 20 | 9.7
30 | 12.6
40 | 15.8
50 | 19.0
z | C
0 0
b 2 5
4 110
8 | 20
16 | 40

Each table gives values for a linear function. Fill in the missing values.
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57. 58.
d 1%
-5 | —4.8
-2 =3
—-1.2
6 1.8
10
Answer.
d 1%
-5 | —4.8
-2 =3
-1.2
6 1.8
10 4.2

Find the slope and y-intercept of each line.
59. 2z —4y =5

1 -5
A . =—, b=—
nswer. m =z, 1

61. 8.4x+ 2.1y =6.3 62. y—3
Answer. m=-4,b=3

For Problems 63 and 64,

a Graph by hand the line that passes through the given point with the

given slope.

b Find an equation for the line.

-2 3
63. (~4.6):m = 64. (2,-5);m =3

Answer.

10 2
boy=—_Z
Yy=73 73"

For Problems 65 and 66,

a Find the slope and y-intercept of each line.

b Write an equation for the line.

q S
-8 | =8
—4 | 56

3

200

9 264

5
6
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67.

68.

69.

70.

71.

72.

73.

65. 66.

wn

-5 5

5 J

Answer.
am=-2,b=3
by=3-2z
What is the slope of the line whose intercepts are (—5,0) and (0, 3)?

Answer. §
5

<

a Find the z- and y-intercepts of the line 2 —Z=1.

(=2}

b What is the slope of the line in part (a)?

a What is the slope of the line y = 2 + g(m —4)?

b Find the point on the line whose z-coordinate is 4. Can there be
more than one such point?

¢ Use your answers from parts (a) and (b) to find another point on
the line.

Answer.

b (4,2), no ¢ (6,5)

| W

a

2
A line passes through the point (—5,3) and has slope 3 Find the coordi-

nates of two more points on the line.

8
A line passes through the point (—2,—6) and has slope —% Find the
coordinates of two more points on the line.
Answer. (3,-14), (-7,2)

6
Find an equation in point-slope form for the line of slope 5 that passes
through (-3, —4).
The rate at which air temperature decreases with altitude is called the
lapse rate. In the troposphere, the layer of atmosphere that extends from

the Earth’s surface to a height of about 7 miles, the lapse rate is about
3.6°F for every 1000 feet. (Source: Ahrens, 1998)

a If the temperature on the ground is 62°F, write an equation for the
temperature, T', at an altitude of h feet.

b What is the temperature outside an aircraft flying at an altitude of
30,000 feet? How much colder is that than the ground temperature?
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¢ What is the temperature at the top of the troposphere?
Answer.

a T =62—0.0036h b —46°F; 108°F ¢ —T71°F
74. In his television program Notes from a Small Island, aired in February
1999, Bill Bryson discussed the future of the British aristocracy. Because
not all families produce an heir, 4 or 5 noble lines die out each year. At
this rate, Mr. Bryson says, if no more peers are created, there will be no
titled families left by the year 2175.

a Assuming that on average 4.5 titled families die out each year, write
an equation for the number, N, of noble houses left in year ¢, where
t = 0 in the year 1999.

b Graph your equation.

¢ According to your graph, how many noble families existed in 19997
Which point on the graph corresponds to this information?

Find an equation for the line passing through the two given points.
75. (33 _5)7 (_2a4) 76. (ng)a (4a _2)

2 9
Answer. y= F 5T

For Problems 77 and 78,
a Make a table of values showing two data points.
b Find a linear equation relating the variables.

¢ State the slope of the line, including units, and explain its meaning in
the context of the problem.

77. The population of Maple Rapids was 4800 in 1990 and had grown to
6780 by 2005. Assume that the population increases at a constant rate.
Express the population, P, of Maple Rapids in terms of the number of
years, t, since 1990.

Answer.

a

P | 4800 | 6780

b P = 4800 + 132¢

¢ m = 132 people/year: the population grew at a rate of 132
people per year.

78. Cicely’s odometer read 112 miles when she filled up her 14-gallon gas
tank and 308 when the gas gauge read half full. Express her odometer
reading, m, in terms of the amount of gas, g, she used.

79. In 1986, the space shuttle Challenger exploded because of O-ring failure on
a morning when the temperature was about 30°F. Previously, there had
been one incident of O-ring failure when the temperature was 70°F and
three incidents when the temperature was 54°F. Use linear extrapolation
to estimate the number of incidents of O-ring failure you would expect
when the temperature is 30°F.

Answer. 6
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80. Thelma typed a 19-page technical report in 40 minutes. She required
only 18 minutes for an 8-page technical report. Use linear interpolation
to estimate how long Thelma would require to type a 12-page technical
report.

81. The scatterplot shows weights (in pounds) and heights (in inches) for a

team of distance runners.
y

150
°
z
2 140 .
=
5]
=
- [ ]
=
=y L
)
Z 130 o
1200——m—«x

65 70
Height (inches)

a Use a straightedge to draw a line that fits the data.

b Use your line to predict the weight of a 65-inch-tall runner and the
weight of a 71-inch-tall runner.

¢ Use your answers from part (b) to approximate the equation of a
regression line.

d Use your answer to part (c) to predict the weight of a runner who is
68 inches tall.

e The points on the scatterplot are (65.5,130), (66.5,133), (67,135),
(69, 140), and (70, 143). Use your calculator to find the least squares
regression line.

f Use the regression line to predict the weight of a runner who is 68
inches tall.

Answer.
a

150

140

Weight (pounds)

130

-_
12065 0

Height (inches)

b 129 Ib, 145 1b
cy=206r—44.3
d 137 1b
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e y=2.84x — 55.74

f 137.33 1b
82. The scatterplot shows best times for various women running 400 meters

and 100 meters. ,

65

60

400-m time
L

w
O
o

50 x
11 12 13

100-m time

a Use a straightedge to draw a line that fits the data.

b Use your line to predict the 400-meter time of a woman who runs the
100-meter dash in 11.2 seconds and the 400-meter time of a woman
who runs the 100-meter dash in 13.2 seconds.

¢ Use your answers from part (b) to approximate the equation of a
regression line.

d Use your answer to part (c¢) to predict the 400-meter time of a woman
who runs the 100-meter dash in 12.1 seconds.

e The points on the scatterplot are (11.1,52.4), (11.5,54.7), (11.9,57.4),
(12.2,57.9), (12.7,61.3), and (13.0,63.0). Use your calculator to find
the least squares regression line.

f Use the regression line to predict the 400-meter time of a woman
who runs the 100-meter dash in 12.1 seconds.

83. Archaeopteryx is an extinct creature with characteristics of both birds
and reptiles. Only six fossil specimens are known, and only five of those
include both a femur (leg bone) and a humerus (forearm bone) The scat-
terplot shows the lengths of femur and humerus for the five Archaeopteryx
specimens.

= ®© O
(=] (=] (=]
3

2

Humerus (centimeters)
joN

40 e

40 50 60 70 80
Femur (centimeters)

a Use a straightedge to draw a line that fits the data.

b Predict the humerus length of an Archaeopteryx whose femur is 40
centimeters

¢ Predict the humerus length of an Archaeopteryx whose femur is 75
centimeters

d Use your answers from parts (b) and (c) to approximate the equation
of a regression line.
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e Use your answer to part (d) to predict the humerus length of an
Archaeopteryx whose femur is 60 centimeters.

f Use your calculator and the given points on the scatterplot to find
the least squares regression line. Compare the score this equation
gives for part (d) with what you predicted earlier. The ordered pairs
defining the data are (38,41), (56,63), (59, 70), (64,72), (74, 84).

Answer.
90
7z 80
I3
£ y
=
a 8 60
5 50
g
T 40| /°
40 50 60 70 80
Femur (centimeters)
b 45 cm
c 87 cm
dy=122-3
e 69 cm

f y=1.197x — 3.660; 68.16 cm

84. The scatterplot shows the boiling temperature of various substances on
the horizontal axis and their heats of vaporization on the vertical axis.
(The heat of vaporization is the energy needed to change the substance
from liquid to gas at its boiling point.)

200
100 o

Heat of
vaporization (kJ)

1000 2000
Boiling point (°C)

a Use a straightedge to estimate a line of best fit for the scatterplot.

b Use your line to predict the heat of vaporization of silver, whose
boiling temperature is 2160°C.

¢ Find the equation of the regression line.

d Use the regression line to predict the heat of vaporization of potassium
bromide, whose boiling temperature is 1435°C.
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1.7 Projects for Chapter 1

Project 2 Optimal clutch size. The number of eggs (clutch size) that a
bird lays varies greatly. Is there an optimal clutch size for birds of a given
species, or does it depend on the individual bird?

In 1980, biologists in Sweden conducted an experiment on magpies as
follows: They reduced or enlarged the natural clutch size by adding or removing
eggs from the nests. They then computed the average number of fledglings
successfully raised by the parent birds in each case.

The graph shows the results for magpies that initially laid 5, 6, 7, or 8 eggs.
(Source: Hogstedt, 1980, via Krebs as developed in Davies, 1993)

Average number of fledglings raised

5
Initial clutch size

2 — 8
s 4
E —7
@ 3 —6
3 —35
=
T 2
5}
E

1
2 /‘\‘\‘\‘

0

4 5 6 7 8
Experimental clutch size

a Use the graph to fill in the table of values for the number of fledglings
raised in each situation.

I@tlal.clutch Experimental clutch size
size laid
4 5 6 7 8
5
6
7
8

b For each initial clutch size, which experimental clutch size produced the
most fledglings? Record your answers in the table.

Initial clutch size ) 6 7 8
Optimum clutch size

¢ What conclusions can you draw in response to the question in the problem?

Project 3 Drift of Pacific tectonic plate. The Big Island of Hawaii is the
last island in a chain of islands and submarine mountain peaks that stretch
almost 6000 kilometers across the Pacific Ocean. All are extinct volcanoes
except for the Big Island itself, which is still active.

The ages of the extinct peaks are roughly proportional to their distance
from the Big Island. Geologists believe that the volcanic islands were formed
as the tectonic plate drifted across a hot spot in the Earth’s mantle. The figure
shows a map of the islands, scaled in kilometers. (Source: Open University,
1998)
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a The tables give the ages of the islands, in millions of years. Estimate the
distance from each island to the Big Island, along a straight-line path
through their centers. Fill in the third row of the tables.

Island Hawaii | Maui | Lanai | Molokai | Oahu | Kauai
Age 0.5 0.8 1.3 1.8 3.8 5.1
Distance

Island Nihau | Nihoa | Necker | Laysan | Midway
Age 4.9 7.5 10 20 27
Distance

b Make a scatterplot showing the age of each island along the horizontal
axis and its distance from Hawaii on the vertical axis.

¢ Draw a line of best fit through the data.
d Calculate the slope of the line of best fit, including units.

e Explain why the slope provides an estimate for the speed of the Pacific
plate.

Project 4 Cross section of earth’s surface. The graph shows a cross
section of Earth’s surface along an east-west line from the coast of Africa through
the Atlantic Ocean to South America. Both axes are scaled in kilometers. Use
the figure to estimate the distances in this problem. (Source: Open University,
1998)

10 2 W IS°E

Pacific - Andes South America South Atlantic Ocean  Continental shelf
Ocean

5 Continental slope 5
Continental rise \

0 \ 0

Mid-Atlantic Ridge \

-10 Abyssal plain
0 1000 2000 3000 4000 5000 6000 7000 8000

a What is the highest land elevation shown in the figure? What is the
lowest ocean depth shown? Give the horizontal coordinates of these two
points, in kilometers west of the 75°W longitude line.

b How deep is the Atlantic Ocean directly above the crest of the Mid-
Atlantic Ridge? How deep is the ocean above the abyssal plain on either
side of the ridge?
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¢ What is the height of the Mid-Atlantic Ridge above the abyssal plain?
What is the width of the Mid-Atlantic Ridge?

d Using your answers to part (c¢), calculate the slope from the abyssal plain
to the crest of the Mid-Atlantic Ridge, rounded to five decimal places

e Estimate the slopes of the continental shelf, the continental slope, and the
continental rise. Use the coordinates of the points indicated on the figure

f Why do these slopes look much steeper in the accompanying figure than
their numerical values suggest?

Project 5 Mid-Atlantic Range. The Mid-Atlantic Ridge is a mountain
range on the sea floor beneath the Atlantic Ocean. It was discovered in the
late nineteenth century during the laying of transatlantic telephone cables. The
ridge is volcanic, and the ocean floor is moving away from the ridge on either
side.

Geologists have estimated the speed of this sea-floor spreading by recording
the age of the rocks on the sea floor and their distance from the ridge. (The
age of the rocks is calculated by measuring their magnetic polarity. At known
intervals over the last four million years, the Earth reversed its polarity, and
this information is encoded in the rocks.) (Source: Open University, 1998)

a According to the table, rocks that are 0.78 million years old have moved
17 kilometers from the ridge. What was the speed of spreading over the
past 0.78 million years? (This is the rate of spreading closest to the ridge.)

b Plot the data in the table, with age on the horizontal axis and separation
distance on the vertical axis. Draw a line of best fit through the data.

¢ Calculate the slope of the regression line. What are the units of the slope?

d The slope you calculated in part (c) represents the average spreading rate
over the past 3.58 million years. Is the average rate greater or smaller
than the rate of spreading closest to the ridge?

e Convert the average spreading rate to millimeters per year

Ag? . 0.78 1 0.99 | 1.07 | 1.79 | 1.95 | 2.60 | 3.04 | 3.11 | 3.22 | 3.33 | 3.58
(millions of years)
Distance (km) 17 18 21 32 39 48 58 59 65 66

Project 6 Naismith’s rule. Naismith’s rule is used by runners and walkers
to estimate journey times in hilly terrain. In 1892, Naismith wrote in the
Scottish Mountaineering Club Journal that a person " "in fair condition should
allow for easy expeditions an hour for every three miles on the map, with an
additional hour for every 2000 feet of ascent.” (Source: Scarf, 1998)

a According to Naismith, one unit of ascent requires the same time as how
many units of horizontal travel? (Convert miles to feet.) This is called
Naismith’s number. Round your answer to one decimal place

b A walk in the Brecon Beacons in Wales covers 3.75 kilometers horizontally
and climbs 582 meters. What is the equivalent flat distance?

¢ If you can walk at a pace of 15 minutes per kilometer over flat ground,
how long will the walk in the Brecon Beacons take?




SECTION 1.7. PROJECTS FOR CHAPTER 1 147

Project 7 Improved Naismith’s number. Empirical investigations have
improved Naismith’s number (see Problem 5) to 8.0 for men and 9.5 for women.
Part of the Karrimor International Mountain Marathon in the Arrochar Alps
in Scotland has a choice of two routes. Route A is 1.75 kilometers long with
a 240-meter climb, and route B is 3.25 kilometers long with a 90-meter climb.
(Source: Scarf, 1998)

a Which route is faster for women?
b Which route is faster for men?

¢ At a pace of 6 minutes per flat kilometer, how much faster is the preferred
route for women?

d At a pace of 6 minutes per flat kilometer, how much faster is the preferred
route for men?
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Chapter 2

Modeling with Functions

World3 is a computer model developed by a team of researchers at MIT. The
model tracks population growth, use of resources, land development, industrial
investment, pollution, and many other variables that describe human impact
on the planet.

The figure below is taken from Limits to Growth: The 30-Year Update. The
graphs represent four possible answers to World3’s core question: How may
the global population and economy interact with and adapt to Earth’s limited
carrying capacity (the maximum it can sustain) over the coming decades?

149
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T
Carrying !

capacity ,/
4

Time —>

Source: Meadows, Randers, and Meadows, 2004

In this chapter, we examine the properties and features of some basic
nonlinear functions and how they may be used as mathematical models.

Investigation 8 Epidemics. A contagious disease whose spread is unchecked
can devastate a confined population. For example, in the early sixteenth
century Spanish troops introduced smallpox into the Aztec population in
Central America, and the resulting epidemic contributed significantly to the
fall of Montezuma’s empire.

Suppose that an outbreak of cholera follows severe flooding in an isolated
town of 5000 people. Initially (on Day 0), 40 people are infected. Every day
after that, 25% of those still healthy fall ill.

1 At the beginning of the first day (Day 1), how many people are still
healthy? How many will fall ill during the first day?
What is the total number of people infected after the first day?

2 Check your results against the first two rows of the table. Subtract the
total number of infected residents from 5000 to find the number of healthy
residents at the beginning of the second day. Then fill in the rest of
the table for 10 days. (Round off decimal results to the nearest whole
number.)

Number Healthy | New Patients | Total Infected
5000 40 40
4960 1240 1280

"‘@ooqmcn%wm»—xog
< =




5000

4000

3000

2000

Number of infected people

1000

5

10

t
15

151

Time (days)

Use the last column of the table to plot the total number of infected
residents, I, against time, t. Connect your data points with a smooth
curve.

Do the values of I approach some largest value? Draw a dotted horizontal
line at that value of I. Will the values of I ever exceed that value?

What is the first day on which at least 95% of the population is infected?

Look back at the table. What is happening to the number of new patients
each day as time goes on? How is this phenomenon reflected in the graph?
How would your graph look if the number of new patients every day were
a constant?

Summarize your work: In your own words, describe how the number of
residents infected with cholera changes with time. Include a description

of your graph.

Investigation 9 Perimeter and Area.

Do all rectangles with the same
perimeter, say 36 inches, have the
same area? Two different rectangles
with perimeter 36 inches are shown
at right. The first rectangle has base
10 inches and height 8 inches, and
its area is 80 square inches. The
second rectangle has base 12 inches
and height 6 inches. Its area is 72
square inches.

Part 1

8 in

Perimeter = 36 in

Area = 80 in”

10 in

6in

Perimeter = 36 in
Area =72 in”
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1 The table shows the bases of var- -
ious rectangles, in inches. Each Base | Height | Area
rectangle has a perimeter of 36 10 8 80
inches. Fill in the height and the 12 6 72
area of each rectangle. (To find 4
the height of the rectangle, rea- 14
son as follows: The base plus the 5
height makes up half of the rect- 17
angle’s perimeter.) 9

2 What happens to the area of the 2
rectangle when we change its base 11
but still keep the perimeter at 36 4
inches? Plot the points with co- 16
ordinates (Base, Area). (For this 15
graph, we will not use the heights 1
of the rectangles.) The first two 5
points, (10,80) and (12,72), are
shown. Connect your data points 8
with a smooth curve. 4

13
3 What are the coordinates of the 7
highest point on your graph?
80 °
70 e
g o0
Q
.5 50
g
2, 40
3 30
<
20
10
5 10 15 20
Base (inches)

Part 11

1 Each point on your graph represents a particular rectangle with perimeter
36 inches. The first coordinate of the point gives the base of the rectangle,
and the second coordinate gives the area of the rectangle. What is the
largest area you found among rectangles with perimeter 36 inches? What
is the base for that rectangle? What is its height?

2 Give the dimensions of the rectangle that corresponds to the point (13, 65).

3 Find two points on your graph with vertical coordinate 80.

4 If the rectangle has area 80 square inches, what is its base? Why are
there two different answers? Describe the rectangle corresponding to each
answer.

5 Now we will write an algebraic expression for the area of the rectangle in

terms of its base. Let x represent the base of the rectangle. First, express
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the height of the rectangle in terms of x. (Hint: If the perimeter of the
rectangle is 36 inches, what is the sum of the base and the height?) Now
write an expression for the area of the rectangle in terms of z.

6 Use your formula from part (8) to compute the area of the rectangle when
the base is 5 inches. Does your answer agree with the values in your table
and the point on your graph?

7 Use your formula to compute the area of the rectangle when x = 0 and
when z = 18. Describe the rectangles that correspond to these data
points.

8 Continue your graph to include the points corresponding to x = 0 and
r =18.

2.1 Nonlinear Models

In Chapter 1, we considered models described by linear functions. In this
chapter, we begin our study of nonlinear models.

2.1.1 Solving Nonlinear Equations

When studying nonlinear models, we will need to solve nonlinear equations.
For example, in Investigation 9, p. 151 we used a graph to solve the quadratic
equation

18z — 2 = 80

Here is another example. The figure shows a table and a graph for the
function y = 222 — 5.

y

y| 13| 3 | -3|-5|-3|3]|13

S

-3 \ / 3 *
-5 y=2x>-5

You can see that there are two points on the graph for each y-value greater
than —5. For example, the two points with y-coordinate 7 are shown. To solve
the equation

20> —5=7

we need only find the x-coordinates of these points. From the graph, the
solutions appear to be about 2.5 and —2.5.

How can we solve this equation algebraically? The opposite operation for
squaring a number is taking a square root. So we can undo the operation of
squaring by extracting square roots. We first solve for z2 to get

222 =12

22 =6
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and then take square roots to find

x:i\/a'

Caution 2.1.1 Don’t forget that every positive number has two square roots.
The symbol + (read " plus or minus’) is a shorthand notation used to indicate
both square roots of 6.

The exact solutions are thus v/6 and —v/6. We can also find decimal
approximations for the solutions using a calculator. Rounded to two decimal
places, the approximate solutions are 2.45 and —2.45.

In general, we can solve equations of the form az? + ¢ = 0 by isolating 2
on one side of the equation and then taking the square root of each side. This
method for solving equations is called extraction of roots.

Extraction of Roots.

To solve the equation
ar® +¢=0

1. Isolate z2.

2. Take square roots of both sides. There are two solutions.

Example 2.1.2 If a cat falls off a tree branch 20 feet above the ground, its
height ¢ seconds later is given by h = 20 — 16t2.

a What is the height of the cat 0.5 second later?

b How long does the cat have to get in position to land on its feet before it
reaches the ground?

Solution.

a In this question, we are given a value of ¢ and asked to find the corre-
sponding value of h. To do this, we evaluate the formula for ¢t = 0.5. We
substitute 0.5 for ¢ into the formula and simplify.

h =20 —16(0.5)> Compute the power.
=20 —16(0.25) Multiply; then subtract.
=20—-4=16

The cat is 16 feet above the ground after 0.5 second.

b We would like to find the value of ¢ when the height, h, is known. We
substitute h = 0 into the equation to obtain

0 =20 — 16¢>

To solve this equation, we use extraction of roots. First we isolate ¢ on
one side of the equation.

16t% = 20 Divide by 16.
20
t?="—"-=125
16

Then we take the square root of both sides of the equation to find

t==+v1.25~ +1.118
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h Only the positive solution makes sense
here, so the cat has approximately 1.12

201 =20 - 167 seconds to get into position for landing.
a A graph of the cat’s height after ¢ sec-

onds is shown at left. The points cor-
responding to parts (a) and (b) are la-

10 beled.

O

Note 2.1.3 In part (a) of Example 2.1.2, p. 154 we evaluated the expression
20 — 16t% to find a value for h, and in part (b) we solved the equation
0 = 20 — 16¢2 to find a value for t.
Checkpoint 2.1.4
3x2 -8

5

a Solve by extracting roots = 10.

First, isolate 2.

Take the square root of both sides.

b Give exact answers; then give approximations rounded to two decimal
places.

Answer. z = :l:\/f ~ +4.40

2.1.2 Solving Formulas

We can use extraction of roots to solve many formulas involving the square of
the variable.

1
Example 2.1.5 The formula V = —7r2h gives the volume of a cone in terms
of its height and radius. Solve the formula for r in terms of V' and h.

Solution. Because the variable we want is squared, we use extraction of roots.
First, we multiply both sides by 3 to clear the fraction.

3V = 3(%7r7"2h)

3V = nrh Divide both sides by mh.
g =72 Take square roots.

wh

Vo

Th

Because the radius of a cone must be a positive number, we use only the positive

13V
square root: r = 4/ —-. O
wh

Checkpoint 2.1.6 Find a formula for the radius of a circle in terms of its area.

Hint. Start with the formula for the area of a circle: A =
Solve for r in terms of A.

Answer. r=./A/7m
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2.1.3 More Extraction of Roots

Equations of the form
alpr +q)* +r=0
can also be solved by extraction of roots after isolating the squared expression,
(pz +q)*.
Example 2.1.7 Solve the equation 3(x — 2)? = 48

Solution. First, we isolate the perfect square, (z — 2)2.

3(x —2)* =48 Divide both sides by 3.
(x —2)* =16 Take the square root of each side.

r—2=+V16= 14

This gives us two equations for x,

r—2=4 or x—2=—4 Solve each equation.
r=06 or r=—-2
The solutions are 6 and —2. O

Here is a general strategy for solving equations by extraction of roots.

Extraction of Roots.

To solve the equation
alpr+q)*+r=0

1. Isolate the squared expression, (pz + q)2.

2. Take the square root of each side of the equation. Remember that
a positive number has two square roots.

3. Solve each equation. There are two solutions.

Checkpoint 2.1.8 Solve 2(5z + 3)2 = 38 by extracting roots.

a Give your answers as exact values.

b Find approximations for the solutions to two decimal places.

Answer.

_ —=3+419 bz~ —1.47 or x ~ 0.27

a T 5

2.1.4 Compound Interest and Inflation

Many savings institutions offer accounts on which the interest is compounded
annually. At the end of each year, the interest earned is added to the principal,
and the interest for the next year is computed on this larger sum of money.

Compound Interest.

If interest is compounded annually for n years, the amount, A, of money
in an account is given by

A=P1+nr)"
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where P is the principal and r is the interest rate, expressed as a decimal
fraction.

Example 2.1.9 Carmella invests $3000 in an account that pays an interest
rate, r, compounded annually.

a Write an expression for the amount of money in Carmella’s account after
two years.

b What interest rate would be necessary for Carmella’s account to grow to
$3500 in two years?

Solution.

a We use the formula above with P = 3000 and n = 2. Carmella’s account
balance will be
A =3000(1 + r)?

b We substitute 3500 for A in the equation.
3500 = 3000(1 + r)?

We can solve this equation in r by extraction of roots. First, we isolate
the perfect square.

3500 = 3000(1 + r)? Divide both sides by 3000.
116 = (1 +7)? Take the square root of both sides.
+1.0801 =~ 147 Subtract 1 from both sides.

r ~ 0.0801 or r =~ —2.0801

Because the interest rate must be a positive number, we discard the
negative solution. Carmella needs an account with interest rate r» ~ 0.0801,
or just over 8%, to achieve an account balance of $3500 in two years.

O
The formula for compound interest also applies to the effects of inflation.
For instance, if there is a steady inflation rate of 4% per year, in two years an
item that now costs $100 will cost
A=P(+r)?
= 100(1 + 0.04)2 = $108.16
Checkpoint 2.1.10 Two years ago, the average cost of dinner and a movie

was $24. This year the average cost is $25.44. What was the rate of inflation
over the past two years?

Answer. r = 2.96%

2.1.5 Other Nonlinear Equations
Because squaring and taking square roots are opposite operations, we can solve

the equation
Va =82

by squaring both sides to get

(Vr)? = 8.2
T = 67.24
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Similarly, we can solve
2% = 258

by taking the cube root of both sides, because cubing and taking cube roots
are opposite operations. Rounding to three places, we find

Va3 = 258
T ~ 6.366

The notion of undoing operations can help us solve a variety of simple nonlinear
equations. The operation of taking a reciprocal is its own opposite, so we solve
the equation

— =50

x
by taking the reciprocal of both sides to get

L 0.02
r=—=0.
50

=4
xr — 2

Solution. We begin by taking the reciprocal of both sides of the equation to
get

Example 2.1.11 Solve

x—2 1

3 4

We continue to undo the operations in reverse order. First, we multiply both
sides by 3.

3
r—2= 1 Add 2 to both sides.
311 5 g 2 3 _ 8,8 _ 11
r=2+o=, i=psoityi=3ti=7
|
The solution is R or 2.75. O

Checkpoint 2.1.12 Solve 2z +4 =

Answer. z =25

Checkpoint 2.1.13 Use the intersect feature to solve the equation 2z? —5 = 7.
Round your answers to three decimal places.

Answer. 1z = £2.449

2.1.6 Section Summary

2.1.6.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e Quadratic o Extraction of roots e Isolate
e Compound interest o Inflation o Height
o Exact solution e Area e Perimeter
e Perfect square e Cube root e Reciprocal

2.1.6.2 CONCEPTS
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3

4

1 Extraction of Roots.

To solve the equation

a(pzr +¢)* +7 =0

1 Isolate the squared expression, (pz + q)2.

2 Take the square root of each side of the equation. Remember
that a positive number has two square roots.

3 Solve each equation. There are two solutions.

2 Compound Interest.

If interest is compounded annually for n years, the amount, A, of
money in an account is given by

A=P(l+r)"

where P is the principal and r is the interest rate, expressed as a
decimal fraction.

.

We can give exact answers to a simple nonlinear equation, or we can give
decimal approximations.

Simple nonlinear equations can be solved by undoing the operations on
the variable.

2.1.6.3 STUDY QUESTIONS

1
2

7

8

How many square roots does a positive number have?

What is the first step in solving the equation a(pz + ¢)? = r by extraction
of roots?

Give the exact solutions of the equation 2 = 10, and then give decimal
approximations rounded to hundredths.

State a formula for the amount in an account on which 5% interest is
compounded annually.

Give an example of two rectangles with the same perimeter but different
areas.

The perimeter of a rectangle is 50 meters. Write an expression for the
length of the rectangle in terms of its width.

What is the opposite operation for taking a reciprocal?

1
What is the reciprocal of ﬁ ?

2.1.6.4 SKILLS

Practice each skill in the Homework 2.1.7, p. 160 problems listed.

1

Solve equations by extraction of roots: #1-12, 31-42
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2 Solve formulas: #13-16, 6368

3 Use the Pythagorean theorem: #19-24

4 Solve equations graphically: #25-30

5 Solve simple nonlinear equations: #43-54

6 Solve problems: #55-62

2.1.7 Nonlinear Models (Homework 2.1)

For Problems 1-6, solve by extracting roots. Give exact values for your answers.

1. 922 =25 2. 4x%2=9 3. 422-24=0
Answer. ig Answer. +6
4. 322-9=0 22 32
5 = =4 6. — —¢6
3 5

Answer. ++v6

For Problems 7-12, solve by extracting roots. Round your answers to two
decimal places.

7. 222 =14 8. 3z2=15
Answer. =+2.65

9. 1.52%2=0.72% 4+ 26.2 10. 0.4z =222 - 8.6
Answer. =£5.72

11. 5z — 97 = 3.222 — 38 1o, 17—"32:43—:52
Answer. =+5.73 4

>For Problems 13-16, solve the formulas for the specified variable.

2
13. F = ﬂ, for v 14. A= ?sQ, for s
T

|F
Answer. =+ i
m

1
15. s= igtz, for ¢

[2
Answer. =+ i
g

For Problems 17 and 18, refer to the geometric formulas in Appendix E, p. 1027.

16. S =4ar?, for r

17. A conical coffee filter is 8.4 centimeters tall.

a Write a formula for the filter’s volume in terms of its widest
radius (at the top of the filter).

b Complete the table of values for the volume equation. If you
double the radius of the filter, by what factor does the volume
increase?

r 1 2 3 4 5 6 7 3
V

¢ If the volume of the filter is 302.4 cubic centimeters, what is its
radius?
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d Use your calculator to graph the volume equation. Locate the
point on the graph that corresponds to the filter in part (c).

Answer.

a V =28mr?~ 8.8

blLT" 1 2 3 4 5 6 7 8

V188|352 | 79.2 | 140.7 | 219.9 | 316.7 | 431.0 | 563.0

The volume increases by a factor of 4.

¢ 5.86 cm

18. A large bottle of shampoo is 20 centimeters tall and cylindrical in
shape.

a Write a formula for the volume of the bottle in terms of its
radius.

b Complete the table of values for the volume equation. If you
halve the radius of the bottle, by what factor does the volume
decrease?

r 1 2 3 4 5) 6 7 8
V

¢ What radius should the bottle have if it must hold 240 milliliters
of shampoo? (One milliliter is equal to 1 cubic centimeter.)

d Use your calculator to graph the volume equation. Locate the
point on the graph that corresponds to the bottle in part (c).

For Problems 19-24,
a Make a sketch of the situation described, and label a right triangle.

b Use the Pythagorean theorem to solve each problem. (See Algebra Skills
Refresher Section A.11, p.944 to review the Pythagorean theorem.)

19. The size of a TV screen is the length of its diagonal. If the width of a
35-inch TV screen is 28 inches, what is its height?

Answer. 21 in.

20. How high on a building will a 25-foot ladder reach if its foot is 15 feet
away from the base of the wall?



162

21.

22,

23.

24.
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If a 30-meter pine tree casts a shadow of 30 meters, how far is the tip
of the shadow from the top of the tree?

Answer. /1800~ 42.4 m

A baseball diamond is a square whose sides are 90 feet in length. Find
the straight-line distance from home plate to second base.

What size square can be inscribed in a circle of radius 8 inches?

Answer. /128 in. by /128 in. ~ 11.3 in. x 11.3 in.

What size rectangle can be inscribed in a circle of radius 30 feet if the
length of the rectangle must be 3 times its width?

For Problems 25-30,

a Use a calculator or computer to graph the function in the suggested
window.

b Use your graph to find two solutions for the given equation. (See Sec-
tion 1.3, p. 57 to review graphical solution of equations.)

¢ Check your solutions algebraically, using mental arithmetic.
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25. 26.
ay= —3;2 a Yy = 8!172

Xmin = —15 Xmax =15
Ymin = —50 Ymax = 450

Xmin = —15 Xmax = 15
Ymin = —-10 Ymax =40

1 b 8z% = 392
b ZIQ =36
Answer.
a
b z =412
27. 28.
ay=(xr—5)2 ay=(x+2)?2
Xmin = -5 Xmax =15 Xmin = —10 Xmax =10
Ymin = -5 Ymax = 25 Ymin = -2 Ymax = 12
b (z—5)* =16 b (z+2)?%*=9
Answer.
a

bx=lorz=9
29. 30.

1
ay=3(z—4)> ay=§(w—|—3)2

Xmin = -5 Xmax = 15
Ymin = —20 Ymax = 130

Xmin = —15 Xmax =25
Ymin=-5 Ymax =15
b 3(z —4)* =108

1
Answer.

bx=10o0rz=-2

For Problems 31-42, solve by extraction of roots.
31. (z—2)2=9 32. (z+3)?=4 33. (2z-1)2=16

Answer. 5,—1 %nswer.

202
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34. Bz +1)2=25 35. 4(z+2)? =12 36. 6(z —5)? =42
Answer.
243
1\* 3 2\? 5 1\2
37. —=) == 38. —Z) == 39. 81 -] =1
(=3) -1 e (-5) 3 (++3)
Answer. Answer.
1 V3 -2 =
2T % 9’9
27 2
0. 16 1\2 . 41. 38z —T7)? =24 42, —2(bx —12)% =
) (x + 2) N Answer. 48
TLV8
8 8

For Problems 43-54,
a Solve algebraically.

b Use the intersect feature on a graphing calculator to solve.

43. 42® —12 =852 a4 8x3+6_74 45. 5\/xr —9=231
Answer. 6 ) 3 Answer. 64
46. 25 —2\/x =1 a7, 1 _3 48, P _ 5
20 —3 4 z+ 16
1
Answer. 3
49. 8—6Yx = —4 50 4€/5+3_7 51. 3xr—2+3=8
Answer. 8 5 Answer. 9
Vix — 2 ve+2 4
33
Answer.
64

55. Cyril plans to invest $5000 in a money market account that pays interest
compounded annually.

a Write a formula for the balance, B, in Cyril’s account after two years
as a function of the interest rate, r.

b If Cyril would like to have $6250 in two years, what interest rate
must the account pay?

¢ Use your calculator to graph the formula for Cyril’s account balance.
Locate the point on the graph that corresponds to the amount in
part (b).

Answer.

a B =5000(1 4 r)?

b 11.8%

56. You plan to deposit your savings of $1600 in an account that compounds
interest annually.

a Write a formula for the amount in your savings account after two
years as a function of the interest rate, .
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57.

58.

59.

60.

61.

b To the nearest tenth of a percent, what interest rate will you require
if you want your $1600 to grow to $2000 in two years?

¢ Use your calculator to graph the formula for the account balance.
Locate the point on the graph that corresponds to the amount in
part (b).

Carol’s living expenses two years ago were $1200 per month. This year, the
same items cost Carol $1400 per month. What was the annual inflation
rate for the past two years?

Answer. 8%

Two years ago, the average price of a house in the suburbs was $188, 600.
This year, the average price is $203, 700. What was the annual percent
increase in the cost of a house?

A machinist wants to make a metal section of pipe that is 80 millimeters
long and has an interior volume of 9000 cubic millimeters. If the pipe is 2
millimeters thick, its interior volume is given by the formula

V =mn(r—2)°h
where h is the length of the pipe and r is its radius. What should the
radius of the pipe be?

Answer. 7.98 mm

A storage box for sweaters is constructed from a square sheet of corrugated
cardboard measuring x inches on a side. The volume of the box, in cubic
inches, is

V =10(z — 20)?

If the box should have a volume of 1960 cubic inches, what size cardboard
square is needed?

V3.

The area of an equilateral triangle is given by the formula A = <5

where s is the length of the side.

a Find the areas of equilateral triangles with sides of length 2 centime-
ters, 4 centimeters, and 10 centimeters. First give exact values, then
approximations to hundredths.

b Graph the area equation in the window

Xmin = 0 Xmax = 14.1
Ymin =0 Ymax = 60

Use the TRACE or value feature to verify your answers to part (a).
¢ What does the coordinate (5.1,11.26266) represent?

d Use your graph to estimate the side of an equilateral triangle whose
area is 20 square centimeters.

e Write and solve an equation to answer part (d).

f If the area of an equilateral triangle is 100y/3 square centimeters,
what is the length of its side?

Answer.

a V3~ 1.73 sq cm, 4v/3 &~ 6.93 sq cm, 25v/3 ~ 43.3 sq cm
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¢ An equilateral triangle with side 5.1 cm has area 11.263 cm?.
d side =~ 6.8 cm
V3

e 752:20; s~ 6.8

f ~20 cm
2

62. The area of the ring in the figure is given by the formula A = 7R? — 712,
where R is the radius of the outer circle and r is the radius of the inner
circle.

a Suppose the inner radius of the ring is kept fixed at r = 4 centimeters,
but the radius of the outer circle, R, is allowed to vary. Find the
area of the ring when the outer radius is 6 centimeters, 8 centimeters,
and 12 centimeters. First give exact values, then approximations to
hundredths.

b Graph the area equation, with r = 4, in the window

Xmin =0 Xmax = 14.1
Ymin =0 Ymax = 400
Use the TRACE feature to verify your answers to part (a).

¢ Trace along the curve to the point (9.75,248.38217). What do the
coordinates of this point represent?

d Use your graph to estimate the outer radius of the ring when its area
is 100 square centimeters.

e Write and solve an equation to answer part (d).

f If the area of the ring is 97 square centimeters, what is the radius of
the outer circle?

For Problems 63-68, solve for x in terms of a, b, and c.

ax’? bx? 65. (z—a)’>=16
63. — =¢ 64. — —a=0
b c Answer. a+t4
Answer.
L e
a
66. (r+a)? =36 67. (az+0)?=9 68. (ax —b)? =25
Answer.
—-b+3

a
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69. You have 36 feet of rope and you want to enclose a rectangular display
area against one wall of an exhibit hall. The area enclosed depends on the
dimensions of the rectangle you make. Because the wall makes one side of
the rectangle, the length of the rope accounts for only three sides. Thus

Base + 2(Height) = 36

Wall
W
Base

a Complete the table showing the base and the area of the rectangle
for the given heights.

Height | Base | Area Height | Base | Area
1 34 34 10
32 64 11
12
13
14
15
16
17
9 18

||| U =W N

b Make a graph with Height on the horizontal axis and Area on the
vertical axis. Draw a smooth curve through your data points.

¢ What is the area of the largest rectangle you can enclose in this
way? What are its dimensions? On your graph, label the point that
corresponds to this rectangle with the letter M.

d Let x stand for the height of a rectangle and write algebraic expres-
sions for the base and the area of the rectangle.

e Enter your algebraic expression for the area in your calculator, then
use the Table feature to verify the entries in your table in part (a).

f Graph your formula for area on your graphing calculator. Use
your table of values and your handdrawn graph to help you choose
appropriate WINDOW settings.

g Use the intersect command to find the height of the rectangle whose
area is 149.5 square feet.

Answer.

Height | Base | Area Height | Base | Area
1 34 34 10 16 160
2 32 64 11 14 154
3 30 90 12 12 144
a 4 28 112 13 10 130
5 26 130 14 8 112

6 24 144 15 6 90

7 22 154 16 4 64

8 20 160 17 2 34

9 18 162 18 0 0
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M
160
o]
g
b < 80
10
Height

¢ 162 sq ft, with base 18 ft, height 9 ft
d Base: 36 — 2x; area: (36 — 2x)
e See (a)
f 6.5 ftor 11.5 ft
70. We are going to make an open box from a square piece of cardboard by

cutting 3-inch squares from each corner and then turning up the edges as
shown in the figure.

[

\ —]

a Complete the table showing the side of the original sheet of cardboard,
the dimensions of the box created from it, and the volume of the
box.

Length | Width | Height | Volume
of box | of box | of box | of box
7 1 1 3 3

8 2 2 3 12

9
10
11
12
13
14
15
Explain why the side of the cardboard square cannot be smaller than
6 inches. What happens if the cardboard is exactly 6 inches on a
side?

Side

b Make a graph with Side on the horizontal axis and Volume on the
vertical axis. Draw a smooth curve through your data points. (Use
your table to help you decide on appropriate scales for the axes.)

¢ Let = represent the side of the original sheet of cardboard. Write
algebraic expressions for the dimensions of the box and for its volume.

d Enter your expression for the volume of the box in your calculator;
then use the Table feature to verify the values in your table in part

().
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e Graph your formula for volume on your graphing calculator. Use
your table of values and your handdrawn graph to help you choose
appropriate WINDOW settings.

f Use the intersect command to find out how large a square of
cardboard you need to make a box with volume 126.75 cubic inches.

g Does your graph have a highest point? What happens to the volume
of the box as you increase x?

71. The jump height, J, in meters, achieved by a pole vaulter is given ap-
proximately by J = v?/(2g), where v is the vaulter’s speed in meters per
second at the end of his run, and g = 9.8 is the gravitational acceleration.
(Source: Alexander, 1992)

a Fill in the table of values for jump heights achieved with values of v
from 0 to 11 meters per second.

e 10.15 meters per second

v| 0 1 2 3 4 5 6 7 8 9 10 | 11
J
b Graph the jump height versus final speed. (Use the table values to
help you choose a window for the graph.)
¢ The jump height should be added to the height of the vaulter’s center
of gravity (at about hip level) to give the maximum height, H, he
can clear. For a typical pole vaulter, his center of gravity at the
end of the run is 0.9 meters from the ground. Complete the table of
values for maximum heights, H, and graph H on your graph of J.
v 0 1 2 3 4 5 6 7 8 9 10 | 11
H
d A good pole vaulter can reach a final speed of 9.5 meters per second.
What height will he clear?
e In 2016, the world record in pole vaulting, established by Renaud
Lavillenie in 2014, was 6.16 meters. What was the vaulter’s speed at
the end of his run?
Answer.
alv |0 1 2 3 4 5 6 7 8 9 10 11
J|10]005]|02]|046 | 082|128 | 1.84 | 2.5 | 3.27 | 4.13 | 5.1 | 6.17
10
H
b5
J
v
5 10
c| v 0 1 2 3 4 5 6 7 8 9 10 11
H|09]09 |11]|136 | 172|218 | 274 | 3.4 | 417 | 5.03 | 6.0 | 7.07
d 5.5 meters
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72. To be launched into space, a satellite must travel fast enough to escape
Earth’s gravity. This escape velocity, v, satisfies the equation
1 5 GMm
—mu® = ———
2 R
where m is the mass of the satellite, M is the mass of the Earth, R is the
radius of the Earth, and G is the universal gravitational constant.

a Solve the equation for v in terms of the other variables.

b The equation
GMm
mg=—7s
gives the force of gravity at the Earth’s surface. We can use this
equation to simplify the expression for v: First, multiply both sides of
the equation by %. You now have an expression for %‘ Substitute
this new expression into your formula for v.

¢ The radius of the Earth is about 6400 km, and g = 0.00981‘5—?.
Calculate the escape velocity from Earth in kilometers per second.
Convert your answer to miles per hour. (One kilometer is 0.621
miles.)

d The radius of the moon is 1740 km, and the value of g at the moon’s
surface is 0.0016. Calculate the escape velocity from the moon in
kilometers per second and convert to miles per hour.

2.2 Some Basic Functions

In this section, we study the graphs of some important basic functions. Many
functions fall into families or classes of similar functions, and recognizing the
appropriate family for a given situation is an important part of modeling.

We begin by reviewing the absolute value.

2.2.1 Absolute Value

The absolute value is used to discuss problems involving distance. For example,
consider the number line shown below. Starting at the origin, we travel in
opposite directions to reach the two numbers 6 and —6, but the distance we
travel in each case is the same.

Six units Six units

"

-6 6
v g by b g |

-10 -5 0 5 10

The distance from a number ¢ to the origin is called the absolute value of
¢, denoted by |c|. Because distance is never negative, the absolute value of a
number is always positive (or zero). Thus, |6] = 6 and |—6| = 6. In general, we
define the absolute value of a number = as follows.
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Absolute Value.

The absolute value of x is defined by

T ifx>0

|z| = .
—x ifz<0

Note 2.2.1 This definition says that the absolute value of a positive number
(or zero) is the same as the number. To find the absolute value of a negative
number, we take the opposite of the number, which results in a positive number.
For instance,

|=6] = —(=6) =6

Absolute value bars act like grouping devices in the order of operations:
You should complete any operations that appear inside absolute value bars
before you compute the absolute value.

Example 2.2.2 Simplify each expression.
a |3— 8| b 3] — 8]

Solution.

a We simplify the expression inside the absolute value bars first.

3-8/ =|-5|=5

b We simplify each absolute value; then subtract.

3| — 8] =3 —-8=—5

Checkpoint 2.2.3 Simplify each expression.

a 12 — 3|—6] b —7-3|2-9]
Answer.
a —6 b —28

2.2.2 Examples of Models

Many situations can be modeled by a handful of simple functions. The following
examples represent applications of eight useful functions.

The contractor for a new hotel is ~ The number of board-feet that can
estimating the cost of the marble  be cut from a Ponderosa pine is a
tile for a circular lobby. The cost  function of the cube of the circumfer-
is a function of the square of the  ence of the tree at a standard height.
diameter of the lobby.
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C = kd?

The manager of an appliance store
must decide how many coffee-
makers to order every quarter. The
optimal order size is a function of
the square root of the annual de-
mand for coffeemakers.

0

0 =kVD

The frequency of the note produced
by a violin string is a function of the
reciprocal of the length of the string.

k
F=~-

L
The annual return on an investment
is a linear function of the interest
rate.

1 =kr

CHAPTER 2. MODELING WITH FUNCTIONS

B

B =kc3

Investors are deciding whether to
support a windmill farm. The wind
speed needed to generate a given
amount of power is a function of the
cube root of the power.

v=kP

The loudness, or intensity, of the
music at a concert is a function of
the reciprocal of the square of your
distance from the speakers.

1

I = ﬁ

You are flying from Los Angeles to
New York. Your distance from the
Mississippi River is an absolute value
function of time.

D

D =klt — hl

We will consider each of these functions and their applications in more detail
in later sections. For now, you should become familiar with the properties of
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each graph and be able to sketch them easily from memory.

Investigation 10 Eight Basic Functions. Part I Some Powers

1.

. Write a few sentences comparing the two

Complete the table of values for the squar-
ing function, f(z) = 22, and the cubin

173

function, g(x) = 2®. Then sketch each

f(z) =a®

g(z) ==

function on graph paper, using the table

values to help you scale the axes.

Verify both graphs with your graphing

calculator.

State the intervals on which each graph i

increasing.

graphs. The graph of y = z? is called

WIN| — - O

a parabola, and the graph of y = 3 is
called a cubic.

Part II Some Roots

1.

. Verify both graphs with your graphing

Complete the tables for the square
root function, f(z) = /z, and the

cube root function, g(z) x.

(Round your answers to two decimal

places.) Then sketch each function on

graph paper, using the table values to

help you scale the axes.

calculator.

State the intervals on which each
graph is increasing.

O | WIN| PO 8

Write a few sentences comparing the
two graphs.

Part TII Asymptotes

1.

. Prepare a grid on graph paper, scaling

. As z increases through larger and largen

. What happens to f(z) as z decrease

Complete the table for the functions
1

fle) = and g() =

2

What is true about f(0) and ¢(0)?

both axes from —5 to 5. Plot the point

from the table and connect them with

Bo|—

smooth curves.

p.

values, what happens to the values of f(x)

Extend your graph to reflect your answer|

through larger and larger negative valueg

IS NGVRE ORI S Neaw)

(that is, for x = =5, -6, —7,...)? Extend
your graph for these z-values.
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As the values of = get larger in absolute value, the graph approaches the
zr-axis. However, because — never equals zero for any z-value, the graph never
x
actually touches the x-axis. We say that the x-axis is a horizontal asymptote
for the graph.

Repeat step (3) for the graph of g(x).
Next we’ll examine the graphs of f and g near x = 0.

1. Use your calculator to evaluate f for several z-values close to zero and
record the results in the tables below.

e =2 lew=5 || ¢ [f@=1]sw=2
-2
-1 1
—0.1 0.1
—0.01 0.01
—0.001 0.001

What happens to the values of f(x) as & approaches zero? Extend your
graph of f to reflect your answer.

As x approaches zero from the left (through negative values), the function
values decrease toward —oo. As x approaches zero from the right (through
positive values), the function values increase toward co. The graph
approaches but never touches the vertical line z = 0 (the y-axis.)We say
that the graph of f has a vertical asymptote at = = 0.

2. Repeat step (1) for the graph of g(x).
2

tions, so called because they are fractions, or ratios. Verify both graphs
with your graphing calculator. Use the window

1 1
3. The functions f(z) = — and g(z) = — are examples of rational func-
x

Xmin = —4 Xmax =4
Ymin = -4 Ymax =4
4. State the intervals on which each graph is increasing.

5. Write a few sentences comparing the two graphs.

Part IV Absolute Value
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1. Complete the table for the two functions

f(x) = x and g(z) = |z|. Then sketch
each function on graph paper, using the
table values to help you scale the axes.

. Verify both graphs with your graphing

calculator. Your calculator uses the nota
tion abs(z) instead of |z| for the absolute
value of z. First, position the cursor after
Y1 = in the graphing window. Now access
the absolute value function by pressing
2nd 0 for CATALOG; then ENTER for abs(.
Don’t forget to press X if you want to
graph y = [z].

. State the intervals on which each graph is

increasing.

. Write a few sentences comparing the two

graphs.

175
z | fl@)=a | g(zx) = |z|
—4
-3
-2
—1
1
2
0
1
2
1
2
3
4

2.2.3 Graphs of Eight Basic Functions

The graphs of the eight basic functions considered in Investigation 10, p. 173
are shown below. Once you know the shape of each graph, you can sketch an
accurate picture by plotting a few guidepoints and drawing the curve through
those points. Usually, points (or vertical asymptotes!) at = —1, 0, and 1
make good guidepoints.

y y
10
1 e =x3
5
f@) =2 = i
=5 5 -5
(@ (b)
y y
4
3
2
-4 2
5 50 ~F 2 4
Ll s = 2 f=1
4

(@) (e)

5 f@=\x

10

®
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fe)=x

X x
-4 4 =5 5

g =1x|

-4
-5

® (h)

2.2.4 Properties of the Basic Functions

In Section 1.2, p.27, we saw that for most functions, f(a + b) is not equal
to f(a) + f(b). We may be able to find some values of a and b for which
fla+b) = f(a) + f(b) is true, but if it is not true for all values of a and b, we
cannot claim that f(a +b) = f(a) + f(b) for that function.

For example, for the function f(x) = 22, if we choose a = 3 and b = 4, then

fB+4)=f(1)=7"=49
but  f(3)+ f(4) =3*+42=9+16=25

so we have proved that f(a +b) # f(a) + f(b) for the squaring function. (In
fact, we already knew this because (a + b)? # a? + b? as long as neither a nor b
is 0.)

What about multiplication? Which of the basic functions have the property
that f(ab) = f(a)f(b) for all a and b? You will consider this question in the
homework problems, but in particular you will need to recall the following
properties of absolute value.

Properties of Absolute Value.

la + b] < la| + || Triangle inequality
|ab] = |a||b] Multiplicative property

Example 2.2.4 Verify the triangle inequality for three cases: a and b are both
positive, a and b are both negative, and a and b have opposite signs.

Solution.

e We choose positive values for a and b, say a = 3 and b = 5. Then
3+5/=8/=8 and |3]+|5|=3+5=38

so |3+ 5] = 3]+ 5]

o For the second case, we choose a = —3 and b = —5. Then
|-3+(=5)|=|-8/=8 and |-3|+|-5|=3+5=38
so | -3+ (=5)| = [-3| +|-5].

e For the third case, we choose a = 3 and b = —5. Then
3+ (=5)|=]-2/=2 and [3|+|-5|=3+5=38

so |34 (=5)| < [3| +|—5|. In each case, |a + b| < |a| 4 [b].



SECTION 2.2. SOME BASIC FUNCTIONS 177

Note 2.2.5 Note that verifying a statement for one or two values of the variables
does not prove the statement is true for all values of the variables. However,
working with examples can help us understand the meaning and significance of
mathematical properties.

Checkpoint 2.2.6 Verify the multiplicative property of absolute value for the
three cases in Example 2.2.4, p. 176.

Answer.
« B3l =15=13-5|
o [=3[|-5] =15 = |(=3) - (-5)]
» [31=5 =15 = [3(-5)]

2.2.5 Functions Defined Piecewise

A function may be defined by different formulas on different portions of the
z-axis. Such a function is said to be defined piecewise. To graph a function
defined piecewise, we consider each piece of the x-axis separately.

Example 2.2.7 Graph the function defined by

z+1 ifx<l

€Tr) =
f@) 3 ifx>1
Solution. Think of the plane as divided into two regions by the vertical line
x = 1, as shown below. In the left-hand region (z < 1), we graph the line

y =z + 1. (The fastest way to graph the line is to plot its intercepts, (—1,0)
and (0,1).)

~

Notice that the value x = 1 is included in
the first region, so f(1) = 14+ 1 =2, and the
point (1,2) is included on the graph. We
indicate this with a solid dot at the point
(1,2).

In the right-hand region (z > 1), we graph
the horizontal line y = 3. The value z =1
is not included in the second region, so the
point (1,3) is not part of the graph. We
indicate this with an open circle at the point
(1,3).

Checkpoint 2.2.8 Graph the piecewise defined function

—1-—z ifx<-1
g(@) =19 , .
T ifz > -1

Answer.
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The absolute value function f(z) = |z| is an example of a function that is
defined piecewise.
x ifx>0
-z ifzx <0

To sketch the absolute value function, we graph the line y = x in the first
quadrant and the line y = —x in the second quadrant.
Example 2.2.9

a Write a piecewise definition for g(z) = |z — 3.
b Sketch a graph of g(z) = |z — 3|.
Solution.

a In the definition for |x|, we replace x by = — 3 to get

z—3 if r—3>0

r)=|r—3| =
9(@) =| | —(x—=3) if z-3<0

We can simplify this expression to

Tz —3 if >3
g(z) =z —3| = .
—r+3 if <3

b In the first region, z > 3, we graph the line y = x — 3. Because z = 3 is
included in this region, the endpoint of this portion of the graph, (3,0),
is included, too.

In the second region, x < 3, we graph the line y = —x + 3. Note that the
two pieces of the graph meet at the point (0, 3), as shown below.

y

Checkpoint 2.2.10

a Use your calculator to graph ¢g(z) = |z — 3| and h(z) = |z| + |—3|. Are
the graphs the same?

b Explain why the functions f(z) = |z + k| and g(x) = |z| + |k| are not the
same if k # 0.

Answer.
a No

b Because |z + k| # |z| + |k| when z and k have opposite signs.
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2.2.6 Section Summary

2.2.6.1 Vocabulary

Look up the definitions of new terms in the Glossary.

Absolute value ¢ Piecewise defined function

Verify o Multiplicative property

Triangle inequality
e Guidepoints
Vertical asymptote

Rational function e Horizontal asymptote

Parabola e Cubic

2.2.6.2 CONCEPTS

1

2

3

4

5

The absolute value of x is defined by

T ifx>0

|z| = .
—x ifz<0

The absolute value has the following properties:

la+0b] <la| +1]b] Triangle inequality
|ab] = |al |b| Multiplicative property

Many useful functions fall into families or classes of variations on basic
functions.

We can make sketches of the eight basic functions using guidepoints.

Functions can be defined piecewise, with different formulas on different
intervals

2.2.6.3 STUDY QUESTIONS

1

2

Is it true that —a must be a negative number? Why or why not?
Are there any numbers for which x = —z7

If 0 < z < 1, which is larger, =2 or 23?7

Ifo<x<1,xor Jx?

List the eight basic functions considered in this section.

Which of the eight basic functions have a horizontal asymptote? A vertical
asymptote?

What does an open circle on a graph mean?

For what value(s) of = does |z + 6| = 07
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2.2.6.4 SKILLS

Practice each skill in the Homework 2.2.7, p. 180 problems listed.

1 Simplify expressions containing absolute values: #1-10

2 Sketch graphs of the basic functions by hand: #15-18

3 Identify the graph of a basic function: #19-26

4 Solve equations and inequalities graphically: #11-14, 27-34

5 Graph functions defined piecewise: #41-58

2.2.7 Some Basic Functions (Homework 2.2)

For problems 1-10, simplify the expression according to the order of operations.

1. 2.
a — |9 a 2—(—6)
b —(-9) b 2 —|—6|
Answer.
a —9 b 9
3 4.
a [=8] —[12] a [=3[ +[=5|
b [-8 — 12| b |=3+4(=5)
Answer.
a —4 b 20
5. 4-9]2-8| 6. 2-5|-6—3]
Answer. —50
7. |-4-5]|1-3(-5) 8. |-3+7||-2(6—10)|
Answer. 144
9. ||-5|—|-6]| 10. |[4] —|-6]|

Answer. 1

In Problems 11-14, show how to use the graphs to find the values. Estimate
your answers to one decimal point. Compare your estimates to values obtained
with a calculator.

11. Refer to the graph of f(z) = 2°.
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a Estimate the value of
(1.4)3.

b Find all numbers whose
cubes are —20.

¢ Find all solutions of the
equation 2% = 6.

d Estimate the value of

v24.
Answer.
a 2.7 b —2.7 c 1.8 d 2.9
12. Refer to the graph of f(z) = 22.
y
a Estimate the wvalue of 5
(—2.5)2. fx)=x?
b Find all numbers whose
squares are 12. 10
¢ Find all solutions of the
equation z2 = 15. S
d Estimate the wvalue of
v10.5.
-4 2 2 a4
1
13. Refer to the graph of f(z) = —.
T
y

1
a Estimate the value of —.
3.4
b Find all numbers whose reciprocals are —2.5.

1
¢ Find all solutions of the equation — = 4.8.
x

Answer.
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a 0.3 b —0.4 c 0.2
14. Refer to the graph of f(z) = |z —2|.

-2
a Estimate the value of |1.6 — 2|.

b Find all values of « for which |z — 2| = 3.

¢ Find all solutions of the equation |z — 2| = 0.4.

For Problems 15-18,

a Sketch both functions on the same grid, paying attention to the shape
of the graph. Plot at least three guidepoints for each graph to ensure
accuracy.

b Use the graph to find all solutions of the equation f(z) = g(z).

¢ On what intervals is f(z) > g(z)?

15. f(x) =22, g(z) =2 16. f(a) = V7. gla) = I3

Answer.

17. f(z) = % o) = % 18. f(z) =z, g(z) = |z]
Answer.
bx=1
¢ (1,400)

For Problems 19-24, graph each set of functions together in the ZDecimal
window. Describe how graphs (b) and (c) are different from the basic graph.

19. 20.
a f(z) =2 a f(z) = |z
b g(e) =% —2 b g(e) = |z — 2|
¢ hiz)=2"+1 ¢ h(z)=|z+1]

Answer. Graph (b) is the
basic graph shifted 2 units
down; graph (c) is the basic
graph shifted 1 unit up.
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21. 22.
1
a f(x):;
1
b g(x):m+15
1
¢ h(x):x—l

Answer. Graph (b) is the
basic graph shifted 1.5 units
left; graph (c) is the basic
graph shifted 1 unit right.

23. 24.
a f(x) =V
b g(x) = -V
c h(z) = vz

Answer. Graph (b) is the
basic graph reflected about

the z-axis; graph (c) is the

basic graph reflected about

the y-axis.

183

2 f) =
bg(a:)zxflz—I-Q
ch(w):%—l
a f(z)=Vx

b g(x) =~V
¢ h(z) =+v/—=

Each graph in Problems 25-26 is a variation of one of the eight basic graphs of
Investigation 10, p. 173. Identify the basic graph for each problem.

25. 26.
J—
— =
@ 0]
© @
\ LN
L
© ®
Answer.
a c |z e z?
x
f
b 1 1
Ve dg 2

I
~—
(a) (b)
\\
(© (@)
i
(e) (f)

In Problems 27-30, use the graph to estimate the solution to the equation or
inequality. Show the solution or solutions on the graph.
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27. The figure shows a graph of f(z) = \/z — 2, for x > 0. Solve the

following: y
3
2
1
5 X
_1/
-2
aVvr—2=15 cvVvr—2<1
b vV —2=225 d vVz—2>-0.25
Answer.
axr~12 b z~ 18 cr<9 dx>3

4
28. The figure shows a graph of g(z) = Py for z > —2. Solve the
x

following:
y
5
4
3
N80 =517
1 \
-1 2 3 "
4 4
=4 >1
a T+2 ¢ T+2
4 4
=038 il 3
T +2 T+ 2 <
29. The figure shows a graph of w(t) = —10(t + 1)® + 10. Solve the
following:
y
80
40
-3 -2 -1 1 t
-40
-80
w(@®=-10(t + 1)* + 10
a —10(t+1)* +10 =100 ¢ —10(t +1)* + 10 > =50
b —10(t +1)* + 10 = —140 d —20 < —10(t+1)*>+10 < 40

Answer.
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at~—-3.1 bt~ 1.5 ct<0.8 d —24 <
t<04
30. The figure shows a graph of H(z) = 4+v/z — 4 + 6. Solve the following:
H(z)

H(z)=4Vz-4+6

Ve 10
advz—44+6=2 cA4Vz—44+6>14
b4yz—44+6=12 d4yz—4+6<6

For Problems 31-34, gaph the function with the ZInteger setting. Use the
graph to solve each equation or inequality. Check your solutionsalgebraically.

31. Graph F(z)=4vz —25.
a Solve 4vx—25=16

b Solve 8 < 4vxz —25<24

Answer.

a =41 b 29 <2 <61
32. Graph G(z)=15-0.01(z —2)3.
a Solve 15— 0.01(x —2)% = —18.75

b Solve 15— 0.01(z —2)® < 25
33. Graph H(x)=24—0.25(z —6)°.
a Solve 24— 0.25(x — 6)2 = —6.25

b Solve 24 —0.25(x —6)% > 11.75

Answer.

ax=-borx=17 b-1<z<13
34. Graph R(x)=0.1(z +12)? —18.
a Solve 0.1(z +12)% —18 =14.4

b Solve 0.1(z+12)? —18 <45

For Problems 35-40,
a Graph the equation by completing the table and plotting points.

b Does the equation define y as a function of 7 Why or why not?
35. =1y

(Sl
(ST

Answer.
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1 i
a 4 1 11 0 % 41
Yy -2 -1 ) 0 5 1 2 53 X
b no
36. v =1q°
x
y| 2] 1] -3 0 [ [ 1 ]2
37. ==yl
y| 2| -1 ]| -3 0 [ 3 | 1|2
Answer.
y
1 1 2
a 2 1 51 0 ? 2 .
Yy -2 —1 ) O 5 2 » 53 X
-2
b no
38. |x] = [y
y| 2] -1[-3] 0| 3 [ 1 ]2
1
39. z=-—
Y
y| 2| -1[-1] o0 | 1 1 2
Answer.
al® % -1 — undefined
1
y| 2| -1]—3 0
b yes
40 !
=
Y2
x
y| 2| -1]-2] 0] 3 | 1] 2

For Problems 41-52, graph the following piecewise defined functions. Indicate
whether the endpoints of each piece are included on the graph.
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—2 ifx <1 — 2 ifx<—1
41. f(z) = nr= 42, hz)={ T2 NES
r—3 ifx>1 3 ifz>-—1

Answer.

. 1
ift < -2 —s+3 ifs<3
43. _ 4. F(s)=43°F> 1°
ift > -2 2s—3 ifs>3
12 <1 Si47 i< —2
45. HH)=4{1 1 46. g(t)=1{2 =
—t+ = ift>1 2 ift>—2
2 2
Answer.
if x <2 L ifr <1
— ifz
47. s 48. S(z)={z
if x> 2 || ifx>1
lz| ifx< -1 x? ifgc<1
49. D(z) = _ -
() B ifr> 1 50. m(z) = o] ifx>i
2
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3 ift<1 2 i< -1
51. P(t)={ 1 52. Q(t) = nes
5 i1 Vtoift>—1

Answer.

For Problems 53-58, write a piecewise definition for the function and sketch its
graph.

53. f(z) =2z — §| 54. g(z) = |3z + 6]
Answer.
8—2x x<4
f(z) =
20 —8 x >4
t 1
55. g(t) = 1+§ 56. f(t) = 515—3
Answer .
—1—-= t< -
g(t) = ¢ 3
I+g t>-

57. 58. G(z) =

In Problems 59-64, decide whether each statement is true for all values of a
and b. If the statement is true, give an algebraic justification. If it is false, find
values of a and b to disprove it.

a fla+0b)=f(a)+ f(b) b f(ab) = f(a)f(b)
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59.

61.

63.

flx) =22 60.
Answer.
a Not always true:
fA+2)# 1)+ £(2)
because 9 # 5.
b True: (ab)? = a?b?
_1 62.
f@) ==
Answer.
a Not always true:
fA+2)# (1) + f(2)
because % #+ %
1 11
b True: — =~ -+
e ab a b
fl@)y=mx+0b 64.
Answer.

a Not always true (unless
b=0):
F1+2) £ 1)+ £2)
because
3m + b # 3m + 2b.

b Not always true:
f(-2)# (1) £(2)

because
2m+b # 2m? + 3mb+b>.

189
fla) =2®
fl@) =z
flz) =kx

65. Verify that |a — b| gives the distance between a and b on a number line.

aa=3, b=38
ba=-2 b=—-6

Answer.

66.

3-8]=5
a

-1 01 234567289101l

|-2-(-6)|=4
f—/%

-7-6-5-4-3-2-1 01 2 3

1 fa—b| = la] + [b]
2 |a—b| <fa| +[b]
3 |a—b| > a| +[b]

ca=4,b=-3
da=-2,b=5

l4-3)]=7

T L e
S5 —4-3-2-1 01 23 456
|2-5]=7

|-2-5]=7

-5-4-3-2-1 01 2 3 456

Which of the following statements is true for all values of a and b7

67.

Explain how the distributive law, a(b+ ¢) = ab + ac, is different from the
equation f(a+0b) = f(a)+ f(b) .

Answer. The distributive law shows a relationship between multiplica-
tion and addition that always holds. The equation f(a + b) = f(a) + f(b)
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is not about multiplication and may or may not be true.

68. For each function, decide whether f(kz) = kf(z) for all x # 0, where
k # 0 is a constant.

a f(r) = 2? c flx) ==
1
b )= d f(z)=lal
For Problems 69-70,find the indicated value.
69. Use the function 70. Use the function
—s+3 ifs<3 if x <2
F(s) = 3SJr 0o k(x) = =1 1 v= (from
25—3 ifs>3 Vo ifa>2
(from Problem 44) and add Problem 47) and add the
the indicated values indicated values
a F(0) c F(-9) a k(2) c k(-3)
b F(3) b k(1) d k(4.5)

2.3 Transformations of Graphs

Models for real situations are often variations of the basic functions introduced
in Section 2.2, p.170. In this section, we explore how certain changes in the
formula for a function affect its graph. In particular, we will compare the graph
of y = f(x) with the graphs of

y=f(x)+k y=flz+h), and y=af(z)

for different values of the constants k, h, and a. Such variations are called
transformations of the graph.

2.3.1 Vertical Translations

The figure below shows the graphs of f(z) = 22 + 4, g(x) = 2? — 4, and the
basic parabola, y = 2. By comparing tables of values, we can see exactly how
the graphs of f and ¢ are related to the basic parabola.

y
x -2 |-110 2
y = a2 4 1 0 1 4
flx)=22+4] 8 4 8
6 T -2 | -1 0 1 2
2 y =z 4 1 0 1 |4
= \/ 3 x glxy=22-4] 0 | -3|-4]-3|0

Each y-value in the table for f(x) is four units greater than the corresponding
y-value for the basic parabola. Consequently, each point on the graph of f(z) is
four units higher than the corresponding point on the basic parabola, as shown
by the arrows. Similarly, each point on the graph of g(z) is four units lower
than the corresponding point on the basic parabola.

The graphs of y = f(x) and y = g(x) are said to be translations of the
graph of y = x2. They are shifted to a different location in the plane but retain
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the same size and shape as the original graph. In general, we have the following

principles.

Vertical Translations.
Compared with the graph of y = f(z),
1. The graph of y = f(z)+k, (k> 0) is shifted upward k units.

2. The graph of y = f(z) —k, (k>0 ) is shifted downward k
units.

Example 2.3.1 Graph the following functions.
a g(r) = |z|+3
1

bh(x):;—Q

Solution.

a The table shows that the y-values for g(z) are each three units greater
than the corresponding y-values for the absolute value function. The
graph of g(z) = |z| + 3 is a translation of the basic graph of y = |z,
shifted upward three units, as shown below.

y

\\ /$> x -2 —-110]1]2
N y = |z 2 1 ]0|1]2
\\\2/// glx)=1]z|+3 | 5 4 131415
X
-2 2

b The table shows that the y-values for h(z) are each two units smaller

1 1
than the corresponding y-values for y = —. The graph of h(z) = — — 2 is
z x

a translation of the basic graph of y = —, shifted downward two units, as
x

shown below.

T
T -2 | =11 = 1 2

2
_1I -1 119 1 1
y_f % %3

Checkpoint 2.3.2
a Graph the function f(x) = |z| + 1.

b How is the graph of f different from the graph of y = |z|?

Answer.
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) b Translate y = |x| one unit up.
a
2
=) 7 o
Example 2.3.3
The function E = f(h) graphed at right E
gives the amount of electrical power, in 1200

megawatts, drawn by a community from
its local power plant as a function of
time during a 24-hour period in 2002. 400

Sketch a graph of y = f(h) + 300 and i
interpret its meaning. 10 20

800 | /(h)

Solution. The graph of y = f(h) + 300 is a vertical translation of the graph
of f,

as shown at right. At each hour of the day,

or for each value of h, the y-coordinate is 0o
300 greater than on the graph of f. So at
each hour, the community is drawing 300
megawatts more power than in 2002. 400

800

h

O

Checkpoint 2.3.4 An evaporative cooler, or swamp cooler, is an energy-
efficient type of air conditioner used in dry climates. A typical swamp cooler
can reduce the temperature inside a house by 15 degrees.

Figure (a) shows the graph of T' = f(¢), the temperature inside Kate’s house
t hours after she turns on the swamp cooler. Write a formula in terms of f
for the function g shown in figure (b), and give a possible explanation of its
meaning.

T T
110 110
100 100
h j(0) e
80 80
t t
1 2 3 4 1 2 3 4

Answer. ¢(t) = f(t) + 10. The outside temperature was 10° hotter.

2.3.2 Horizontal Translations
Now consider the graphs of
fl@)=(z+2)* and g(z)=(z—2)°

shown below. Compared with the graph of the basic function y = z2, the graph
of f(x) = (x + 2)? is shifted two units to the left, as shown by the arrows.
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£(x) \ g(x)
4

=3 3

You can see why this happens by studying the function values in the table.

Locate a particular y-value for y = 22, say, y = 4. You must move two units
to the left in the table to find the same y-value for f(x), as shown by the arrow.
In fact, each y-value for f(z) occurs two units to the left when compared to

the same y-value for y = 22.

x -3 -2 | -1 0 1 2 3

y =x2 9 4 1 0 1 4 9
() = (x + 2 1441/44/49/4{25

x -3 -2 - 0 1 2 3
2

o 9\4L1\04L1\4‘k9

gx)=(x—-2? 25 16\9‘4\1‘0 1

Similarly, the graph of g(z) = (x — 2)? is shifted two units to the right
compared to the graph of y = z2. In the table for g, each y-value for g(z)
occurs two units to the right of the same y-value for y = z2. In general, we
have the following principle.

Horizontal Translations.
Compared with the graph of y = f(x),

1. The graph of y = f(x+h), (h>0) is shifted h units to the
left.

2. The graph of y = f(x —h), (h>0) is shifted h units to the
right.

Note 2.3.5 At first, the direction of a horizontal translation may seem coun-
terintuitive. Look again at the tables above to help you see how the shift
occurs.

Example 2.3.6 Graph the following functions.

ag(z)=vae+1 ) = 1
g b h(x) @3

Solution.

a Consider the table of values for the function.

T -1 0 1 2 3
y =+ undefined | 0 1 1.414 | 1.732
y=+vx+1 0 1| 1414 | 1.732 2
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The table shows that each y-value for y
g(z) occurs one unit to the left of the
same y-value for the graph of y = /.
Consequently, each point on the graph > g(x)
of y = g(z) is shifted one unit to the left
of y = \/x, as shown at right.

b Consider the table of values for the function.

T -1 0 1] 2 3 4
1 1 1 1
== 1 fi 1] = = -
Y ; : unde1 ned : 1 9 1
=— | = — -1 defined | 1
YT @-37 | 16 9 1 Hnaetne
The table shows that each y-value for y

h(zx) occurs three units to the right of

1
the same y-value for the graph of y = —.
T

Consequently, each point on the graph
of y = h(x) is shifted three units to the

right of y = —, as shown at right.
x

Checkpoint 2.3.7
a Graph the function f(z) = |z + 1].

b How is the graph of f different from the graph of y = |z|?

Answer.

f) b Translate y = || one unit left.

Example 2.3.8
The function N = f(p) graphed at right

gives the number of people who have a

given eye pressure level p from a sample (p)
of 100 people with healthy eyes, and the '
function g gives the number of people

with pressure level p in a sample of 100 : : : : — P
glaucoma patients. 1020304050

=

g(p)

a Write a formula for g as a transformation of f.

b For what pressure readings could a doctor be fairly certain that a patient
has glaucoma?

Solution.
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a The graph of g is translated 10 units to the right of f, so g(p) = f(p — 10).

b Pressure readings above 40 are a strong indication of glaucoma. Readings
between 10 and 40 cannot conclusively distinguish healthy eyes from those
with glaucoma.

O

Checkpoint 2.3.9 The function C' = f(¢) shown below gives the caffeine level
in Delbert’s bloodstream at time ¢ hours after he drinks a cup of coffee, and
g(t) gives the caffeine level in Francine’s bloodstream. Write a formula for ¢ in
terms of f, and explairé what it tells you about Delbert and Francine.

80+ SO e

Answer. g¢(t) = f(t — 3). Francine drank her coffee 3 hours after Delbert
drank his.

Example 2.3.10 Graph f(z) = (z +4)3 +2

Solution. We identify the basic graph from the structure of the formula for
f(x). In this case, the basic graph is y = 23, so we begin by locating a few
points on that graph, say, (0,0), (1,1), and (=1, —1).

We’ll perform the translations separately, following the order of operations.
First, we sketch a graph of y = (z + 4)® by shifting each point on the basic
graph four units to the left. We then move each point up two units to obtain
the graph of f(x) = (x 4+ 4)3 + 2. All three graphs are shown below.

fO)=@x+4>+2

y=(x+4)7

rn

O
Checkpoint 2.3.11
a Graph the function f(x) = |z — 2| — 1.
b How is the graph of f different from the graph of y = |z|?
Answer.
f) b Translate y = |x| one unit down
and two units right.
a
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2.3.3 Scale Factors

We have seen that adding a constant to the expression defining a function
results in a translation of its graph. What happens if we multiply the expression
by a constant? Consider the graphs of the functions

1
f(a?) = 23727 g(x) = 51‘2, and h(;z:) = g2
shown below, and compare each to the graph of y = z?2.

y

to] T [y=—2° | J@) =22
Sflx) =247 ) 4 S
—1 1 2
y=x 0 0 0
1 1 2
By 2 4 8

Compared to the graph of y = 22, the graph of f(z) = 222 is expanded, or
stretched, vertically by a factor of 2. The y-coordinate of each point on the
graph has been doubled, as you can see in the table of values, so each point on
the graph of f is twice as far from the z-axis as its counterpart on the basic
graph y = 12,

y

10 - y = 22 9(z) = %xQ
y=x -2 4 2
I
s -1 1 5
0 0 0
g(«x‘):%x2 1 1 %
— 3 ¥ 2 4 2

1 1
The graph of g(z) = 5362 is compressed vertically by a factor of X each

point is half as far from the z-axis as its counterpart on the graph of y = 22.

r |y=22| hiz) = -2
4 y=x G 4
-1 1 -1
! 1 . 0 0 0
7 1 1 —1
B 2 | 4 4

The graph of h(x) = —a? is flipped, or reflected, about the x-axis; the
y-coordinate of each point on the graph of y = 22 is replaced by its opposite.
In general, we have the following principles.

Scale Factors and Reflections.

Compared with the graph of y = f(z), the graph of y = af(x), where
a#0,is

1. stretched vertically by a factor of |a| if |a| > 1,
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2. compressed vertically by a factor of |a| if 0 < |a| < 1, and

3. reflected about the z-axis if a < 0.

Example 2.3.12 Graph the following functions.
(z) =3¢z _ -1
ag b h(z) = - |s

Solution.

a The graph of g(z) = 3¢z is a vertical expansion of the basic graph
y = /x by a factor of 3, as shown below . Each point on the basic graph
has its y-coordinate tripled.

—1
b The graph of h(z) = 35 || is a vertical compression of the basic graph

1
y = |z| by a factor of =, combined with a reflection about the z-axis. You

may find it helpful to graph the function in two steps, as shown below.

O
Checkpoint 2.3.13
a Graph the function f(x) = 2|z|.
b How is the graph of f different from the graph of y = |z|?
Answer.
) b Stretch y = |z| vertically by a
factor of 2.
a
2
X
=il 1

Example 2.3.14 The function A = f(¢) graphed below gives a person’s blood
alcohol level ¢ hours after drinking a martini. Sketch a graph of ¢g(t) = 2f(¢)
and explain what it tells you.
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0.100

0.050 S

t t t T T t

1 2 3 4 5
Solution. To sketch a graph of g, we stretch the graph of f vertically by a
factor of 2, as shown below. At each time ¢, the person’s blood alcohol level is
twice the value given by f. The function g could represent a person’s blood
alcohol level ¢ hours after drinking two martinis.

O

Checkpoint 2.3.15 If the Earth were not tilted on its axis, there would be 12
daylight hours every day all over the planet. But in fact, the length of a day in
a particular location depends on the latitude and the time of year.

The graph below shows H = f(t), the length of a day in Helsinki, Finland,
t days after January 1, and R = g(¢), the length of a day in Rome. Each is
expressed as the number of hours greater or less than 12. Write a formula for f
in terms of g. What does this formula tell you?

H

5 A
5() i
-5

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan

Answer. f(t) = 2g(t). On any given day, the number of daylight hours varies
from 12 hours about twice as much in Helsinki as it does in Rome.

2.3.4 Section Summary

2.3.4.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e Transformation e Vertical compression
e Scale factor

¢ Vertical stretch « Horizontal translation
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2.3.4.2 CONCEPTS

1 Vertical Translations.
Compared with the graph of y = f(x),
1 The graph of y = f(z)+k (k > 0) is shifted upward k units.
2 The graph of y = f(x) — k (k > 0) is shifted downward k

units.

2 Horizontal Translations.

Compared with the graph of y = f(z),
1 The graph of y = f(x +h) (h > 0) is shifted h units to the
left.

2 The graph of y = f(x — h) (h > 0) is shifted h units to the
right.

3 Scale Factors and Reflections.

Compared with the graph of y = f(x), the graph of y = af(x),
where a # 0, is

1 stretched vertically by a factor of |a| if |a|] > 1,
2 compressed vertically by a factor of |a| if 0 < |a|] < 1, and

3 reflected about the z-axis if a < 0.

2.3.4.3 STUDY QUESTIONS

1

3
4

How does a vertical translation affect the formula for a function? Give
an example.

How does a horizontal translation affect the formula for a function? Give
an example.

How does a scale factor affect the formula for a function? Give an example.

How is the graph of y = — f(x) different from the graph of y = f(z)?

2.3.4.4 SKILLS

Practice each skill in the Homework 2.3.5, p. 200 problems listed.

1
2
3

Write formulas for transformations of functions: #1-6, 1922, 35-38
Recognize and sketch translations of the basic graphs: #7-18

Recognize and sketch expansions, compression, and reflections of the basic
graphs: #23-34, 43-50

Identify transformations from tables of values: #3942

Sketch graphs obtained by two or more transformations of a basic graph:
#51-62

Write a formula for a transformation of a graph: #63-76

Interpret transformations of graphs in context: #71-76
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2.3.5 Transformations of Graphs (Homework 2.3)

In Problems 1-6, identify the graph as a translation of a basic function, and
write a formula for the graph.

1. ' 2.

Answer. y=+zx+2

y

~—

-3 /3

Answer. y=2%-1

y

w
b
B rx
=

Answer. y=
x—4

For Problems 7-18,

a Describe how to transform one of the basic graphs to obtain the graph of
the given function.

b Using guidepoints, sketch the basic graph and the graph of the given
function on the same axes. Label the coordinates of three points on the
graph of the given function.

7. flz)=|z|—-2 8. g(x)=(z+1)3 9. g(s)=+s—4

Answer. Answer.
a Translate a Translate
y = |z| by y = /s by
2 units 4 units
down. right.

by b
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10. f(s)=s*+3 1. F(t) = 1. 12. G(t)=vt-2

t2
Answer.

a Translate

13. G(r) = (r+2) 15. H(d)=+Vd—-3

14.
Answer. Answer.
a Translate a Translate
y=13by 2 y = +d by
units left. 3 units

b 7*4 down.

16. h(d)=Vd+5 17. hiv) = ——

Answer.
a Translate
y=—by6
v

units left.

For Problems 19-22, identify the graph as a stretch, compression, or reflection
of a basic function, and write a formula for the graph.

19. , 20.

Answer. A vertical stretch
by a factor of 3: y = —
T

21. 7 22.

Answer. A vertical

compression, the scale factor
1 1,
is—:y=—x

2 Y73

For Problems 23-32,
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a Identify the scale factor for each function and describe how it affects the
graph of the corresponding basic function.

b Using guidepoints, sketch the basic graph and the graph of the given
function on the same axes. Label the coordinates of three points on the
graph of the given function.

1
23. f(z) = g lal
Answer.

a Scale factor
3y =]
is
compressed
vertically
by the scale
factor.

-1
29. g(s) = 733
Answer.

a Scale factor
Fiy=s
is reflected
over the
s-axis and

compressed
vertically
by a factor
of %

24. H(z) = -3|z| 25. h(z>:;2
22

Answer.

a Scale factor
1

2 y=2
is reflected
over the
z-axis and
stretched
vertically
by a factor
of 2.
b —~
27. G(v) = -3\/v 28. F(v) = —-43v
Answer.
a Scale factor
—3;
y=vis
reflected
over the
v-axis and
stretched
vertically
by a factor
of 3.
31. H !
. (I) = 371.
Answer.
a Scale factor
By=731s
compressed
vertically
by the scale
factor.
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In Problems 33 and 34, match each graph with its equation.

33.
f&)

34.

203
f&) f)
-2 L >
2/ 2 7 ‘\i 2
8
(b) ©
f& f&)
4 2
X X
4 4 -4 4
4 -2
(e ®
i f(2) = 3 v flx) =2z
. 3
iv f(z) = o vi f(x) =322
c iv ev
di f iii
f&x) f®
i
4 4 :
I
x i
-2 2 1
{ = x
4 4
(b) ©
f&) f&)
4 — 2
/ -4 \ /4
2 | 2 7 -
(e ®
( 13)2 v @) =243
o
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In Problems 35-38, the graph of a function is shown. Describe each trans-
formation of the graph; then give a formula for each in terms of the original

function.

35.

36.

6
4
2 v =f(x)
-2 2 z\s/ﬁ 10
-2
—4
-6
(a) (b) y
6 6
4 4
2 2
-2 2 6 10 -2 2 0"
-2 -2
—4 —4
-6 -6
(c) (d) y
6 6
4 4 /\/
2 /\ 2
) 2 4 W 10 -2 2 0"
-2 -2
—4 —4
-6 -6
Answer.

a Vertical stretch by a factor of 3: y = 3f(x)

b Reflection about the z-axis: y = —f(x)

¢ Translation 1 unit right: y = f(xz — 1)

d Translation 4 units up: y = f(z) +4
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(a) y

(c) y

37.

(b)

(@)

205
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4
2 T=h()
v
-4 =2 4.6
-2
4
—6
(a) (b)
6 6
4 4
2 2
v
-4 =2 6 -4 =2
-2 -2
—4 —4
-6 -6
(c) (@
6 6
41/ \ 4
2
v 4
-4 =2 4.6 R EEY)
-2 -2
—4 —4

Answer.

a Reflection about the v-axis and vertical stretch by a factor of 2:

T = —2h(v)

b Vertical stretch by a factor of 3: T' = 3h(v)

¢ Translation 3 units up: 7' = h(v) + 3

d Translation 3 units left: T'= h(v + 3)

38.
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(a)

()

@ v

207

In Problems 39-42, each table in parts (a)—(d) describes a transformation of
f(z). Identify the transformation and write a formula for the new function in

terms of f.
39.
a
b
c
d
Answer.

a Translation 2 units up: y = f(z) + 2

T 1 2 3 ) 6
f(z) 6 4 0 2

1 2 3 4 5 6

10 8 6 4 2 4

1 2 3 4 5 6

2 0 -2 —4 -2

1 2 3 4 5 6

3 2 1 0 1

1 2 3 4 5 6

10 8 6 4 2 0

b Translation 4 units down: y = f(z) — 4

¢ Vertical compression by a factor of %: y= % f(x)

d Translation 1 unit right: y = f(x — 1)
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40.
T -3 -2 -1 0 1 2
f(x) 13 3 -3 -5 | =3 3
. e -3 -2 -1] 0 [ 12
y | —26 —6 6 10 6 —6
b e -3 —2 ] -1] 0 [ 12
Yy 18 8 2 0 8
. 3] 2 —1 o0 172
y| -3 -5 -3 3 13 27
d c] -3 2] -1 0 [ 1 [ 2
y | 2.6 0.6 —-06 | -1 | —0.6 | 0.6
41.
T -2 -1 0 1 3
f@) | =9 | =8 | -7 | =6 ] 1 | 20
o c | 2 [ -1 o[ 1] 273
y | 34| 9 | 8| 7| 6| 1
b c | 2 [ -1 [ o[ 1] 273
Y —4 21 22 23 24 31
. c | 2 [ -1 o[ 1] 273
Y 18 16 14 12 -2 —40
d c | 2 [ -1 o[ 1] 273
y 8 6 4 ~12 | =50
Answer.
a Translation 1 unit right: y = f(z — 1)
b Part (a) is translated 30 units up: y = f(x — 1) 4+ 30
¢ f is reflected about the x-axis and stretched vertically by a factor
of 2: y=—-2f(x)
d Part (c) is translated 10 units down: y = —2f(z) — 10
42.

z 1 2 3 4 5 6
f)y| 60 | 30 [ 20 | 15 | 12 | 10

x 1 2 3 4 5 6
y | 30 15 10 7.5 6 5

b s 1 [ 2 [ 3 [ 4]5 6
y| 35 [ 20 | 15 [125] 11 | 10

T 1 2 3 4 5 6
y | —12 | —6 —4 -3 | —24 | -2

d e 1 [ 2 [ 3[4 ] 56
10 4 2] 114 0
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For Problems 43-50, write the function in the form y = kf(x), where f(x) is
one of the basic functions. Describe how the graph differs from that of the
basic function.

1 o s 1
A 2 Answer. dx
nswer.
1 1 y =2z
. - 2 22 is a
15 a vertical
vertical stretch
compres- with factor
sion with 9 of
factor y = .
dfracl2 of
1
y= 2
=\= = | — 50. = |—
Answer. 48. y <2> 49. y <2> y 5
y =3l is Answer.
a vertical 5.
= —z°is
stretch Y 8" 1
with factor a vertica
3 of compres-
y = |z| sion with
factor — of
8
y = 25,

For Problems 51-62,

a The graph of each function can be obtained from one of the basic graphs
by two or more transformations. Describe the transformations.

b Sketch the basic graph and the graph of the given function by hand on
the same axes. Label the coordinates of three points on the graph of the
given function.

51. f(z) =2+ (x — 3)? 52. f(z)=(z+4)?+1
Answer.

a Translation by 2 units
up and 3 units right

b
53 (z)—i—?) 54 (z)—i—kl
CIEE S
Answer.

a Translation by 2 units
left and 3 units down.
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55. F(u)=-3vVu+4+4 56. F(u)=4vu—3-5
Answer.

a Reflection across the
u-axis, vertical stretch
by a factor of 3,
translation by 4 units
left and 4 units up

b
57. G(t)=2|t—5] -1 58. G(t)=2—|t+4]
Answer.

a Vertical stretch by a
factor of 2, translation
by 5 units right and 1

down
b z - 7.3)
59 H(w)—G—L 60 H(w)—L—l
) N (w—1)2 ’  (w+2)2
Answer.

a Reflection across the
w-axis, vertical stretch
by a factor of 2,
translation by 6 units up
and 1 unit right

b
61. f(t)y=+t—-8-1 62. f(t)=vt+1+8
Answer.

a Translation by 8 units
right and 1 unit down

In Problems 63 and 64, each graph can be obtained by two transformations of
the given graph. Describe the transformations and write a formula for the new
graph in terms of f.

63.
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10 10
5 y=fx) 5 /\

2 4 6 t 2 4
Answer.

a Translation by 4 units up and 1 unit right: y = f(z — 1) + 4

b Vertical stretch by a factor of 2 and a translation by 4 units up:

y=2f(x)+4
64.
Y @
10 15
s 10
y=fx)
/\ 5
/=
1 2 3

For Problems 65-70,

a Describe the graph as a transformation of a basic function.

b Give an equation for the function shown.

65. 66.
y
5 /
s s 0"
(-1,-2)
Answer.

a y = |x| translated by 1
unit left and 2 units
down

by=|z+1/-2
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67. 68.

I 5 o= 1,1

Answer.

a y = /x reflected about
the z-axis and shifted 3
units up

by=-vz+3
69. 70.

[
P

Bl

—
Z
——
I————

S

e

————— -]

Answer.

a y = 22 translated by 3
units right and 1 unit up

by=(@x-3)3+1

71.
The graph of f(z) shows the num-
ber of students in Professor Hilbert’s
class who scored x points on a quiz.

Write a formula for each transforma- S
tion. Explain how the quiz results
given in (a) and (b) compare to the

results in Professor Hilbert’s class. 20 40 60 80 100

(@ (b)

SN x

20 40 60 80 100 20 40 60 80 100

Answer.

a y = f(z —20): Students scored 20 points higher than Professor
Hilbert’s class.

b y = 1.5f(x): The class is about 50% larger than Hilbert’s, but the
classes scored the same.

72.



SECTION 2.3. TRANSFORMATIONS OF GRAPHS

73.

74.

The graph of f(z) shows the number
of men at Tyler College who are x
inches tall. Write a formula for each
transformation of f ; then explain
how the heights in that population
compare to the Tyler College men.

213

40

() (b)

40 60 70 80

The graph of f(x) shows the Califor-
nia state income tax rate, in percent,
for a single taxpayer whose annual
taxable income is x dollars. Write a
formula for each transformation of f;
then explain what it tells you about
the income tax scheme in that state.

() (b)

10

25,000 50,000

Answer.

10

60 70 80
Sx)
25,000 50,000
25,000 50,000

a y = f(x —5000): Taxpayers earn $5000 more than Californians in

each tax rate

b y = f(z) — 0.2: Taxpayers pay 0.2% less tax than Californians on

the same income.

The graph of f(w) shows the ship-
ping rate at Sendlt for a package that
weighs w pounds. Write a formula for
each transformation of f and explain
how the shipping rates compare to
the rates at Sendlt.

10

10 20 30 40 50 60
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75.

76.

CHAPTER 2. MODELING WITH FUNCTIONS

(a)

w
10 20 30 40 50 60

The graph of g(t) shows the popula-
tion of marmots in a national park
t months after January 1. Write a
formula for each transformation of g
and explain how the population of
that species compares to the popula-
tion of marmots.

(a)

100

Answer.

100

(b)

10 —
5
w
10 20 30 40 50 60
8(0)
t
6 12 18 24
100
50

a y = g(t+ 2): This population has its maximum and minimum two

months before the marmots.

b y = g(t) — 20: This population remains 20 fewer than that of the

marmots.

The graph of f(x) is a dose-response
curve. It shows the intensity of the
response to a drug as a function of
the dosage = milligrams administered.
The intensity is given as a percentage
of the maximum response. Write a
formula for each transformation of f
and explain what it tells you about
the response to that drug
@ 00
80
60
40
20

200 400

100
80
60
40 Sfx)
0 /
200 400 *
® 00
80
60
40
20
200 400 *
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2.4 Functions as Mathematical Models

2.4.1 The Shape of the Graph

Creating a good model for a situation often begins with deciding what kind
of function to use. An appropriate model can depend on very qualitative
considerations, such as the general shape of the graph. What sort of function
has the right shape to describe the process we want to model? Should it be
increasing or decreasing, or some combination of both? Is the slope constant or
is it changing?

In Examples 2.4.1, p. 215 and 2.4.3, p. 216, we investigate how the shape of
a graph illustrates the nature of the process it models.

Example 2.4.1 Forrest leaves his house to go to school. For each of the
following situations, sketch a possible graph of Forrest’s distance from home as
a function of time.

a Forrest walks at a constant speed until he reaches the bus stop.

b Forrest walks at a constant speed until he reaches the bus stop; then he
waits there until the bus arrives.

¢ Forrest walks at a constant speed until he reaches the bus stop, waits
there until the bus arrives, and then the bus drives him to school at a
constant speed.

Solution.

a The graph is a straight-line segment, as shown in figure (a). It begins at
the origin because at the instant Forrest leaves the house, his distance
from home is 0. (In other words, when ¢ = 0,y = 0.) The graph is a
straight line because Forrest has a constant speed. The slope of the line
is equal to Forrest’s walking speed.

Q (o} o
g g =
S S S
£ £ £
g g £
S S S
& & &
(5] Q 5%
Q Q Q
=1 = =
g S 8
2 2 @
A A A
Time elapsed Time elapsed Time elapsed

(a) (b) (c)

b The graph begins like the graph in part (a). But while Forrest waits for
the bus, his distance from home remains constant, so the graph at that
time is a horizontal line, as shown in figure (b). The line has slope 0
because while Forrest is waiting for the bus, his speed is 0.

¢ The graph begins like the graph in part (b). The last section of the graph
represents the bus ride. It has a constant slope because the bus is moving
at a constant speed. Because the bus (probably) moves faster than Forrest
walks, the slope of this segment is greater than the slope for the walking
section. The graph is shown in figure (c).

O

Checkpoint 2.4.2 Erin walks from her home to a convenience store, where
she buys some cat food, and then walks back home. Sketch a possible graph of
her distance from home as a function of time.
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Answer.

Distance from home

Time

The graphs in Example 2.4.1, p. 215 are piecewise linear, because Forrest
traveled at a constant rate in each segment. In addition to choosing a graph
that is increasing, decreasing, or constant to model a process, we can consider
graphs that bend upward or downward. The bend is called the concavity of
the graph.

Example 2.4.3 The two functions described in this example are both increasing
functions, but they increase in different ways. Match each function to its graph
and to the appropriate table of values.

a The number of flu cases reported at an urban medical center during an
epidemic is an increasing function of time, and it is growing at a faster
and faster rate.

b The temperature of a potato placed in a hot oven increases rapidly at
first, then more slowly as it approaches the temperature of the oven.

(fefo2T5 [0 o2 T5 Tl
/ y | 70 | 89 | 123 | 217 | 383 / y | 70 | 219 | 341 | 419 | 441
500 600
0 20 0 20
A) (B)
Solution.

a The number of flu cases is described by graph(A) and table (1). The
function values in table (1) increase at an increasing rate. We can see
this by computing the rate of change over successive time intervals.

Ay 123-170
f— t P— : :7:7:1.
r=0tox =5 m - 50 0.6
Ay 217 — 123
r=5tox 0 m - 10=5 8.8
z=10toz =15 _ Ay 3832207 40

"= Az T 15-10

The increasing rates can be seen inthe figure below; the graph bends
upward as the slopes increase.
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y

300

200

b The temperature of the potato is described by graph(B) and table (2).
The function values in table (2) increase, but at a decreasing rate.

Ay 341 -70
=0tox=5: =2 =2 549
X ox m Al‘ 50

Ay 419-341

_ 2y _ —15.
"= Az T T10-5 50

r=5toxrx=10:

Ay 441 -419

:1 :1 : :7_7—4.4
T 0tox 5 m Ax 5-10

The decreasing slopes can be seen in the figure below. The graph is
increasing but bends downward.

400 1
300

200

O

Checkpoint 2.4.4 Francine bought a cup of cocoa at the cafeteria. The cocoa
cooled off rapidly at first, and then gradually approached room temperature.
Which graph more accurately reflects the temperature of the cocoa as a function
of time? Explain why. Is the graph you chose concave up or concave down?

T T

(a) (b)

Answer. (a): The graph has a steep negative slope at first, corresponding to
an initial rapid drop in the temperature of the cocoa. The graph becomes closer
to a horizontal line, corresponding to the cocoa approaching room temperature.
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The graph is concave up.

2.4.2 Using the Basic Functions as Models

In this section, we consider some situations that can be modeled by the basic
functions. Example 2.4.5, p.218 illustrates an application of the function

f(@) = V.

Example 2.4.5 The speed of sound is a function of the temperature of the air
in kelvins. (The temperature, T', in kelvins is given by T' = C' + 273, where C
is the temperature in degrees Celsius.) The table shows the speed of sound, s,
in meters per second, at various temperatures, T'.

T (°K) 0] 20 50 100 200 400
T (m/sec) | 0 | 89.7 | 141.8 | 200.6 | 283.7 | 401.2

a Plot the data to obtain a graph. Which of the basic functions does your
graph most resemble?

b Find a value of k so that s = kf(T) fits the data.

¢ On a summer night when the temperature is 20° Celsius, you see a flash
of lightning, and 6 seconds later you hear the thunderclap. Use your
function to estimate your distance from the thunderstorm.

Solution.

a The graph of the data is shown below. The shape of the graph reminds
us of the square root function, y = /.

S

400 »

w
(=3
(=}
N
N

200 ¢

Speed of sound
N

100

100 200 300 400 T

Temperature (°K)

b We are looking for a value of k so that the function f(T) = kv/T fits the
data. We substitute one of the data points into the formula and solve for
k. If we choose the point (100,200.6), we obtain

200.6 = k£v100

and solving for k yields & = 20.06. We can check that the formula
s = 20.06y/T is a good fit for the rest of the data points as well. Thus,
we suggest the function

F(T) = 20.06V/T

as a model for the speed of sound.
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¢ First, we use the model to calculate the speed of sound at a temperature
of 20° Celsius. The Kelvin temperature is

T =204273 =293
so we evaluate s = f(T) for T = 293.
£(293) = 20.06v/293 ~ 343.4

Thus, s is approximately 343.4 meters per second.

The lightning and the thunderclap occur simultaneously, and the speed
of light is so fast (about 30,000,000 meters per second) that we see the
lightning flash as it occurs. So if the sound of the thunderclap takes 6
seconds after the flash to reach us, we can use our calculated speed of
sound to find our distance from the storm.

distance = speed X time
= (343.4 m/sec)(6 sec) = 2060.4 meters

The thunderstorm is 2060 meters, or about 1.3 miles, away.

O

Checkpoint 2.4.6 The ultraviolet index (UVI) is issued by the National
Weather Service as a forecast of the amount of ultraviolet radiation expected to
reach Earth around noon on a given day. The data show how much exposure
to the sun people can take before risking sunburn.

UVI 2 3 4 | 5| 6 8 10 | 12

Minutes to burn

30 | 20 |16 |12 | 10| 7.5 | 6 | ©

(more sensitive)

Minutes to burn | /0|06 | 75 | 60 | 50 | 37.5 | 30 | 25

(more sensitive)

a Plot m, the minutes to burn, against u, the UVI, to obtain two graphs,
one for people who are more sensitive to sunburn, and another for people
less sensitive to sunburn. Which of the basic functions do your graphs
most resemble?

b For each graph, find a value of k so that m = kf(u) fits the data.

Answer.
m

300

a 200

100

u
6 12
1

The graphs resemble f(z) = —.
x

b More sensitive: k = 60, Less sensitive: k = 300

At this point, a word of caution is in order. There is more to choosing a
model than finding a curve that fits the data. A model based purely on the
data is called an empirical model. However, many functions have similar
shapes over small intervals of their input variables, and there may be several
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candidates that model the data. Such a model simply describes the general
shape of the data set; the parameters of the model do not necessarily correspond
to any actual process.

In contrast, mechanistic models provide insight into the biological, chem-
ical, or physical process that is thought to govern the phenomenon under study.
Parameters derived from mechanistic models are quantitative estimates of real
system properties. Here is what GraphPad Software has to say about modeling:

"Choosing a model is a scientific decision. You should base your choice on
your understanding of chemistry or physiology (or genetics, etc.). The choice
should not be based solely on the shape of the graph.

"Some programs . . . automatically fit data to hundreds or thousands of
equations and then present you with the equation(s) that fit the data best.
Using such a program is appealing because it frees you from the need to choose
an equation. The problem is that the program has no understanding of the
scientific context of your experiment. The equations that fit the data best are
unlikely to correspond to scientifically meaningful models. You will not be able
to interpret the best-fit values of the variables, and the results are unlikely to
be useful for data analysis."

(Source: Fitting Models to Biological Data Using Linear and Nonlinear
Regression, Motulsky & Christopoulos, GraphPad Software, 2003)

2.4.3 Modeling with Piecewise Functions

Recall that a piecewise function is defined by different formulas on different
portions of the z-axis.

Example 2.4.7 In 2005, the income tax T'(z) for a single taxpayer with a
taxable income z under $150,000 was given by the following table.

If taxpayer’s income is... Then the estimated tax is...
Over But not over Base tax | +Rate | Of the amount over
$0 $7300 $0 10% $0
$7300 $29,700 $730 15% $7300
$29,700 $71,950 $4090 25% $29,700
$71,950 $150,150 $14,652.50 28% $71,950

a Calculate the tax on incomes of $500, $29,700, and $40,000.
b Write a piecewise function for T'(x).

¢ Graph the function T'(x).
Solution.
a An income of z = 500 is in the first tax bracket, so the tax is
T(500) = 0+ 0.10(500) = 50

The income x = 29, 700 is just on the upper edge of the second tax bracket.
The amount over $7300 is $29,700 - $7300, so

T(29,700) = 730 + 0.15(29, 700 — 7300) = 4090
The income x = 40,000 is in the third bracket, so the tax is

T(40,000) = 4090 + 0.25(40, 000 — 29, 700) = 6665
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b The first two columns of the table give the tax brackets, or the z-intervals
on which each piece of the function is defined. In each bracket, the tax
T'(z) is given by

Base tax + Rate - (Amount over bracket base)
For example, the tax in the second bracket is
T(x) = 730 + 0.15(z — 7300)

Writing the formulas for each of the four tax brackets gives us

0.10z 0 <z <7300
T(z) = 730 + 0.15(z — 7300) 7300 < x < 29,700
4090 + 0.25(z — 29, 700) 29,700 < z < 71,950

14,652.50 + 0.28(z — 71,950) 71,950 < x < 150, 150

¢ The graph of T is piecewise linear.

o The first piece starts at the origin and has slope 0.10.

o The second piece is in point-slope form, y = y1 + m(z — x1), so it
has slope 0.15 and passes through the point (7300, 730).

o Similarly, the third piece has slope 0.25 and passes through (29, 700, 40, 490).
o The fourth piece has slope 0.28 and passes through (71,950, 14,652.5).

You can check that for this function, all four pieces are connected at their
endpoints, as shown below.

T
20

10

50 100
O

Checkpoint 2.4.8 As part of a water conservation program, the utilities
commission in Arid, New Mexico, establishes a two-tier system of monthly
billing for residential water usage: The commission charges a $30 service fee
plus $2 per hundred cubic feet (HCF) of water if you use 50 HCF or less, and a
$50 service fee plus $3 per HCF of water if you use over 50 HCF (1 HCF of
water is about 750 gallons).

a Write a piecewise formula for the water bill, B(w), as a function of the

amount of water used, w, in HCF.

b Graph the function B.
Answer.

30+2w 0<w<50

a B(w) =
(w) 50+ 3w w > 50
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B
300
200 /
b
100
w
50 100

2.4.4 Section Summary

2.4.4.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e Increasing ¢ Concave up o Empirical model

e Decreasing ¢ Concave down e Mechanistic model

2.4.4.2 CONCEPTS
1 The shape of a graph describes how the output variable changes.

2 A nonlinear graph may be concave up or concave down. If a graph is
concave up, its slope is increasing. If it is concave down, its slope is
decreasing.

3 The basic functions can be used to model physical situations.
4 Some situations can be modeled by piecewise functions

5 Fitting a curve to the data is not enough to produce a useful model;
appropriate scientific principles should also be considered.

2.4.4.3 STUDY QUESTIONS
1 Sketch the graph of a function whose slope is positive and increasing.
2 Sketch the graph of a function whose slope is positive and decreasing.
3 Which basic function is increasing but bending downward?
4 Which basic function is decreasing but bending upward?

5 Why is it bad practice to choose a model purely on the shape of the data
plot?

2.4.4.4 SKILLS
Practice each skill in the Homework 2.4.5, p. 223 problems listed.
1. Sketch a graph whose shape models a situation: #1-18

2. Choose one of the basic graphs to fit a situation or a set of data: #19-24,
35-44

3. Decide whether the graph of a function is increasing or decreasing, concave
up or concave down from a table of values: #2528

4. Write and sketch a piecewise define function to model a situation: #4548



SECTION 2.4. FUNCTIONS AS MATHEMATICAL MODELS 223

2.4.5 Functions as Mathematical Models (Homework 2.4)

In Problems 1-4, which graph best illustrates each of the following situations?

1.

Your pulse rate during an 2. The stopping distances for
aerobics class cars traveling at various
speeds
= ]
o 3 g 8
= = g 5
£ £ Z z
= =
2 g
o o
Time (minutes) Time (minutes) & g-
@ (b) “ i
Speed Speed
Answer. (b) @ ®
Your income in terms of the 4. Your temperature during an
number of hours you worked illness
g g 2 2
g g & &
Time Time
Time (hours) Time (hours) (a) )
(a) (b)

Answer. (a)

In Problems 5-8, sketch graphs to illustrate the following situations

5.

Halfway from your English class to your math class, you realize that
you left your math book in the classroom. You retrieve the book, then
walk to your math class. Graph the distance between you and your
English classroom as a function of time, from the moment you originally
leave the English classroom until you reach the math classroom.

Answer.

t

After you leave your math class, you start off toward your music class.
Halfway there you meet an old friend, so you stop and chat for a while.
Then you continue to the music class. Graph the distance between
you and your math classroom as a function of time, from the moment
you leave the math classroom until you reach the music classroom.

Toni drives from home to meet her friend at the gym, which is halfway
between their homes. They work out together at the gym; then they
both go to the friend’s home for a snack. Finally Toni drives home.
Graph the distance between Toni and her home as a function of time,
from the moment she leaves home until she returns.

Answer.
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While bicycling from home to school, Greg gets a flat tire. He repairs
the tire in just a few minutes but decides to backtrack a few miles to
a service station, where he cleans up. Finally, he bicycles the rest of
the way to school. Graph the distance between Greg and his home as
a function of time, from the moment he leaves home until he arrives

at school.

Choose the graph that depicts the function described in Problems 9 and 10.

9.

Inflation is still rising, but by 10. The price of wheat was rising
less each month. more rapidly in 1996 than at

any time during the previous
decade.
(@ (b)

/‘\

/

1996
(a)
(c) d)

Answer. (b) /

1 E)I‘)()
®)

/

1996
(©

19'96
@

In Problems 11 and 12, match each graph with the function it illustrates.

11.

12.

a The volume of a cylindrical container of constant height as a
function of its radius

b The time it takes to travel a fixed distance as a function of
average speed

¢ The simple interest earned at a given interest rate as a function
of the investment

d The number of Senators present versus the number absent in the
U.S. Senate

I I m v
Answer.
a II b IV cl d III

a Unemployment was falling but is now steady.

b Inflation, which rose slowly until last month, is now rising rapidly.

¢ The birthrate rose steadily until 1990 but is now beginning to

fall.

d The price of gasoline has fallen steadily over the past few months.



SECTION 2.4. FUNCTIONS AS MATHEMATICAL MODELS 225

I I m

Sketch possible graphs to illustrate the situations described in Problems 13-18.

v
13. The height of a man as a function of his age, from birth to adulthood

e

14. The number of people willing to buy a new high-definition television,
as a function of its price

Answer.

15. The height of your head above the ground during a ride on a Ferris
wheel

Answer.

h
I/\/\ .
16. The height above the ground of a rubber ball dropped from the top of

a 10-foot ladder

17. The average age at which women first marry decreased from 1940 to
1960, but it has been increasing since then

Answer.

Q

t

18. When you learn a foreign language, the number of vocabulary words
you know increases slowly at first, then increases more rapidly, and
finally starts to level off.

Each situation in Problems 19-24 can be modeled by a transformation of a
basic function. Name the basic function and sketch a possible graph.

19. The volume of a hot air balloon, as a function of its radius

Answer. y = 23 stretched or compressed vertically

14

r

20. The length of a rectangle as a function of its width, if its area is 24
square feet

21. The time it takes you to travel 600 miles, as a function of your average
speed
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1
Answer. y = — stretched or compressed vertically
x

t

22. The sales tax on a purchase, as a function of its price

23. The width of a square skylight, as a function of its area

Answer. y=/x
—.

24. The sales tax on a purchase, as a function of its price

In Problems 25-28, use the table of values to answer the questions.
a Based on the given values, is the function increasing or decreasing?

b Could the function be concave up, concave down, or linear?

25. 26
T 0] 1 2 3 4 | a 0] 1 2 3 4

fz) | 1] 15 2253375 | 5.0625g(x) | 1| 0.8 | 0.64 | 0.512 | 0.4096

Answer.
a Increasing

b Concave up
27. 28

T 0 1 2 3 41| a 0 1 2 3 4

f(z) | 0] 0.174 | 0.342 | 0.5 | 0.648q(z) | 1 | 0.985 | 0.940 | 0.866 | 0.766

Answer.
a Increasing

b Concave down
In Problems 29-34,

a Is the graph increasing or decreasing, concave up or concave down?

b Match the graph of the function with the graph of its rate of change,
shown in Figures A-F.

A. B. C.




SECTION 2.4. FUNCTIONS AS MATHEMATICAL MODELS

D.

29.

32.

Answer.

a Increasing,
linear
(neither
concave up
nor down)

b C

F.

227

e
B

Answer.

a Increasing,

b F

concave

JEENS

Answer.

a Decreasing,
linear
(neither
concave up
nor down)

b D

For Problems 35-40, plot the data; then decide which of the basic functions
could describe the data.

35.

36
T 0 0.5 1 2 4 0 0.5 2 4
Y 0 | 3.17 5.04 | 6.35 Y 0 | 5.66 11.31 | 16
Answer.
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37.

39.

CHAPTER 2. MODELING WITH FUNCTIONS

38
z |05 ] 1 2 3 4 r |05 ] 1 2 3 4
Y 12 3 1075|033 0.1875]| y 12 6 3 2 | 15
Answer.
1
y=3 3
40.
T 0 0.5 1 2 3 T 0 0.5 1 2 3
Y 0 0.125 | 0.5 2 4.5 Y 0 0.0125 | 0.1 | 0.8 | 2.7
Answer.
y = 0.522

41. Four different functions are described below. Match each description with
the appropriate table of values and with its graph.

. e 123456738

s e tJ2[3[4a[s5[6]7]s

3 x 1 2 3 4 5 6 7 8

s Jef[1]2[3 a5 6] 7]s8

a As a chemical pollutant pours into a lake, its concentration is a func-

tion of time. The concentration of the pollutant initially increases
quite rapidly, but due to the natural mixing and self-cleansing ac-
tion of the lake, the concentration levels off and stabilizes at some
saturation level.

b An overnight express train travels at a constant speed across the

Great Plains. The train’s distance from its point of origin is a
function of time.

¢ The population of a small suburb of a Florida city is a function

of time. The population began increasing rather slowly, but it has
continued to grow at a faster and faster rate.

d The level of production at a manufacturing plant is a function of

capital outlay, that is, the amount of money invested in the plant.
At first, small increases in capital outlay result in large increases in
production, but eventually the investors begin to experience dimin-
ishing returns on their money, so that although production continues
to increase, it is at a disappointingly slow rate.

y | 60 | 72 | 8 | 104 | 124 | 149 | 179 | 215

y | 60 | 8 | 103 | 120 | 134 | 147 | 159 | 169

y | 60 | 120 | 180 | 240 | 300 | 360 | 420 | 480

y | 60 | 96 | 118 | 131 | 138 | 143 | 146 | 147
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Answer.
a Table (4), Graph (C) ¢ Table (1), Graph (D)
b Table (3), Graph (B) d Table (2), Graph (A)

42. Four different functions are described below. Match each description with
the appropriate table of values and with its graph.

a Fresh water flowing through Crystal Lake has gradually reduced the
phosphate concentration to its natural level, and it is now stable.

b The number of bacteria in a person during the course of an illness is
a function of time. It increases rapidly at first, then decreases slowly
as the patient recovers.

¢ A squirrel drops a pine cone from the top of a California redwood.
The height of the pine cone is a function of time, decreasing ever
more rapidly as gravity accelerates its descent.

d Enrollment in Ginny’s Weight Reduction program is a function of
time. It began declining last fall. After the holidays, enrollment
stabilized for a while but soon began to fall off again.

] z | 0] 1 [2]3]4
y | 160 [ 144 [ 96 | 16 | 0

5 c[o[1[27]3]4
y | 20 [ 560 | 230 | 90 | 30

3 c [ o[ 1] 2374
y | 480 [ 340 | 240 [ 160 | 120

x
y | 250 | 180 | 170 | 150 | 80

43. The table shows the radii, r, of several gold coins, in centimeters, and their
value, v, in dollars.
Radius | 0.5 1 1.5 2 2.5

Value 200 | 800 | 1800 | 3200 | 5000

a Which graph represents the data?

e UL

b Which equation describes the function?
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Answer.

a III b 3

44. The table shows how the amount of water, A, flowing past a point on a
river is related to the width, W, of the river at that point.

Width (feet) 11 | 23 | 34 | 46

Amount of water

(6% /sec)

23 | 34 | 41 | 47

a Which graph represents the data?

L UL

m v

b Which equation describes the function?
1A = 2 A=kW 3A=kW? 4 ,_k
kEvVW W

45. If you order from Coldwater Creek, the shipping charges are given by the
following table.

Purchase Shipping
amount charge
Up to $25 $5.95
$25.01 to $50 $7.95
$50.01 to $75 $9.95
$75.01 to $100 | $10.95

a Write a piecewise formula for S(z), the shipping charge as a function
of the purchase amount, x.

b Graph S(z).

Answer.
595 <25
. 2 <
a S(z) = 7.95 5<x <50
995 H0<x <75
10.95 75 <x <100
b
y
12
Or—r®
8 Or——e
4
50 100 "

46. The Bopp-Busch Tool and Die Company markets its products to individ-
uals, to contractors, and to wholesale distributors. The company offers
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three different price structures for its toggle bolts. If you order 20 or fewer
boxes, the price is $2.50 each. If you order more than 20 but no more than
50 boxes, the price is $2.25 each. If you order more than 50 boxes, the
price is $2.10 each.

a Write a piecewise formula for C'(x), the cost of ordering x boxes of
toggle bolts.
b Graph C(z).

47. Bob goes skydiving on his birthday. The function h(t) approximates Bob’s
altitude t seconds into the trip.

25t 0 <t < 400

10,000 400 < t < 500
10,000 — 16(t — 500)2 500 < ¢ < 520
3600 — 120(t — 520) 520 < ¢ < 550

h(t) =

a Graph h(t). Describe what you think is happening during each piece
of the graph.

b Find two times when Bob is at an altitude of 6000 feet.

Answer.

10000
8000
6000
4000
2000

t
100 200 300 400 500

During the first 400 seconds Bob’s altitude is climbing with the
aircraft; then the aircraft maintains a constant altitude of 10,000 feet
for the next 100 seconds; after jumping from the plane, Bob falls for
20 seconds before opening the parachute; he falls at a constant rate
after the chute opens.

b 240 seconds (4 minutes) and 500 + /250 ~ 515.8

48. Jenni lives in the San Fernando Valley, where it is hot during summer days
but cools down at night. Jenni the air conditioner as little as possible.
The function T'(h) approximates the temperature in Jenni’s house h hours
after midnight.

65 0<h<8
25+5h  8<h<l4

T(h) = &:0—65 14<h<16
75 16 < h < 20
125 —25h 20<h <24

a Graph T'(h). Describe what you think is happening during each
piece of the graph.

b Find two times when the temperature inside the house is 85° Fahren-
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heit.

49. Lead nitrate and potassium iodide react in solution to produce lead iodide,
which settles out, or precipitates, as a yellow solid at the bottom of the
container. As you add more lead nitrate to the solution, more lead iodide
is produced until all the potassium iodide is used up. The table shows the
height of the precipitate in the container as a function of the amount of
lead nitrate added. (Source: Hunt and Sykes, 1984)

Lead nitrate

. 0510152025 |30]| 35| 4.0
solution (cc)

Height of
precipitate (mm)

28 148|162 |741]195]96|96] 96

a Plot the data. Sketch a piecewise linear function with two parts to
fit the data points

b Calculate the slope of the increasing part of the graph, including
units. What is the significance of the slope?

¢ Write a formula for your piecewise function.

d Interpret your graph in the context of the problem.

Answer.

a
y

X
2 4
b m ~ 3.2 mm/cc: The height of precipitate increases by 1 mm for
each additional cc of lead nitrate

1344+ 322 <26

¢ f(x) =
(=) 9.6 > 2.6
d The increasing portion of the graph corresponds to the period when
the reaction was occurring, and the horizontal section corresponds
to when the potassium iodide is used up.

50. The graph shows the temperature of 1 gram of water as a function of the
amount of heat applied, in calories. Recall that water freezes at 0°C and
boils at 100°C.

100 /
9
< 50
=
2
E
153
E‘ 200 300400 500 600 700 800
o
=50
-100

Heat applied (calories)



SECTION 2.4. FUNCTIONS AS MATHEMATICAL MODELS 233

a How much heat is required to raise the temperature of 1 gram of
water by 1 degree?

b How much heat is required to convert 1 gram of ice to water?
¢ How much heat is required to convert 1 gram of water to steam?
d Write a piecewise function to describe the graph.

51. As the global population increases, many scientists believe it is approaching,
or has already exceeded, the maximum number the Earth can sustain.
This maximum number, or carrying capacity, depends on the finite natural
resources of the planet -- water, land, air, and materials -- but also on
how people use and preserve the resources. The graphs show four different
ways that a growing population can approach its carrying capacity over

time. (Source: Meadows, Randers, and Meadows, 2004)
P P

1
Carrying /7
capacity /

4

I v

Match each graph to one of the scenarios described in (a)—(d) and
explain your choice.

a Sigmoid growth: The population levels off smoothly below the carry-
ing capacity.

b Overshoot and collapse: The population exceeds the carrying capacity
with severe damage to the resource base and is forced to decline
rapidly to achieve a new balance with a reduced carrying capacity

¢ Continued growth: The carrying capacity is far away, or growing
faster than the population.

d Overshoot and oscillation: The population exceeds the carrying
capacity without inflicting permanent damage, then oscillates around
the limit before leveling off.

Answer.

a II b IV cl d III

52. The introduction of a new species into an environment can affect the
growth of an existing species in various ways. The graphs show four
hypothetical scenarios after Species A is introduced into an environment
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where Species B is established.
P

~

~

v
Match each graph to one of the scenarios described in (a)—(d) and
explain your choice.

a Predator-prey (sustained): Species A becomes a predator population
that grows when its prey, Species B, is abundant, but declines when
the prey population is small. The prey population grows when
predators are scarce but shrinks when predators are abundant.

b Predator-prey (extinction): Species A becomes a predator population
that annihilates Species B, but then Species A itself declines toward
extinction.

¢ Competition: Species A and B have a common food source, and the
Species A replaces Species B in the environment.

d Symbiosis: Species A and B help each other to grow.

53. The Java Stop uses paper cups at a rate of 300 per day. At opening on
Tuesday morning Java Stop has on hand 1200 paper cups. On Friday
mornings Java Stop takes delivery of a week’s worth of cups.

a Write a piecewise function for the number of cups Java Stop has on
hand for one week, starting Tuesday morning.

b Graph the function.

¢ State the domain and range of the function.

2.5 The Absolute Value Function

2.5.1 Introduction

The absolute value function is used to model problems involving distance. Recall
that the absolute value of a number gives the distance from the origin to that
number on the number line.
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Distance and Absolute Value.

The distance between two points = and «a is given by |z — al.

For example, the equation |z — 2| = 6 means "the distance between z and 2
is 6 units." The number x could be to the left or the right of 2 on the number
line. Thus, the equation has two solutions, 8 and —4, as shown below.

Six units Six units
Loy v b by
-5-4 0 2 5 8 10

Example 2.5.1 Write each statement using absolute value notation. Illustrate
the solutions on a number line.

a x is three units from the origin.
b p is two units from 5.

¢ a is within four units of —2.

Solution. First, restate each statement in terms of distance.

a The distance between  and the origin is three units, or |x| = 3. Thus, z
can be 3 or —3.

Three units Three units
A A

-5 -4 3 2 -l

4 5

w e -

o+ <
o

b The distance between p and 5 is two units, or |[p — 5| = 2. If we count
two units on either side of 5, we see that p can be 3 or 7.

Two units Two units
f_A—(_)%

-1 0 1 2 3 4 5 6 7 8 9
¢ The distance between a and —2 is less than four units, or |a - (—2)| < 4,

or |a + 2| < 4. Count four units on either side of —2, to find —6 and 2.
Then a is between —6 and 2, or —6 < a < 2.

Four units Four units
~ A ' A ~N
-7 -6 -5 -4 -3 -2 -1 0 1 2 3

O

Checkpoint 2.5.2 Write each statement using absolute value notation; then
illustrate the solutions on a number line.

a x is five units away from —3.

b z is at least six units away from 4.
Answer.

alr+3/=5

Five units Five units
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blr—4>6

Six units Six units

T G R R A D S S ST .
== ==

4 2 0 2 4 6 8 10 12

2.5.2 Absolute Value Equations
We can use distances on a number line to solve simple equations such as
[3x — 6] =9

First, we factor out the coefficient of z, to get ‘3(30 — 2)} = 9. Because of the
multiplicative property of the absolute value, namely that |ab| = |a||b|, we can
write the left side as

B[]z =2/ =9
3|z —2| =9 Divide both sides by 3.
|z —2| =3

which tells us that the distance between x and 2 is 3 units, so the solutions are
z=—1and z =5.

Alternatively, we can use graphs when work-

ing with absolute values. For example, we y=|x]
know that the simple equation |z| = 5 has \ /
two solutions, = 5 and x = —5. | Ty =k>0
In fact, we can see from the graph at right 4: i

\ 4 A d X

that the equation |z| = k has two solutions
if & > 0, one solution if £ = 0, and no
solution if k < 0.

Example 2.5.3
a Use a graph of y = |3z — 6] to solve the equation |3z — 6| = 9.

b Use a graph of y = |3z — 6] to solve the equation |3z — 6] = —2.

Solution.

y

;\

5

I
I
I
I
I
I
|
I

4

-2

a The graph shows the graphs of y = |32z — 6| and y = 9. We see that there
are two points on the graph of y = |3z — 6| that have y = 9, and those
points have z-coordinates x = —1 and = = 5. We can verify algebraically
that the solutions are —1 and 5.

z=—1: [3(—1)—6|=]-9/=9
z=5 |[3(5)—6|=19=09
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b There are no points on the graph of y = |3z — 6| with y = —2, so the
equation |3z — 6] = —2 has no solutions.

O

Checkpoint 2.5.4
a Graph y = |22+ 7| for =12 <z < 8.

b Use your graph to solve the equation |2z + 7| = 11.
Answer.

Y bz=9orz=2

T T 7
y=1[22+7

hY

[
]
*- T

-8 §
|

To solve an absolute value equation algebraically, we use the definition of
absolute value.

Example 2.5.5 Solve the equation |3z — 6| = 9 algebraically.

Solution. We write the piecewise definition of |3z — 6|.

3x—6 if 3t —6>0,or x >2

|3z — 6] =
—(Bx—6) if3x—6<0,0orx<?2

Thus, the absolute value equation |3z — 6] = 9 is equivalent to two regular

equations:
3r—6=9 or —(3x—6)=9

or, by simplifying the second equation,
3r—6=9 or 3r—-6=-9

Solving these two equations gives us the same solutions we found in Exam-
ple 2.5.3, p. 236, namely x =5 and —1. (I

In general, we have the following strategy for solving absolute value equa-
tions.

r

Absolute Value Equations.

The equation
lax + b = ¢ (c>0)

is equivalent to
ar+b=c or ar+b=—c

Checkpoint 2.5.6 Solve |2z + 7| = 11 algebraically.

Answer. z=-9orz =2
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2.5.3 Absolute Value Inequalities

We can also use graphs to solve absolute value inequalities. Look again at the
graph of y = |3z — 6] in figure (a) below.

y y

\O y= ‘3)«'76‘
)’_9\
I
I
|

s

W

|
|
|
|
|
|
-

N mmmm -5

(a) (b)

Because of the V-shape of the graph, all points with y-values less than 9
lie between the two solutions of |3z — 6] = 9 , that is, between —1 and 5.
Thus, the solutions of the inequality |3z —6] <9 are —1 < z < 5. (In the
Homework Problems, you will be asked to show this algebraically.)

On the other hand, to solve the inequality |3z — 6] > 9 , we look for points
on the graph with y-values greater than 9. In figure (b), we see that these
points have z-values outside the interval between —1 and 5. In other words,
the solutions of the inequality |3z —6| >9 are z < —1 or z > 5.

Thus, we can solve an absolute value inequality by first solving the related
equation.

Absolute Value Inequalities.

Suppose the solutions of the equation |az 4+ b| = ¢ are r and s, with
r < s. Then

1. The solutions of |az +b| < ¢ are

r<r<s

2. The solutions of |ax 4 b| > ¢ are

r<r or xT>S8

Example 2.5.7 Solve |4z — 15| < 0.01

Solution. First, we solve the equation |4x — 15| = 0.01. There are two cases:

4z — 15 =10.01 or 4x —15=-0.01
4x = 15.01 4r = 14.99
x = 3.7525 x = 3.7475
Because the inequality symbol is <, the solutions of the inequality are between

these two values: 3.7475 < x < 3.7525. In interval notation, the solutions are
(3.7475,3.7525). O

Checkpoint 2.5.8
a Solve the inequality |2z + 7] < 11

b Solve the inequality |2z + 7| > 11
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Answer.

a (—9,2) b (—00,—9) U (2,00)

2.5.4 Using the Absolute Value in Modeling

In the next Example, we use the absolute value function to model a problem
about distances.

Example 2.5.9 Marlene is driving to a new outlet mall on Highway 17. There
is a gas station at Marlene’s on-ramp, where she buys gas and resets her
odometer to zero before getting on the highway. The mall is only 15 miles from
Marlene’s on-ramp, but she mistakenly drives past the mall and continues down
the highway. Marlene’s distance from the mall is a function of how far she has
driven on Highway 17.

/ | : | Marlene
[t 15 miles | -
|| FEm _omm.
]
Gas station Mall

a Make a table of values showing how far Marlene has driven on Highway
17 and how far she is from the mall.

b Make a graph of Marlene’s distance from the mall versus the number of
miles she has driven on the highway. Which of the basic graphs from
Section 2.2 does your graph most resemble?

¢ Find a piecewise defined formula that describes Marlene’s distance from
the mall as a function of the distance she has driven on the highway.

Solution.

a Marlene gets closer to the mall for each mile that she has driven on the
highway until she has driven 15 miles, and after that she gets farther from
the mall.

Miles on highway | 0 5 | 10 | 15 | 20 | 25 | 30
Miles from mall | 15 | 10 | 5 0 5 110 | 15

b We plot the points in the table to obtain the graph shown below. This
graph looks like the absolute value function defined in Section 2.2, p. 170,
except that the vertex is the point (15,0) instead of the origin.

y
= 15
=
£ 10
2
S
3 5
= x
10 20 30
Miles on highway

¢ Let z represent the number of miles on the highway and f(z) the number
of miles from the mall. For z-values less than 15, the graph is a straight
line with slope —1 and y-intercept at (0, 15), so its equation is y = —x+15.
Thus,
flz)=—2+4+15 when 0<z<15
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On the other hand, when x > 15, the graph of f is a straight line with
slope 1 that passes through the point (15, 0). The point-slope form of this
line is

y=0+ 1(z — 15)

so y = x — 15. Thus,
f(z)=2—-15 when z2>15

Combining the two pieces, we obtain

—x + 15 when 0<x<15
r—15 when z>15

fz) =

The graph of f(z) is a part of the graph of y = |x — 15|. If we think of
the highway as a portion of the real number line, with Marlene’s on-ramp
located at the origin, then the outlet mall is located at 15. Marlene’s
coordinate as she drives along the highway is x, and the distance from
Marlene to the mall is given by f(z) = |z — 15]|.

O
Checkpoint 2.5.10

a Use the graph in Example 2.5.9, p. 239 to determine how far Marlene has
driven when she is within 5 miles of the mall. Write and solve an absolute
value inequality to verify your answer.

b Write and solve an absolute value inequality to determine how far Marlene
has driven when she is at least 10 miles from the mall.

Answer.

ar—15]<5; 10<z <20

Miles from mall

\ \

10 20 30
Miles on highway

cr
B}

—15|/>10; <5 or = >25

Miles from mall

10 20 30
Miles on highway

2.5.5 Measurement Error

If you weigh a sample in chemistry lab, the scale’s digital readout might show
6.0 grams. But it is unlikely that the sample weighs ezactly 6 grams; there is
always some error in measured values.
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Because the scale shows the weight as 6.0 grams, we know that the true
weight of the sample must be between 5.95 grams and 6.05 grams: If the weight
were less than 5.95 grams, the scale would round down to 5.9 grams, and if the
weight were more than 6.05 grams, the scale would round up to 6.1 grams. We
should report the mass of the sample as 6 £ 0.05 grams, which tells the reader
that the error in the measurement is no more than 0.05 grams.

We can also describe this measurement error, or error tolerance, using an
absolute value inequality. Because the measured mass m can be no more than
0.05 from 6, we write

|m — 6] < 0.05

Note that the solution of this inequality is 5.95 < m < 6.05.
Example 2.5.11

a The specifications for a computer chip state that its thickness in millime-
ters must satisfy |t — 0.023] < 0.001. What are the acceptable values for
the thickness of the chip?

b The safe dosage of a new drug is between 250 and 450 milligrams, inclusive.
Write the safe dosage as an error tolerance involving absolute values.

Solution.

a The error tolerance can also be stated as t = 0.023 4+ 0.001 millimeters,
so the acceptable values are between 0.022 and 0.024 millimeters.

b The safe dosage d satisfies 250 < d < 450, as shown below.

100 100
—
N T T T S N T T T S M A T B
100 200 300 400 500

The center of this interval is 350, and the endpoints are each 100 units
from the center. Thus, the safe values are within 100 units of 350, or

|d — 350] < 100

O

Checkpoint 2.5.12 The temperature, T, in a laboratory must remain between
9°C and 12°C.

a Write the error tolerance as an absolute value inequality.

b For a special experiment, the temperature in degrees celsius must satisfy
|T — 6.7|] < 0.03. Give the interval of possible temperatures.

Answer.
a |T—10.5] < 1.5 b 6.67<T <6.73

2.5.6 Section Summary

2.5.6.1 Vocabulary

Look up the definitions of new terms in the Glossary.
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o Absolute value equation e Error tolerance

e Absolute value inequality

2.5.6.2 CONCEPTS

1 The absolute value is used to model distance: The distance between two
points  and a is given by |z — al.

2 Absolute Value Equations.

The equation
lax 4+ b = ¢ (¢>0)

is equivalent to

ar+b=c¢c or ar+b=—c

3 Absolute Value Inequalities.

Suppose the solutions of the equation |ax 4+ b| = ¢ are r and s,
with r < s. Then

(a) The solutions of |azx + b| < ¢ are

r<r<s

(b) The solutions of |ax + b| > ¢ are

r<<r or x>s

J

4 The error tolerance e in a measurement M can be expressed as
|z — M| < e, or as x = M + e. Both indicate that M —e <z < M +e.

2.5.6.3 STUDY QUESTIONS

1 Write a function that models the distance between x and a fixed point &
on the number line.

2 For what values of ¢ does the equation |ax + b| = ¢ have one solution?
No solution?

3 If you know that the solutions of |ax + b| < ¢ are —3 < x < 6, what are
the solutions of |ax + b| > ¢?

4 What is the center of the interval [220, 238]?

5 What is the center of the interval [a, b]?

2.5.6.4 SKILLS

Practice each skill in the Homework 2.5.7, p. 243 problems listed.
1 Use absolute value notation to write statements about distance: #1-8
2 Use graphs to solve absolute value equations and inequalities: #9-12
3 Solve absolute value equations: #13-24

4 Solve absolute value inequalities: #25-40
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5 Express error tolerances using absolute value notation: #41-48
6 Analyze absolute value functions: #49-56

7 Model problems about distance using the absolute value function: #57-60

2.5.7 The Absolute Value Function (Homework 2.5)

In Problems 1-8,

a Use absolute value notation to write each expression as an equation or
an inequality. (It may be helpful to restate each sentence using the word
distance.)

b Illustrate the solutions on a number line.
1. x is six units from the origin.

Answer.
a |z =6
b +— e+ttt
-6 4 -2 0 2 4 6
2. a is seven units from the origin.
3. The distance from p to —3 is five units.
Answer.
alp+3/=5
b +— 111
8 6 -4 2 0 2 4
The distance from ¢ to —7 is two units.
5. tis within three units of 6.

Answer.
a|t—6] <3

b F———

4
6. w is no more than one unit from —5.
7. bis at least 0.5 unit from —1.

Answer.
alb+1]>05

b Pttt
-3 -2 -1 0 1
8. m is more than 0.1 unit from 8.
9. Graph y = |z + 3|. Use your graph to solve the following equations and
inequalities.
alr+3 =2 b lz+3] <4 clr+3[>5

Answer.

—4 2
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ar=-Horx=-—1
b -7<x<1

cr<-—-8orx>2

10. Graph y = |z — 2|. Use your graph to solve the following equations and
inequalities.
alr—2/=5 b jxr—2]<8 cle—2>4
11. Graph y = |22 — 8|. Use your graph to solve the following equations and
inequalities.
a|2¢—8/=0 b |22 — 8| = -2 c |2z -8/ < —6

Answer.

ar=4
b No solution

¢ No solution

12. Graph y = |4z + 8|. Use your graph to solve the following equations and
inequalities.
a |4z +8/ =0 b |4z + 8| <0 ¢ [4z+8| > -3

For Problems 13-24, solve.

13. 2z —1]=4 14. 3z —1|=5 15. 0= |7+ 3q|
Answer. 5 Answer.
xr = 7 or r = 5 q= ?
16. |-11-5¢ =0 17, 4:|b—i—2| 18. 6|n+2[=9
3
Answer.
b= —14 or
b=10
19. [2(w-17)[=1 20, 9 — a—4’ 21. [c—2[+3=1
Answer 5 Answer. No
w = 13 or solution
2
_ 15
YT
22. 5=4—|h+3| 23. —7=|2m+ 3| 24. |5r—3|=-2
Answer. No
solution
For Problems 25-36, solve.
25. |20 +6] <3 26. [5—3z| <1 27. 7<|3-—2d|
Answer. Answer.
;<£L'<; dS72Ord25

2 2
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28. 10 < |3r + 2 29. |6s+ 15| > —3 30. [8b—12| < —4
Answer. All
real numbers
31. |[t—1.5/<0.1 32. |z—2.6/<0.1 33. |T—3.25| > 0.05
Answer. Answer.
ld4<t<16 T<32 or
T >33
34. |P-0.6] > 0.01 n—3 36. —0.1<
=1 > —
35 =2 9(p +2)|
Answer. No
solution

In Problems 37-40, give an interval of possible values for the measurement.

37. The length, I, of a rod is given by |l — 4.3] < 0.001, in centimeters.
Answer. 4.299 <[ < 4.301

38. The mass, m, of the device shall be |m — 450| < 4, in grams.

39. The candle will burn for ¢ minutes, where |t — 300| < 50.
Answer. 250 <t <350

40. The ramp will have angle of inclination «, and |a — 10°| < 0.5°.

In Problems 4144, write the error tolerance using absolute values.

45.

46.

47.

41. The chemical compound must be maintained at a temperature, T,
between 4.7° and 5.3°C.

Answer. [T —5/<0.3

42. The diameter, d, of the hole shall be in the range of 24.98 to 25.02
centimeters.

43. The subject will receive a dosage D from 95 to 105 milligrams of the
drug.
Answer. |D—100] <5

44. The pendulum swings out and back in a time period ¢ between 0.9995
and 1.0005 seconds.
An electrical component of a high-tech sensor requires 0.25 ounce of gold.
Assume that the actual amount of gold used, g, is not in error by more
than 0.001 ounce. Write an absolute value inequality for the possible error
and show the possible values of g on a number line.

Answer. |g—0.25 <0.001

I I ry 1 Y I I I

0246 0248 0250 0252 0.254

In a pasteurization process, milk is to be irradiated for 10 seconds. The
actual period ¢ of irradiation cannot be off by more than 0.8 second. Write
an absolute value inequality for the possible error and show the possiblev
alues of ¢ on a number line.

In a lab assignment, a student reports that a chemical reaction required
200 minutes to complete. Let ¢ represent the actual time of the reaction.

a Write an absolute value inequality for ¢, assuming that the student
rounded his answer to the nearest 100 minutes. Give the smallest
and largest possible value for t.

b Write an absolute value inequality for ¢, assuming that the student
rounded his answer to the nearest minute. Give the smallest and
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48.

49.

50.
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largest possible value for t.

¢ Write an absolute value inequality for ¢, assuming that the student
rounded his answer to the nearest 0.1 minute. Give the smallest and
largest possible value for ¢.

Hint. What is the shortest time that would round to 200 minutes? The
greatest time?

Answer.
a |t —200] < 50, 150 <t < 250
b |t —200] < 0.5, 199.5 <t < 200.5
¢ |t —200| < 0.05, 199.95 <t < 200.05

An espresso machine has a square metal plate. The side of the plate is
24+ 0.01 cm.

a Write an absolute value inequality for the length of the side, x. Give
the smallest and largest possible value for s.

b Compute the smallest and largest possible area of the plate, including
units.

¢ Write an absolute value inequality for the area, A.

a Write the piecewise definition for |3z — 6].

b Use your answer to part (a) to write two inequalities that together
are equivalent to |3z — 6] < 9.

¢ Solve the inequalities in part (b) and check that the solutions agree
with the solutions of |3z — 6] < 9.

d Show that |3z — 6] < 9 is equivalent to the compound inequality
—-9<3r-6<9.

Answer.

—(3z — if 2
a 3 — 6] = Bx—6) ifzr<

3z —6 ifx>2
b —(32—6)<9, 32—6<9
c—-1l<zxz<5d

d The solutions are the same.

a Write the piecewise definition for |3z — 6].

b Use your answer to part (a) to write two inequalities that together
are equivalent to [3x — 6| > 9.

¢ Solve the inequalities in part (b) and check that the solutions agree
with the solutions of |3z — 6] > 9.

d Show that |3z — 6] > 9 is equivalent to the compound inequality
3z—-6< -9 or 3x—6>9.
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51.
a Write the piecewise definition for |2z + 5|.

b Use your answer to part (a) to write two inequalities that together
are equivalent to |2z + 5 > 7.

¢ Solve the inequalities in part (b) and check that the solutions agree
with the solutions of |2z + 5| > 7.

d Show that |2z 4+ 5| > 7 is equivalent to the compound inequality
204+ 5< =7 or 20 +5> 7.

Answer.

—(2x +5) if:v<_—5
a |2z +5| = _25

b —-(2x+45)>7, 2x+5>7

crx<—-6or x>1

d The solutions are the same.
52.
a Write the piecewise definition for |2z + 5.

b Use your answer to part (a) to write two inequalities that together
are equivalent to |2z + 5| < 7.

¢ Solve the inequalities in part (b) and check that the solutions agree
with the solutions of |2z + 5] < 7.

d Show that |2z + 5| < 7 is equivalent to the compound inequality
—7T<2x4+5<T.
For Problems 53-56, graph the function and answer the questions.
53. f(z) = |z +4|+ |z —4
a Using your graph, write a piecewise formula for f(x).
b Experiment by graphing g(z) = |z + p| + |« — ¢| for different

positive values of p and q. Make a conjecture about how the
graph depends on p and gq.

¢ Write a piecewise formula for g(z) = |z + p| + |z — q|.

Answer.
y
N/
4
2 2 4 *
-2z, rz< -4
a f(x) = {8, —4<z<4

2z, >4
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b The graphs looks like like a trough. The middle horizontal section
isy=p+ q for —p < x < ¢, the left side, z < —p, has slope —2
and the right side, x > ¢, has slope 2.

—2x4+qg—p, z<—p
¢ g(x)=qp+aq —-p<z<gq
2c+p—q, T >q
54. f(z)=|z+4| — |z —4|
a Using your graph, write a piecewise formula for f(z).
b Experiment by graphing g(z) = |z + p| — |x — ¢| for different

positive values of p and ¢q. Make a conjecture about how the
graph depends on p and gq.

55. f(x) = |z +4| + |z| + |z — 4
a Using your graph, write a piecewise formula for f(z).

b What is the minimum value of f(x)?

¢ If p,q > 0, what is the minimum value of g(x) = |z + p| + |z| +

[z —q|?
Answer.
y
(-6, 18) (6, 18)
15
0
5
X
-5 5
-3z, < —4
—x+8, —4<z<0
a f(z)=
T + 8, O<z<4
3z, r>4
b 8
cpt+gq

56. [() = o+ 4] — o] + |z — 4]

a Using your graph, write a piecewise formula for f(z).
b What is the minimum value of f(x)?

¢ If p,q > 0, what is the minimum value of g(z) = |z +p| — |z| +
[z —q|?

Problems 57-60 use the absolute value function to model distance. Use the
strategy outlined in Problems 57 and 58 to solve Problems 59 and 60.

57. A small pottery is setting up a workshop to produce mugs. Three
machines are located on a long table, as shown in the figure. The
potter must use each machine once in the course of producing a mug.
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58.

59.

60.

Let x represent the coordinate of the potter’s station.

a Write expressions for the distance from the potter’s station to
each of the machines.

b Write a function that gives the sum of the distances from the
potter’s station to the three machines.

¢ Graph your function for —20 < z < 30. Where should the potter
stand in order to minimize the distance she must walk to the
machines?

Answer.
a |z+ 12|, | + 4|, |z — 24
b f(x) = |z + 12|+ |z + 4] + |z — 24|

C
y

X
-10 10

At z-coordinate —4

Suppose the pottery in Problem 57 adds a fourth machine to the
procedure for producing a mug, located at z = 16 in the figure.

a Write and graph a new function for the sum of the potter’s
distances to the four machines.

b Where should the potter stand now to minimize the distance she
has to walk while producing a mug?

Richard and Marian are moving to Parkville to take jobs after they
graduate. The main road through Parkville runs east and west, crossing
a river in the center of town. Richard’s job is located 10 miles east of
the river on the main road, and Marian’s job is 6 miles west of the
river. There is a health club they both like located 2 miles east of
the river. If they plan to visit the health club every workday, where
should Richard and Marian look for an apartment to minimize their
total daily driving distance?

Answer. 2 miles east of the river

Romina’s Bakery has just signed contracts to provide baked goods
for three new restaurants located on Route 28 outside of town. The
Coffee Stop is 2 miles north of town center, Sneaky Pete’s is 8 miles
north, and the Sea Shell is 12 miles south. Romina wants to open a
branch bakery on Route 28 to handle the new business. Where should
she locate the bakery in order to minimize the distance she must drive
for deliveries?
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2.6 Domain and Range

2.6.1 Definitions of Domain and Range

In Example 1.3.5, p. 60 of Section 1.3, p. 57, we graphed the function f(x) =
V& + 4 and observed that f(x) is undefined for z-values less than —4. For this
function, we must choose z-values in the interval [—4, c0).

All the points on the graph have z-coordinates
greater than or equal to —4, as shown at left.
The set of all permissible values of the input
variable is called the domain of the function f.

We also see that there are no points with negative f(z)-values on the graph
of f: All the points have f(x)-values greater than or equal to zero. The set of
all outputs or function values corresponding to the domain is called the range
of the function. Thus, the domain of the function f(z) = +/x + 4 is the interval
[—4, 00), and its range is the interval [0, 00). In general, we make the following
definitions.

Domain and Range.

The domain of a function is the set of permissible values for the input
variable. The range is the set of function values (that is, values of the
output variable) that correspond to the domain values.

Using the notions of domain and range, we restate the definition of a function
as follows.

Definition of Function.

A relationship between two variables is a function if each element of
the domain is paired with exactly one element of the range.

2.6.2 Finding Domain and Range from a Graph

We can identify the domain and range of a function from its graph. The domain
is the set of x-values of all points on the graph, and the range is the set of
y-values.
Example 2.6.1
a Determine the domain and range of h(v)
the function h graphed at right.

b For the indicated points, show the do- 5
main values and their corresponding
range values in the form of ordered \

pairs. \/5/ 0

Solution.

a All the points on the graph have v-coordinates between 1 and 10, inclusive,
so the domain of the function h is the interval [1, 10]. The h(v)-coordinates
have values between —2 and 7, inclusive, so the range of the function is
the interval [—2,7].
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b Recall that the points on the graph of a function have coordinates (v, h(v)).
In other words, the coordinates of each point are made up of a domain
value and its corresponding range value. Read the coordinates of the
indicated points to obtain the ordered pairs (1,3), (3, —2), (6,—1), (7,0),

and (10, 7).
|
h(v) The figure at left shows the graph of the
function h in Example 2.6.1, p. 250 with the
t T T T domain values marked on the horizontal axis

and the range values marked on the vertical
axis. Imagine a rectangle whose length and
width are determined by those segments, as
shown in the figure. All the points (v, h(v))
on the graph of the function lie within this
rectangle.

\_y .
¢ N | ] |

The rectangle described above is a convenient window in the plane for
viewing the function. Of course, if the domain or range of the function is
an infinite interval, we can never include the whole graph within a viewing
rectangle and must be satisfied with studying only the important parts of the
graph.

Checkpoint 2.6.2

a Draw the smallest viewing window possible around the graph shown
below.

b Find the domain and range of the function.

Answer. domain: [—4,2]; range: [—6,10.1]

y

Sometimes the domain is given as part of the definition of a function.

Example 2.6.3 Graph the function f(x) = 2? — 6 on the domain 0 < z < 4
and give its range.

Solution. The graph is part of a parabola that opens upward. Ww obtain
several points on the graph by evaluating the function at convenient z-values
in the domain.
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z | f(z)
0| —6 since f(0) = 0% — 6 = —6
1] -5 since f(1) =1 -6 = -5
2| -2 since f(2) =22 — 6= —2
3 3 since f(3) =32 —-6=3
41 10 since f(4) = 4% -6 =10
The range of the function is the set of all fx)
f(z)-values that appear on the graph. We
can see that the lowest point on the graph 10 419
is (0, —6), so the smallest f(x)-value is —6.
The highest point on the graph is (4, 10), so
the largest f(x)-value is 10. Thus, the range >
of the function f is the interval [—6, 10]. @3
> 500
(2,-2)
=51 #1,-5)
(0,—6)

Checkpoint 2.6.4 Graph the function g(z) = 2 — 4 on the domain [-2, 3]
and give its range.

Answer. range: [—12,23]

Not all functions have domains and ranges that are intervals.

Example 2.6.5

a The table gives the postage for sending printed material by first-class
mail in 2016. Graph the postage function p = g(w).

Weight in ounces (w) | Postage (p)
0<w<1 $0.47
l<w<2 $0.68
2<w<3 $0.89
3<w<A4 $1.10
4<w<h $1.31
5<w<6 $1.52
6<w<T $1.73

b Determine the domain and range of the function.

Solution.

a From the table, we see that articles of any weight up to 1 ounce require
$0.47 postage. This means that for all w-values greater than 0 but less
than or equal to 1, the p-value is 0.47. Thus, the graph of p = g(w)
between w = 0 and w = 1 looks like a small piece of the horizontal line
p=04T7.
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Similarly, for all w-values greater than 1 but less than or equal to 2, the
p-value is 0.68, so the graph on this interval looks like a small piece of
the line p = 0.68. Continue in this way to obtain the graph shown below.

p
o—e
1.50 o—=
o—e
g o—e
= 1.00
[«] Oo—=e
A o—e
0.50 i
w
2 4 6
Ounces

The open circles at the left endpoint of each horizontal segment indicate
that that point is not included in the graph; the closed circles are points
on the graph. For instance, if w = 3, the postage, p, is $0.89, not $1.10.
Consequently, the point (3,0.89) is part of the graph of g, but the point
(3,1.10) is not.

b Postage rates are given for all weights greater than 0 ounces up to and
including 7 ounces, so the domain of the function is the half-open interval
(0,7]. (The domain is an interval because there is a point on the graph
for every w-value from 0 to 7.)

The range of the function is not an interval, however, because the possible
values for p do not include all the real numbers between 0.3 and 1.75.
The range is the set of discrete values 0.47, 0.68, 0.89, 1.10, 1.31, 1.52,
and 1.73.

]

Checkpoint 2.6.6 In Checkpoint 2.4.8, p. 221 of Section 2.4, p. 215, you wrote
a formula for residential water bills, B(w), in Arid, New Mexico:

3042w, 0<w<50

B(w) =
(w) 50 4+ 3w, w > 50

If the utilities commission imposes a cap on monthly water consumption at 120
HCF, find the domain and range of the function B(w).

Answer. domain: [0,120]; range: [30,130] U (200, 410]

2.6.3 Finding the Domain from a Formula

If the domain of a function is not given as part of its definition, we assume that
the domain is as large as possible. We include in the domain all z-values that
make sense when substituted into the function’s formula.
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For example, the domain of the function f(z) =
V9 — 22 is the interval [—3, 3], because z-values
less than —3 or greater than 3 result in square
roots of negative numbers. You may recognize
the graph of f as the upper half of the circle
22 +y? =9, as shown at right.

1

Example 2.6.7 Find the domain of the function g(x) =

x—3
Solution. We must omit any x-values that do not make sense in the function’s
formula. Because division by zero is undefined, we cannot allow the denominator

1
of

T
domain of g. Thus, the domain of g is the set of all real numbers except 3. O

to be zero. Since x — 3 = 0 when z = 3, we exclude x = 3 from the

Checkpoint 2.6.8

a Find the domain of the function h(z) = o1z
T —

b Graph the function in the window

Xmin = —2 Xmax = 8

Ymin = -2 Ymax =38
Use your graph and the function’s formula to find its range.

Answer.

a Domain: =z #4

b Range: y > 0

For the functions we have studied so far, there are only two operations we
must avoid when finding the domain: division by zero and taking the square
root of a negative number.

Many common functions have as their domain the entire set of real numbers.
In particular, a linear function f(xz) =b+ mz can be evaluated at any real
number value of x, so its domain is the set of all real numbers. This set is
represented in interval notation as (—o0, 00).

The range of the linear function f(xz) =b+maz (if m # 0) is also the set of
all real numbers, because the graph continues infinitely at both ends, as shown
in figure (a). If m =0, then f(z) =", and the graph of f is a horizontal line.
In this case, the range consists of a single number, b.

Sx) f(0
% Jw=b b

b
P l g

fx)=mx+b

(a) b)
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2.6.4 Restricting the Domain

In many applications, we may restrict the domain of a function to suit the
situation at hand.

Example 2.6.9 The function h = f(t) = 1454 — 16t% gives the height of an
algebra book dropped from the top of the Sears Tower as a function of time.
Give a suitable domain for this application, and the corresponding range.

Solution.

You can use the window

Xmin = —-10 Xmax =10
Ymin = —100 Ymax = 1500

—10 |f F X[ 10
-100

to obtain the graph shown at right.

Because t represents the time in seconds after the book was dropped, only
positive t-values make sense for the problem. The book stops falling when it
hits the ground, at h = 0. You can verify that this happens at approximately
t = 9.5 seconds. Thus, only ¢-values between 0 and 9.5 are realistic for this
application, so we restrict the domain of the function f to the interval [0, 9.5].

During that time period, the height, h, of h
the book decreases from 1454 feet to 0 feet. 1500
The range of the function on the domain
[0,9.5] is [0,1454]. The graph is shown at
right. 500

f() = 1454 — 167
1000

Checkpoint 2.6.10 The children in Francine’s art class are going to make
cardboard boxes. Each child is given a sheet of cardboard that measures 18
inches by 24 inches. To make a box, the child will cut out a square from each
corner and tul‘rn up the (zagges, as shpwn below.

a Write a formula V' = f(x) for the volume of the box in terms of z, the
side of the cut-out square. (See the geometric formulas inside the front
cover for the formula for the volume of a box.)

b What is the domain of the function? (What are the largest and smallest
possible values of z7)

¢ Graph the function and estimate its range.

Answer.
a V= f(z)=2(24 — 22)(18 — 22)
b (0,9)
¢ (0,655)
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2.6.5 Section Summary

2.6.5.1 Vocabulary

Look up the definitions of new terms in the Glossary.

Domain ¢ Range e Restricted domain

2.6.5.2 CONCEPTS

1

The domain of a function is the set of permissible values for the input
variable.

The range is the set of function values (that is, values of the output
variable) that correspond to the domain values.

A relationship between two variables is a function if each element of the
domain is paired with only one element of the range.

We can identify the domain and range of a function from its graph. The
domain is the set of x-values of all points on the graph, and the range is
the set of y-values.

If the domain of a function is not given as part of its definition, we assume
that the domain is as large as possible.

In applications, we may restrict the domain and range of a function to
suit the situation at hand.

2.6.5.3 STUDY QUESTIONS

1

2

3

Explain how to find the domain and range of a function from its graph.
What is the domain of the function f(x) = 4? What is its range?

Which of the eight basic functions are increasing on their entire domain?
Which are decreasing on their entire domain?

4 Which of the eight basic functions are concave up on their entire domain?

Which are concave down on their entire domain?

5 Which of the eight basic functions can be evaluated at any real number?

Which can take on any real number as a function value?

6 Which of the eight basic functions can be graphed in one piece, without

lifting the pencil from the paper?
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2.6.5.4 SKILLS

Practice each skill in the Homework 2.6.6, p. 257 problems listed.

1 Find the domain and range of a function from its graph: #1-16

2 Restrict the domain of a function to suit an application: #17-24

3 Find the domain of a function from its algebraic formula: #25-30

4 Find the corresponding domain value for a given range value: #31-38

5 Find the range of a function on a given domain: #39-50

2.6.6 Domain and Range (Homework 2.6)

For Problems 1-8, find the domain and range of the function from its graph.
Write answers in interval notation.

1. 2.
G(s) h(z)

\AS\ 3 //
— T

Answer. Domain: [—5, 3];
Range: [—3,7]

o R(p)

Answer. Domain: [—4,5]; i
Range: [—1,1) U [3, 6]
5 6.
C(x) S(x)

1 e
En )\

Answer. Domain: [—2,2];
Range: [—1,1]
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7. 8.
P(n) F(s)
5 5
Oo—e Oo—e
O——e O——e *—0 *—0

Answer. Domain: (—5,5];
Range: {-1,0,2,3}

For Problems 9-2, state the domain and range of the basic function.

9. 10.
a f(z) =2* a F(z) = |z|
b g(x) = 2* b G(z)=x
Answer.

a Domain: all real
numbers; Range: all real
numbers

b Domain: all real
numbers; Range: [0, c0)

11. 12.
aH(x):% a plz) = Uz
1 b q(z) = Vz
b M(z)=—
x
Answer.

a Domain: all real
numbers except zero;

Range: (0, 00)

b Domain: all real
numbers except zero;
Range: all real numbers
except zero

13. The graph shows the elevation of the Los Angeles Marathon course as a
function of the distance into the race, a = f(d). Estimate the domain and
range of the function. (Source: Los Angeles Times)

a

LA Marathon
300
200
100
0 5 10 15 20 25 d

Answer. Domain: [0,26.2]; Range: [90, 300]
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14. The graph shows the federal debt as a percentage of the gross domestic

product, as a function of time, D = f(t). Estimate the domain and range

of the function. (Source: Office of Management and Budget)
Federal debt as percent of GDP

120
100

80

% of GDP

60
40

20

0
1940 1960 1980 2000

15. The graph shows the average air temperature as a function of altitude,

16.

17.

18.

T = f(h). Estimate the domain and range of the function. (Source:
Ahrens, 1998)

800
600
400
200

Temperature (°C)

0oy
-200

100 200 300 400 500 600
Altitude (km)

Answer. Domain: [0,600]; Range: [—90, 700)

The graph shows the speed of sound in the ocean as a function of depth,
S = f(d). Estimate the domain and range of the function. (Source:
Scientific American)

S Speed of sound
1560

1540
1520

1500

1480

200 600 1000 1400

Clinton purchases $6000 of photographic equipment to set up his studio.
He estimates a salvage value of $500 for the equipment in 10 years, and
for tax purposes he uses straight-line depreciation.

a Write a formula for the value of the equipment, V' (¢), after ¢ years.

b State the domain and range of the function V' (¢).

Answer.
a V(t) = 6000 — 550t
b Domain: [0, 10]; Range: [500, 6000]

Leslie plans to invest some money in two CD accounts. The first account
pays 3.6% interest per year, and the second account pays 2.8% interest
per year. Leslie would like to earn $500 per year on her investment.

a Write a linear equation in general form that relates x, the amount
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Leslie invests at 3.6%, and y, the amount she invests at 2.8%.

b Use your equation from part (a) to write y as a function of =z,
y=f(z).
¢ Find the domain and range of f.

19. The height of a golfball, in feet, ¢ seconds after being hit is given by the
function h = f(t) = —16(t — 2)? + 64.

a Graph the function.

b State the domain and range of the function and explain what they
tell us about the golfball.

Answer.
V(1)
60
a 40
20

t
2 4

b Domain: [0,4]; Range: [0,64]. The ball reaches a height of 64 feet
and hits the ground 4 seconds after being hit.

20. Gameworld is marketing a new boardgame called Synaps. If Gameworld
charges p dollars for the game, their revenue is given by the function
R = f(p) = —50(p — 10)2 + 5000.

a Graph the function.

b State the domain and range of the function and explain what they
tell us about the revenue.

1
21. In New York City, taxi cabs charge $2.50 for distances up to 3 mile, plus

1
$0.40 for each additional 5 mile or portion thereof. (Source: www.visitnyc.com)

a Sketch a graph of F(d), which gives taxi fare as a function of distance
traveled, on the domain 0 < d < 1.

b State the range of F(d) on that domain.

¢ How much will it cost Renee to travel by taxi from Columbia Uni-
versity to Rockefeller Center, a distance of 5.7 miles?

Answer.
a
F(d)
4 el
O—e
O
—o
2
d
0.5 1.0

b Range: {2.50,2.90,3.30, 3.70,4.10}
c $13.30
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22,

23.

24.

If you order from Coldwater Creek, the shipping charges are given by the
following table.

Purchase Shipping

amount charge
Up to $25 $5.95
$25.01 to $50 $7.95
$50.01 to $75 $9.95
$75.01 to 4100 $10.95

State the domain and range of S(z), the shipping charge as a function
of the purchase amount, x.

The Bopp-Busch Tool and Die Company markets its products to individ-
uals, to contractors, and to wholesale distributors. The company offers
three different price structures for its toggle bolts. If you order 20 or fewer
boxes, the price is $2.50 each. If you order more than 20 but no more
than 50 boxes, the price is $2.25 each. If you order more than 50 boxes,
the price is $2.10 each. State the domain and range of C(z), the cost of
ordering x boxes of toggle bolts.

Answer. Domain: nonnegative integers; The range includes all whole
number multiples of 2.50 up to 20 x 2.50 = 50, all integer multiples
of 2.25 from 21 x 2.25 = 47.25 to 50 x 2.25 = 112.50 and all integer
multiples of 2.10 from 51 x2.10 = 107.10 onwards: 0, 2.50,5.00, 7.50, ..., 50,
47.25,49.50,51.75,...,112.50, 107.10,109.20, 111.30, . ..

The Java Stop uses paper cups at a rate of 300 per day. At opening on
Tuesday morning Java Stop has on hand 1200 paper cups. On Friday
mornings Java Stop takes delivery of a week’s worth of cups.

a Write a piecewise function for the number of cups Java Stop has on
hand for one week, starting Tuesday morning.

b Graph the function.

¢ State the domain and range of the function.

For Problems 25-30, find the domain of each function algebraically. Then graph
the function, and use the graph to help you find the range.

25. ) )
af(a:):m b h(z)=—= —4

Answer.

a f(x) domain: = # 4; Range: (0, 00)

y

SRR

2 4 6

b h(z) domain: = # 0; Range: (—4,c0)
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26. ) )
t)=-+42 b F(¢
a glt) =, + 0 =15
27.
a G(v) =% +35 b H(v) = (v+5)*
Answer.
a G(v) domain: all real numbers; Range: all real numbers
y
v/
BN
-4
b H(v) domain: all real numbers; Range: all real numbers
8
4
28.
a h(n) =3+ (n—1)? b g(n) =3 — (n+1)?
29.
aT(z)=vVz-2 b S(z)=vz-2
Answer.

a G(v) domain: [2,00); Range: [0, 00)

b H(v) domain: [0,00); Range: [—2,00)
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30.
a Q(z) =4—|z| b P(z) = |4 — x|

For Problems 31-38, decide whether the given value is in the range of the
function. If so, find the domain value(s) that produce each range value.

31. f(z)=6— |22 +4] 32. g(z)=(x—5)7>+1
a flz)=8 a g(z) =0
b f(z)=—-2 b g(z) = -7
Answer.

a Not in range

bx=-6orx=2

33. h(t)=4+2Vt 34. F(t) =12+ 0.5(t — 2)?
a h(t)=—-4 a F(t) =10
b A(t) =0 b F(t) =20
Answer.
at=-—64
bt=-8
35 G()—S—&-i 36 H()—L—5
’ W= w—1 ) n = (n+2)2
a G(w) = -1 a H(n)=—6
b G(w) = b H(n)=—1
Answer.
_ L
a w= 5
b Not in range
37. Q(h)=2++vVh+5 38. Plq)=8—-i—q
a Qh)=1 a P(g)=4
b Qh)=5 b P(q) =12
Answer.

a Not in range

bh=4

For Problems 39-50,

a Use a graphing calculator to graph each function on the given domain.
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Using the TRACE key, adjust Ymin and Ymax until you can estimate the
range of the function.

b Verify your answer algebraically by evaluating the function. State the
domain and range in interval notation.

39. f(x)=2%—4dx; —2<x<5 40. g(z)=6x—2% —-1<z<5
Answer. Domain: [-2,5];
Range: [—4, 12]

41. g(t)=—-t>—-2t; —5<t<3 42, f(t)=—t2—4t; —6<t<2
Answer. Domain: [—5, 3];
Range: [—15,1]

43. h(r)=2%-1; —2<x<?2 44. qr)=2%+4; —-3<x<2
Answer. Domain: [—2,2];
Range: [—9,7]

45. F(t)=8—1 —1<t<8  46. Gt)=+i+6; —6<t<3
Answer. Domain: [—1,8];
Range: [0, 3]
1 1
47. =—; —125<z < . =—: —=320<zx<
G(x) Ty 1.25 <z < 48. H(z) 1 3.2 <z <
2.75 —1.25
Answer. Domain: A
—1.25,2.75]; R D l—=,4
(125, 2:7; Range: | 5.4

1 1

Answer. Domain: (3,6];

-1
Range: {—oo, 3}

a Show that the graph of y = v/16 — 22 is a semicircle.
b State the domain and range of the function.

¢ Graph the function in the window

Xmin = —6 Xmax = 6

Ymin =0 Ymax = 8
In what way is the calculator’s graph misleading?

Hint. (Hint: Write the equation in the form 2% + y? = r2. See Algebra
Skills Refresher Section A.11, p.944 to review circles.)

Answer.
a Squaring both sides of the equation gives the equation of the circle
centered on the origin with radius 4, but the points in the third and

fourth quadrants are extraneous solutions introduced by squaring.
(The original equation allowed only y > 0.)

b Domain: [—4,4]; Range: [0, 4]
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C

The calculator does not show the graph extending down to the x-axis.

52.

-8 undefined?

a For what values of x is the function y =

b Graph the function in the standard window. In what way is the
calculator’s graph misleading?

¢ Graph the function in the window

Xmin = —9.4 Xmax = 9.4
Ymin = —10 Ymax = 10

State the domain and range of the function.

In Problems 53-60, find the domain and range of each transformation of the
given function.

53. f(a;):% 54 f(x):ﬁf()
ay=—f(x
ay=fx—2
i ( : by=4+ f(x)
by=f(z)-2 ‘o)
cy=4— f(x

cy=f(z—-3)-5
Answer.

a Domain: z # 2; Range:
(0,00)

b Domain: = # 0; Range:
(*Qa OO)

¢ Domain: x # 3; Range:
(_5’ OO)



266 CHAPTER 2. MODELING WITH FUNCTIONS

55. f(.%‘) =z 56. f(I) — l
a y=—2f() X yi?)f(x)
by=6-2f(x)

by=3+f(x—1)

cy=6-—2f(z+3) Cy=3— fle_1)

Answer.

a Domain: all real
numbers; Range:
(—OO, 0)

b Domain: all real
numbers; Range:

(7003 6]

¢ Domain: all real
numbers; Range:

—00, 6
57. The d(omain ]of fis[0,10] and  58. The domain of f is [—4,4] and
the range is [—2,2]. the range is [3, 10].
ay=f(r—3) ay=f(z)+10
b y=3f(x) b y = f(z +10)
cy=2f(x—5) cy=flz—1)+4
Answer.

a Domain: [3,13]; Range:

[_27 2}
b Domain: [0,10]; Range:
[_67 6}
¢ Domain: [5,15]; Range:
[_47 4}
59. The domain of f is (0, +00) 60. The domain of fis (—1,1)
and the range is (0,1). and the range is (—00,0).
ay=>5f(x) ay=flz+1)
by=3f(zx+2) by=3—f(x+1)
cy=2f(x—3)+2 cy=4+2f(x—1)
Answer.

a Domain: (0, 00); Range:
(0,5)

b Domain: (—2,00);
Range: (0, 3)

¢ Domain: (3,00); Range:
(2,4)

In Problems 61-64, use a graphing calculator to explore some properties of the



SECTION 2.6. DOMAIN AND RANGE 267

basic functions.

61.

62.

63.

64.

65.

66.

a Graph f(z) = 2% and g(x) = 23 on the domain [0, 1] and state
the range of each function. On the interval (0, 1), which is greater,
f(x) or g(z)?

b Graph f(z) = 2% and g(x) = 22 on the domain [1,10] and state
the range of each function. On the interval (1,100), which is
greater, f(z) or g(z)?

Answer.

a f(x) b g(x)

a Graph f(z) = vz and g(z) = ¢z on the domain [0,1] and
state the range of each function. On the interval (0, 1), which is
greater, f(z) or g(x)?

b Graph f(z) = v/z and g(x) = ¢z on the domain [1,100] and
state the range of each function. On the interval (1,100), which
is greater, f(zx) or g(z)?

2
state the range of each function. On the interval (0, 1), which is
greater, f(z) or g(z)?

1 1
a Graph f(z) = . and g(z) = 2z on the domain [0.01,1] and

2
the range of each function. On the interval (1,00), which is
greater, f(z) or g(x)?

1 1
b Graph f(x) = — and g(z) = — on the domain [1,10] and state
x x

Answer.

a g(x) b f(z)

a Graph F(z) = ’ac?” in the ZDecimal window. How does the
graph compare to the graph of y = 23?7

1
b Graph G(z) = 'x in the ZDecimal window. How does the

1
graph compare to the graph of y = —7
T

The number of hours of daylight on the summer solstice is a function
of latitude in the northern hemisphere. Give the domain and range of
the function.

Answer. Domain: [0°,90°]; Range: [12,24]

A semicircular window has a radius of 2 feet. The area of a sector
of the window (a pie-shaped wedge) is a function of the angle at the
center of the circle. Give the domain and range of this function.
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2.7 Chapter Summary and Review

2.7.1 Key Concepts

1 We can solve equations of the form a(pz + ¢)? +r = 0 by extraction of
roots.

2 The formula for compound interest is A = P(1 + r)".

3 Simple nonlinear equations can be solved by undoing the operations on
the variable.

4.
The absolute value of z is defined by

T ifx>0

|z| = .
—x ifz<0

5 .

The absolute value has the following properties:
la + b <la| + |b] Triangle inequality
|ab| = |al |b] Multiplicative property

6 Many situations can be modeled by one of eight basic functions:

y=a y=lz| y=2* y=2a°
1 1
y=, Y= 2 y=vz y=1z

8

7 Functions can be defined piecewise, with different formulas on different
intervals.

8 Transformations of Functions.

e The graph of y = f(x) + k is shifted vertically compared
to the graph of y = f(x).

o The graph of y = f(x+h) is shifted horizontally compared
to the graph of y = f(z).

o The graph of y = af(x) is stretched or compressed
vertically compared to the graph of y = f (x).

o The graph of y = —f(z) is reflected about the z-axis
compared to the graph of y = f(z).

9 A nonlinear graph may be concave up or concave down. If a graph
is concave up, its slope is increasing. If it is concave down, its slope is
decreasing.

10 The absolute value is used to model distance: The distance between two
points x and a is given by |z — a.
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12

13

14

15

16

2.7.

11 Absolute Value Equations and Inequalities.
o The equation |az + bl = ¢ (¢ > 0) is equivalent to

ar+b=corax+b=—c

o If the solutions of the equation |ax + b| = ¢ are r and s, with
r < s, then the solutions of |axz +b| < care r <z < s.

o If the solutions of the equation |az + b| = c are r and s, with
r < s, then the solutions of |axz + b| > ¢ are x < r or x > s.

We can use absolute value notation to express error tolerances in mea-
surements.

The domain of a function is the set of permissible values for the input
variable. The range is the set of function values (that is, values of the
output variable) that correspond to the domain values.

A relationship between two variables is a function if each element of the
domain is paired with only one element of the range.

We can identify the domain and range of a function from its graph. The
domain is the set of input values of all points on the graph, and the range
is the set of output values.

If the domain of a function is not given as part of its definition, we assume
that the domain is as large as possible. In many applications, however,
we may restrict the domain and range of a function to suit the situation
at hand.

2 Chapter 2 Review Problems

For Problems 1-4, solve by extraction of roots.

1.

2z —5)2=9 2. (Tx—1)2=15

Answer. z=1lorz =4

2 2
w—1 2p
3. 6|——) —4=2 4. — ] =-3

Answer. w=-2orw=4

For problems 5-6, solve the formula for the specified variable.

5. A=P(1+7)?, forr

4
6. V= §7T’I“3, for r

[A
A or=—=144/=
nswer. r iz

Lewis invested $2000 in an account that compounds interest annually. He
made no deposits or withdrawals after that. Two years later, he closed the
account, withdrawing $2464.20. What interest rate did Lewis earn?
Answer. 11%

Earl borrowed $5500 from his uncle for two years with interest compounded
annually. At the end of two years, he owed his uncle $6474.74. What was
the interest rate on the loan?

For Problems 9-14, solve.
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9. YP-1=01 10, L _2
Answer. P =1.001 L—t 3

17, 3 _1 12. 15=3Vw+ 1
N
Answer. m =29

13. 473 —8 =100 14. 552 +6 =352+31

Answer. r=3

For Problems 15-16, use the Pythagorean theorem to write and solve an
equation.

15. A widescreen television measures 96 cm by 54 cm. How long is the
diagonal?
Answer. /12,132~ 110 cm

16. A 15-foot ladder leans to the top of a 12-foot fence. How far is the
foot of the ladder from the base of the fence?

For Problems 17-20, simplify.

17. |—18| — |20] 18. [-2-(3-18)|
Answer. —2
19. |-2-3—18| 20. —2-[3— 18|

Answer. 24

For Problems 21-24, use the graph to solve the equation or inequality.

21. Refer to the graph of y = ’g — 1’

(a) Solve g— 1|1=2
(b) Solve g— 1] <2
(¢) Solve g— 1| >2
Answer.
ax=—-2o0orx=6

¢ (—o0,—2]U[6,+00)

2

22. Refer to the graph of y = T:E +ax+1
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) 2\ 4

-2

-4
2

(a) Solve Tx +r+1=-3

2
(b) SolveTx+x+12—3

2

(c) Solve%+w+l§73

6

23. Refer to the graph of y = 2 —_32+3
y

6

(&) Solve 2 = 32 +3
6

lve 2 > —nx——

(b) Solve 2 > R
6

(C) SOIVe 2 < m

Answer.
axz=0o0orz=3
b (—00,0) U (3,00)
c (0,3)
24. Refer to the graph of y = |x3 +322 +3z+1
y

y=lx3+3x%+3x +1|

-3 -2 -l 2
(a) Solve 8 = |2% 4 322 4 3z + 1

(b) Solve 8 > |2 + 322 + 3z + 1|

271
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(c) Solve 8 < |z* + 322 + 3z + 1|

For Problems 25-30, graph the piecewise defined function.

z+1 ifx<0
25. f(z) = )

T ifz>0

Answer.

27. H(z) 2 ifz<0
. T) =
Vo ifx>0

29.

For Problems 31-38,

z—1 ifa<1

26. T) =
9(@) a3 ifz>1
» || ifz<0
28. r)=1<1
@) — ifx>0
x
1
— fz<0
30. T(z)={a2 ="
Vo ifz>0

a Describe each function as transformation of a basic function.

b Sketch a graph of the basic function and the given function on the same

axes.

31. g(z)=|z|+2

Answer.

a y = |z| shifted up 2

units

1
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33. f(s)=+/s+3 34. g(u)=+vVu+2-3
Answer.
a y = +/z shifted up 3
units
b ; ;
35. G(t)=[t+2|-3 36. H(t) = 1 43
Answer. (t—2)?

a y = |z| shifted left 2
units and down 3 units

37. h(s) = -2s 38. H(t) = = |s|
Answer. 2

a y = 1/ reflected across
the horizontal axis and
stretched vertically by a
factor of 2

In Problems 39-42, write a formula for each transformation of the given function.
39.

y a. y
6 6
: y=f() u
2\ / 2
t t
— 8 0 _
> N4/ 1 14 / 4 6‘; 10
-4 -4
-6 -6
b y C y
6 6
4 4
2 j’
) 2 46 810 " 1 2 4.6 810
-4 -4
-6 -6
Answer.
-3
ay= Tf(t)
-3
by=—f(t)+3
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-3
40.
y a. y
12 12
10 10
8 8
6 6
4 y=gx) 4
2 2
2 2 46 810" 2 2 46 810"
b. y [ y
12[\ 12 [\
10 10
8 8
6 6
4 4
> 2
2 2 4.6 8 10 2 2 46 8 10"
41.
t 0 1 2 3|4
F@) (243 8127|931
. 1 [2]34]5
y | 243 | 81 | 2719 |3 |1
b 1 [ 2] 3 [4]5]6
y| —243 | =81 | =27 | =9 | =3 | —1
. 1] 2 3] 4]5]6
y | 7 | 219 | 273 | 291 | 297 | 299
Answer.
ay=f(t-1)
by=—f(t-1)
cy=—f({—1)4+300
42.

f@y[25 24211690

o ] -1]o0[1]2]3]4
yl 25 24211690

b c[-1Jo[1]2]37]4
y [ 50 [48 4232180

. c[-1Jo]1]2]37]4
y | 70 [68]62]52]38]20

For Problems 43-44, give an equation for the function graphed.
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43.

44.

X

Answer. y=(z—2)2-4

Sketch graphs to illustrate the situations in Problems 45 and 46.

45.

46.

Inga runs hot water into the bathtub until it is about half full. Because
the water is too hot, she lets it sit for a while before getting into the

tub. After several minutes of bathing, she gets out and drains the tub.

Graph the water level in the bathtub as a function of time, from the
moment Inga starts filling the tub until it is drained.

Answer.

>

David turns on the oven and it heats up steadily until the proper baking
temperature is reached. The oven maintains that temperature during
the time David bakes a pot roast. When he turns the oven off, David
leaves the oven door open for a few minutes, and the temperature
drops fairly rapidly during that time. After David closes the door, the
temperature continues to drop, but at a much slower rate. Graph the
temperature of the oven as a function of time, from the moment David
first turns on the oven until shortly after David closes the door when
the oven is cooling.

For Problems 47-48, match each table with its graph.

47.

o
—
[\
w

Ix 0 2 4 6 8 IHZ‘

y |10 | 14 [21] 30 | 43 y | 140 | 190 | 240 | 290

340

() (b)

(©
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Answer. I (c), II (b), III (a)
48.

—
S
=)

1l =z 0 0102103 |04 10 | 20 | 30 | 40

y | 100 | 95 | 80 | 55 | 20 y | 50 | 37 | 27 | 20 | 15

ImLe 0 1 2 3 4
y | 857115714329

s

(a) (b)

y

~~

(©

Write and graph a piecewise function for Problems 49 and 50.

49. The fluid level in a tank is a function of the number of days since the
year began. The level was initially at 60 inches and rose an inch a day
for 10 days, remained constant for the next 20 days, then dropped a
half-inch each day for 30 days.

60 + t, 0<t<10
Answer. ¢(t) =< 70, 10 <t <30
70— 1(t—30), 30<t<60

y

o T~

40

20

1
20 40 60

50. The temperature at different locations in a large room is a function
of distance from the window. Within 2 feet of the window, the tem-
perature is 66° Fahrenheit, but the temperature rises by 0.5° for each
of the next 10 feet, then maintains the temperature at 12 feet for the
rest of the room.

For Problems 51-54, use absolute value notation to write the expression as an
equation or inequality.
51. z is four units from the origin. 52. The distance from y to —5 is

Answer. |x| =4 three units.

s withi . . 3
53.  pis within four units of 7 54. ¢ is at least — unit from —4.
Answer. |p—7| <4 10

For Problems 55-64, solve.
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55. |9 — 5t =3
12

6
A Dt=—-ort=—
nswer 5 or 5

57. —29 = 2w + 3|
Answer. No solutions
7—2p
5\
Answer. p=1lorp==6
61. |3z —2| <4

-2
Answer. (3, 2)

63. |3y +1.2|>15

Answer.
(=00, —0.9] U [0.1, 00)

59. 1:‘

For Problems 65-66, express the error tolerance using absolute value.

56

58.

62

64.

. 1=1]4g -7

8n+3
5

‘11

. |6(r—10)| =30

. [22+0.3] <05

1
3 —| >
z+2‘

1
3

277

65. The height, H, of a female trainee must be between 56 inches and 75

inches.

Answer. |H —65.5|<9.5

66. The time, ¢, in freefall must be at least 3.5 seconds but no more than

8.1 seconds.

For Problems 67-68, give an interval of possible values for the measurement.
67. The mass, M, of the sample must satisfy |M — 2.1| < 0.05.

Answer. [2.05,2.15]

68. The temperature, T', of the refrigerator is specified by |7 — 4.0] < 0.5.

In Problems 69 and 70,

a Plot the points and sketch a smooth curve through them.

b Use your graph to help you discover the equation that describes the

function.
69.

Q

—~
8

N

—
[\

||| W&

N|W| =[] 0o

Answer.

In Problems 71-76,

70.

—2 8
-1 1
0 0
1 -1
2 -8
3 —27
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a Use the graph to complete the table of values.

b By finding a pattern in the table of values, write an equation for the

graph.
71. ) 72. ,
20 20
10 10
X 10 20 "
10 20
- 0 4 3 16 T 0 4 10 14
Y 10 47 18 24
Answer.
alz| 0 4 8 |14 | 16 | 22
y | 2412016 | 10| 8 2
by=24—=x
73. 74.
y y
6 4
. 3
2
2
1
10 20 ! 1 2 3 7"
T 0 4 16 25 0.5 1 1.5 4
y 1 3 yl | 4 0.5
Answer.
al® |01 41916 | 25
y| 01|23 4 5
by=+vz
75. 76.
y y
4
4
-4 e -2 2 *
x| -3 | —2 0 1 2 -3 | -2 0 1
Y -3 Y 8 -7
Answer.
al® | 3] -2|-1 0 1 2
Y 5 0 3| —-4|-31]0
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For Problems 77-80, use a graphing calculator to graph the function on the
given domain. Adjust Ymin and Ymax until you can determine the range
of the function using the TRACE key. Then verify your answer algebraically by
evaluating the function. State the domain and corresponding range in interval
notation.

7. ft)=—t?+3t; —2<t<4 T8, glx)=+s5-2; 2<s5<6
Answer. Domain: [—2,4];
Range: [—10, —4]

79. F(z)= —-2<zx<4 80. H(z)=

T+ 2;
Answer. Domain: (—2,4];

1
Range: [6’ oo)

2.8 Projects for Chapter 2: Periodic Functions

A periodic function is one whose values repeat at evenly spaced intervals,
or periods, of the input variable. Periodic functions are used to model phe-
nomena that exhibit cyclical behavior, such as growth patterns in plants and
animals, radio waves, and planetary motion. In this project, we consider some
applications of periodic functions.

Example 2.8.1 Which of the functions in Figure 2.8.2, p. 279 are periodic? If

the function is periodic, give its period.
¥ y y

)mg“jmkm 3\\//: \v/ : | w_/\z 0

IS

-4

8 4 4 8
(b) (c)

a
Figure 2.8.2
Solution.
a This graph is periodic with period 360.
b This graph is not periodic.

¢ This graph is periodic with period 8.

Project 11 Part 1.

1 Which of the functions are periodic? If the function is periodic, give its
period.
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'[\ /1/1/1/:2
Ay VVVV

2 Which of the functions are periodic? If the function is periodic, give its
period.

3
0. 5 2
8 \ M2 !

0.5
-1

12 18 24

3 Match each of the following situations with the appropriate graph.

III. »

e

a When the heart contracts, blood pressure in the arteries rises rapidly
to a peak (systolic blood pressure) and then falls off quickly to a
minimum (diastolic blood pressure). Blood pressure is a periodic
function of time.

b After an injection is given to a patient, the amount of the drug
present in his bloodstream decreases exponentially. The patient
receives injections at regular intervals to restore the drug level to
the prescribed level. The amount of the drug present is a periodic
function of time.

¢ The monorail shuttle train between the north and south terminals at
Gatwick Airport departs from the south terminal every 12 minutes.
The distance from the train to the south terminal is a periodic
function of time.

d Delbert gets a haircut every two weeks. The length of his hair is a
periodic function of time.

4 A patient receives regular doses of medication to maintain a certain level
of the drug in his body. After each dose, the patient’s body eliminates a
certain percent of the medication before the next dose is administered.
The graph shows the amount of the drug, in milliliters, in the patient’s
body as a function of time in hours.

60

20

4 3 12 16 20
a How much of the medication is administered with each dose?
b How often is the medication administered?

¢ What percent of the drug is eliminated from the body between doses?
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5 You are sitting on your front porch late one evening, and you see a light
coming down the road tracing out the path shown below, with distances
in inches. You realize that you are seeing a bicycle light, fixed to the front
wheel of the bike.

24

o

50 100 150 200 250 300
a Approximately what is the period of the graph?
b How far above the ground is the light?
¢ What is the diameter of the bicycle wheel?

6 The graph shows arterial blood pressure, measured in millimeters of
mercury (mmHg), as a function of time.

o 130
2~

82 110
]

BE 9w
A 70

12 1 3/2
(Seconds)

a What are the maximum (systolic) and minimum (diastolic) pres-
sures? The pulse pressure is the difference of systolic and diastolic
pressures. What is the pulse pressure?

b The mean arterial pressure is the diastolic pressure plus one-third
of the pulse pressure. Calculate the mean arterial pressure and draw
a horizontal line on the graph at that pressure.

¢ The blood pressure graph repeats its cycle with each heartbeat.
What is the heart rate, in beats per minute, of the person whose
blood pressure is shown in the graph?

7 At a ski slope, the lift chairs take 5 minutes to travel from the bottom,
at an elevation of 3000 feet, to the top, at elevation 4000 feet. The cable
supporting the ski lift chairs is a loop turning on pulleys at a constant
speed. At the top and bottom, the chairs are at a constant elevation for
a few seconds to allow skiers to get on and off.

a Sketch a graph of h(t), the height of one chair at time ¢. Show at
least two complete up-and-down trips.
b What is the period of h(t)?
8 The heater in Paul’s house doesn’t have a thermostat; it runs on a timer.

It uses 300 watts when it is running. Paul sets the heater to run from 6
a.m. to noon, and again from 4 p.m. to 10 p.m.

a Sketch a graph of P(t), the power drawn by the heater as a function
of time. Show at least two days of heater use.

b What is the period of P(¢)?
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9 Francine adds water to her fish pond once a week to keep the depth at 30
centimeters. During the week, the water evaporates at a constant rate of
0.5 centimeter per day.

a Sketch a graph of D(t), the depth of the water, as a function of time.
Show at least two weeks.

b What is the period of D(t)?

10 Erin’s fox terrier, Casey, is very energetic and bounces excitedly at dinner
time. Casey can jump 30 inches high,and each jump takes him 0.8 second.

a Sketch a graph of Casey’s height, h(t), as a function of time. Show
at least two jumps.

b What is the period of h(t)?

Many periodic functions have a characteristic wave shape like the graph
shown in Figure 2.8.3, p.282. These graphs are called sinusoidal, after the
trigonometric functions sine and cosine. They are often described by three
parameters: the period, midline, and amplitude.

The period of the graph is the smallest interval of input values on which
the graph repeats. The midline is the horizontal line at the average of the
maximum and minimum values of the output variable. The amplitude is the
vertical distance between the maximum output value and the midline.

Period
Amplitude

Figure 2.8.3

Example 2.8.4 The table shows the number of hours of daylight in Glasgow,
Scotland, on the first of each month.

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Daylight | 21 | g7 1107 | 131 | 15.3 | 172 | 175 | 16.7 | 13.8 | 1.5 | 92 | 7.5
hours

a Sketch a sinusoidal graph of daylight hours as a function of time, with
t = 1 in January.

b Estimate the period, amplitude, and midline of the graph.

Solution.

a Plot the data points and fit a sinusoidal curve by eye, as shown in
Figure 2.8.5, p. 283.




SECTION 2.8. PROJECTS FOR CHAPTER 2: PERIODIC FUNCTIONS283

j¢—— Period ——>}

Figure 2.8.5

b The period of the graph is 12 months. The midline is approximately
y = 12.25, and the amplitude is approximately 5.25.

O

Project 12 Part II.

1 The graph shows the number of daylight hours in Jacksonville, in Anchor-
age, at the Arctic Circle, and at the Equator.

Hours of daylight Hours of daylight
24 24
18 / : : : 18
12 12
6 6

0 0
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

a Which graph corresponds to each location?

b What are the maximum and minimum number of daylight hours in
Jacksonville?

¢ For how long are there 24 hours of daylight per day at the Arctic
Circle?

2 Match each of the following situations with the appropriate graph.
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a The number of hours of day-

light in Salt Lake City varies
from a minimum of 9.6 hours
on the winter solstice to a max-
imum of 14.4 hours on the sum-
mer solstice.

A weight is 6.5 feet above the
floor, suspended from the ceil-
ing by a spring. The weight is
pulled down to 5 feet above the
floor and released, rising past
6.5 feet in 0.5 second before at-
taining its maximum height of
8 feet. Neglecting the effects
of friction, the height of the
weight will continue to oscillate
between its minimum and max-
imum height.

The voltage used in U.S. elec-
trical current changes from 155
V to —155 V and back 60 times
each second.

Although the moon is spher-
ical, what we can see from
Earth looks like a (sometimes
only partly visible) disk. The
percentage of the moon’s disk
that is visible varies between 0
(at new moon) to 100 (at full
moon).

Ju—

NN O

IL.
100

50

III.
200

avay

-200

IV.
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As the moon revolves around the a.
Earth, the percent of the disk that 100
we see varies sinusoidally with a 80
period of approximately 30 days. 60
There are eight phases, start- 40
ing with the new moon, when 20
the moon’s disk is dark, followed
by waxing crescent, first quarter, 10 20 30 40 50 60
waxing gibbous, full moon (when b
the disk is 100% visible), waning 100
gibbous, last quarter, and waning 30
crescent. Which graph best rep- 60
3 resents the phases of the moon? 20
20
10 20 30 40 50 60
c.
100
80
60
40
20

40 80 120 160 200

4 The table shows sunrise and sunset times in Los Angeles on the fifteenth
of each month.

Month Oct Nov Dec Jan Feb Mar
Sunrise | 5:58 6:26 6:51 6:59 6:39 6:04
Sunset 17:20 | 16:50 | 16:45 | 17:07 | 17:37 | 18:01

Month Apr May Jun Jul Aug Sep
Sunrise | 5:22 4:52 4:42 4:43 5:15 5:37
Sunset | 18:25 | 18:48 | 19:07 | 19:05 | 18:40 | 18: 00

a Use the grid (a) to plot the sunrise times and sketch a sinusoidal
graph through the points

b Use the grid (b) to plot the sunset times and sketch a sinusoidal
graph through the points.

20
19
18
17
16
15

2 4 6 8 10 12 1424681012

@ (®)

N W A AN
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5 a Use the data from Problem 4 to complete the table with the hours
of sunlight in Los Angeles on the fifteenth of each month.

Month Oct Nov Dec Jan Feb Mar
Hours of
daylight

Month Apr May Jun Jul Aug Sep
Hours of
daylight

b Plot the daylight hours and sketch a sinusoidal graph through the
points.

6 Many people who believe in astrology also believe in biorhythms. The
graph shows an individual’s three biorhythms -- physical, emotional, and
intellectual -- for 36 days, from ¢ = 0 on September 30 to November 5.

100
80
60
40
20

6 12 18 24 30 36

‘ —— Emotional —— Intellectual —— Physical ‘

a Find the dates of highest and lowest activity for each biorhythm
during the month of October.

b Find the period of each biorhythm in days

¢ On the day of your birth, all three biorhythms are at their maximum.
How old will you be before all three are again at the maximum
level?

7 a Is the function shown periodic? If so, what is its period? If not,
explain why not.

y

X
5 10 15 20

b Compute the difference between the maximum and minimum func-
tion values. Sketch in the midline of the graph.

¢ Find the smallest positive value of k for which f(z) = f(x + k) for
all .

d Find the smallest positive values of a and b for which f(b) — f(a) is
a maximum.
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8 a Find the period, the maximum and minimum values, and the midline
of the graph of y = f(z).

y

15

-2

b Sketch a graph of y = 2f(z).
¢ Sketch a graph of y = 2+ f(x).

d Modify the graph of f(z) so that the period is twice its current
value.

9 The apparent magnitude of a star is a measure of its brightness as seen
from Earth. Smaller values for the apparent magnitude correspond to
brighter stars. The graph below, called a light curve, shows the apparent
magnitude of the star Algol as a function of time. Algol is an eclipsing
binary star, which means that it is actually a system of two stars, a bright
principal star and its dimmer companion, in orbit around each other. As
each star passes in front of the other, it eclipses some of the light that
reaches Earth from the system. (Source: Gamow, 1965, Brandt & Maran,
1972)

2.0

Magnitude
0 o
) ~

©
o

3.6

0 20 40 60 80
Time (hours)

a The light curve is periodic. What is its period?
b What is the range of apparent magnitudes of the Algol system?

¢ Explain the large and small dips in the light curve. What is hap-
pening to cause the dips?

10 Some stars, called Cepheid variable stars, appear to pulse, getting brighter
and dimmer periodically. The graph shows the light curve for the star
Delta Cephei. (Source: Ingham, 1997)
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»
o

&
o

Apparent magnitude

4.4

Time (days)

a What is the period of the graph?

b What is the range of apparent magnitudes for Delta Cephei?

The figure is a tide chart for Los Angeles for the week of December 17-23,
2000. The horizontal axis shows time in hours, with ¢ = 12 corresponding
to noon on December 17. The vertical axis shows the height of the tide
in feet above mean sea level.

Tide levels in Los Angeles, Dec. 17-23, 2000

17 18 19

Tide level (feet)

—_—0O =N Wk WV

12 24 36 48 60 72 84
Time (hours)

Tide level (feet)
—_— O =W R L

96 108 120 132 144 156 168
Time (hours)

a High tides occurred at 3:07 a.m. and 2:08 p.m. on December 17,
and low tides at 8:41 a.m. and 9:02 p.m. Estimate the heights of
the high and low tides on that day.

b Is tide height a periodic function of time? Use the information from
part (a) to justify your answer.

¢ Make a table showing approximate times and heights for the high
tides throughout the week. Make a similar table for the low tides

d Describe the trend in the heights of the high tides over the week.
Describe the trend in the heights of the low tides.

e What is the largest height difference between consecutive high and
low tides during the week shown? When does it occur?
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Power Functions

We next turn our attention to a large and useful family of functions called
power functions. This family includes transformations of several of the basic
functions, such as

F(d) = — and S(T) = 20.06v/T

a2

The first function gives the gravitational force, F', exerted by the sun on an
object at a distance, d. The second function gives the speed of sound, S, in
terms of the air temperature, 7.

By extending our definition of exponent to include negative numbers and

fractions, we will be able to express such functions in the form f(z) = kz™.
Here is an example of a power function with a fractional exponent.

289
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In 1932, Max Kleiber published a re- . Metabolic rate
markable equation for the metabolic Animal Mass (kg) (keal /day)
rate of an animal as a function of its Baboon 62 300
mass. The table at right shows the :
. . . Cat 3.0 150
mass of various animals in kilograms ;
and their metabolic rates, in kilo- Chimpanzee 38 1110
calories per day. A plot of the data, Cow 400 6080
resulting in the famous ** mouse-to- Dog 15.5 520
elephant’ curve, is shown in the fig- Elephant 3670 48, 800
ure. Guinea pig 0.8 48
P(m)
Human 65 1660
Mouse 0.02 3.4
8000 Pig 250 4350
_ Polar bear 600 8340
P(m)=173.3 m0-74 "
4000 Rabbit 3.5 165
Rat 0.2 28
m Sheep 50 1300
0 200 400 600 800

Kleiber modeled his data by the power function

P(m) = 73.3m%™

where P is the metabolic rate and m is the mass of the animal. Kleiber’s rule
initiated the use of allometric equations, or power functions of mass, in

physiology.

Investigation 13 Inflating a Balloon. If you blow air into a balloon, what
do you think will happen to the air pressure inside the balloon as it expands?
Here is what two physics books have to say:

"The greater the pressure inside, the greater the balloon’s volume."

—DBoleman, Jay
Physics, a Window on Our World

"Contrary to the process of blowing up a toy balloon, the pressure
required to force air into a bubble decreases with bubble size."

—Sears, Francis
Mechanics, Heat, and Sound

1. Based on these two quotes and your own intuition, sketch a graph showing
how pressure changes as a function of the diameter of the balloon. Describe
your graph: Is it increasing or decreasing? Is it concave up (bending
upward) or concave down (bending downward)?
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In 1998, two high school students,
April Leonardo and Tolu Noah, de-
cided to see for themselves how the
pressure inside a balloon changes as
the balloon expands. Using a column
of water to measure pressure, they
collected the following data while
blowing up a balloon. Graph their
data on the grid.

2. 60
g
A
o 40
2
s
(=W
20
3

10 20

Diameter (cm)

30

291
. Pressure
Diameter (cm) (cm H20)
5.7 60.6
7.3 57.2
8.2 47.9
10.7 38.1
12.0 37.1
14.6 31.9
17.5 28.1
20.5 26.4
23.5 28
25.2 31.4
26.1 34.0
27.5 37.2
28.4 37.9
29.0 40.7
30.0 43.3
30.6 46.6
31.3 50.0
32.2 61.9

. Describe the graph of April and Tolu’s data. How does it compare to your

graph in part (2)? Do their data confirm the predictions of the physics
books? (We will return to April and Tolu’s experiment in Section 3.4,

p.353.)

3.1 Variation

Two types of functions are widely used in modeling and are known by special
names: direct variation and inverse variation.

3.1.1 Direct Variation

Two variables are directly proportional (or just proportional) if the ratios
of their corresponding values are always equal. Consider the functions described
in the tables below. The first table shows the price of gasoline as a function of
the number of gallons purchased.

Gallons of | Total Price/ Years | Population | People/Years
gasoline price Gallons 10 439 432 ~ 43
9.60
4 $9.60 — =240 9302
14440 20 932 o 47
6 $14.40 | —— =2.40 2013
6 30 2013 —— ~ 67
19.20 30)
8 $19.20 | —— =2.40 4345
28880 40 4345 —— =~ 109
12 $28.80 | ——— =2.40 9380
12 50 9380 —— =~ 188
15 $36.00 3000 _ 2.40 205851
' 15 = 60 20,251 ’ ~ 338
60
. total price . . .
The ratio , or price per gallon, is the same for each pair

number of gallons
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of values in the first table. This agrees with everyday experience: The price
per gallon of gasoline is the same no matter how many gallons you buy. Thus,
the total price of a gasoline purchase is directly proportional to the number of
gallons purchased.

The second table shows the population of a small town as a function of the

number of people

town’s age. The ratio gives the average rate of growth of

number of years
the population in people per year. You can see that this ratio is not constant;

in fact, it increases as time goes on. Thus, the population of the town is not
proportional to its age.
The graphs of these two functions are shown below.

P P
20,000
36
24
10,000
12
g 1
10 20 20 40 60

(a) (b)

We see that the price, P, of a fill-up is a linear function of the number of
gallons, g, purchased. This should not be surprising if we write an equation
relating the variables g and P. Because the ratio of their values is constant, we
can write

P
Tk
g
where k is a constant. In this example, the constant k is 2.40, the price of

gasoline per gallon. Solving for P in terms of g, we have
P =kg=240¢g

which we recognize as the equation of a line through the origin.
In general, we make the following definition.

Direct Variation.

y varies directly with x if
y=kx

where k is a positive constant called the constant of variation.

Note 3.1.1 From the preceding discussion, we see that vary directly means
exactly the same thing as are directly proportional. The two phrases are
interchangeable.

Example 3.1.2

a The circumference, C, of a circle varies directly with its radius, r, because
C =2nr
The constant of variation is 27, or about 6.28.

b The amount of interest, I, earned in one year on an account paying 7%
simple interest, varies directly with the principal, P, invested, because

I=0.07P
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Direct variation defines a linear function of the form

y=f(z) =ka

The positive constant k& in the equation y = kx is just the slope of the graph,
so it tells us how rapidly the graph increases. Compared to the standard form
for a linear function, y = b 4+ mx, the constant term, b, is zero, so the graph of
a direct variation passes through the origin.

Checkpoint 3.1.3 Which of the graphs below could represent direct variation?

Explain why.
y y y

X X X

() (b) ()

Answer. (b): The graph is a straight line through the origin.

3.1.2 The Scaling Property of Direct Variation

The fact that the constant term is zero in a direct variation is significant: If we
double the value of x, then the value of y will double also. In fact, increasing x
by any factor causes y to increase by the same factor. For example, in the table
of gasoline prices, doubling the number of gallons of gas purchased, say, from 4
gallons to 8 gallons or from 6 gallons to 12 gallons, causes the total price to
double also.

Or, consider investing $800 for one year at 7% simple interest, as in Exam-
ple 3.1.2, p.292b. The interest earned is

I =0.07(800) = $56

If we increase the investment by a factor of 1.6 to 1.6(800), or $1280, the interest
will be
I =0.07(1280) = $89.60

You can check that multiplying the original interest of $56 by a factor of 1.6
does give the same figure for the new interest, $89.60.

Example 3.1.4

a Tuition at Woodrow University is $400 plus $30 per unit. Is the tuition
proportional to the number of units you take?

b Imogen makes a 15% commission on her sales of environmentally friendly
products marketed by her co-op. Do her earnings vary directly with her
sales?

Solution.

a Let u represent the number of units you take, and let T'(u) represent your
tuition. Then
T (u) = 400 + 30u

Thus, T(u) is a linear function of u, but the T-intercept is 400, not 0.
Your tuition is not proportional to the number of units you take, so this
is not an example of direct variation. You can check that doubling the
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number of units does not double the tuition. For example,
T(6) = 400 + 30(6) = 580
and
T(12) = 400 + 30(12) = 760
Tuition for 12 units is not double the tuition for 6 units. The graph of
T'(u) in figure (a) does not pass through the origin.
T C
1000 200

0 =20 e 1000
(a) (b)
b Let S represent Imogen’s sales, and let C'(S) represent her commission.
Then
C(S) =0.155

Thus, C(S) is a linear function of S with a C-intercept of zero, so Imogen’s
earnings do vary directly with her sales. This is an example of direct
variation. (See figure (b).)

0

Checkpoint 3.1.5 Which table could represent direct variation? Explain why.
(Hint: What happens toy if you multiply = by a constant?)

. 1 (2] 3]6][8] 9
y 255 75[15]20]225
b z]2] 3 4[6] 809

y|2[135|5]7|85]10

Answer. (a): If we multiply = by ¢, y is also multiplied by ec.

3.1.3 Finding a Formula for Direct Variation

If we know any one pair of values for the variables in a direct variation, we can
find the constant of variation. We can then use the constant to write a formula
for one of the variables as a function of the other.

Example 3.1.6 If an object is dropped from a great height, its speed, v, varies
directly with the time, ¢, the object has been falling. A rock dropped off the
rim of the Grand Canyon is falling at a speed of 39.2 meters per second when
it passes a lizard on a ledge 4 seconds later.

a Express v as a function of .
b What is the speed of the rock after it has fallen for 6 seconds?

¢ Sketch a graph of v(t) versus ¢.

Solution.
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a Because v varies directly with ¢, there is a positive constant k for which
v = kt. We substitute v = 39.2 when ¢ = 4 and solve for k to find

39.2 = k(4) Divide both sides by 4.
k=938

Thus, v(t) = 9.8¢.
b We evaluate the function found in part (a) for ¢t = 6.
v(6) = 9.8(6) = 58.8
At t = 6 seconds, the rock is falling at a speed of 58.8 meters per second.

¢ You can use your calculator to graph the function v(t) = 9.8¢t. The graph
is shown below.

100 =

(]

Checkpoint 3.1.7 The volume of a bag of rice, in cups, is directly proportional
to the weight of the bag. A 2-pound bag contains 3.5 cups of rice.

a Express the volume, V', of a bag of rice as a function of its weight, w.

b How many cups of rice are in a 15-pound bag?

Answer.

a V=175w b 26.25

3.1.4 Direct Variation with a Power of z«

We can generalize the notion of direct variation to include situations in which
y is proportional to a power of x, instead of z itself.

Direct Variation with a Power.

y varies directly with a power of z if
y = ka"

where k£ and n are positive constants.

Example 3.1.8 The surface area of a sphere varies directly with the square
of its radius. A balloon of radius 5 centimeters has surface area 1007 square
centimeters, or about 314 square centimeters. Find a formula for the surface
area of a sphere as a function of its radius.

Solution. If S stands for the surface area of a sphere of radius r, then

S = f(r)=kr?
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To find the constant of variation, k, we substitute the values of S and r.
1007 = k(5)?
dr =k
Thus, S = f(r) = 4mr. O

Checkpoint 3.1.9 The volume of a sphere varies directly with the cube of its

radius. A balloon of radius 5 centimeters has volume cubic centimeters,

or about 524 cubic centimeters. Find a formula for the volume of a sphere as a
function of its radius.
4

Answer. V = §7r7°3

In any example of direct variation, as the input variable increases through
positive values, the output variable increases also. Thus, a direct variation is an
increasing function, as we can see when we consider the graphs of some typical
direct variations shown below.

y y y
y:kx y:kxz y—kx3
k>0 k>0 k>0
X X X
(a) (b) (©)

Caution 3.1.10 The graph of a direct variation always passes through the
origin, so when the input is zero, the output is also zero. Thus, the functions
y = 3z + 2 and y = 0.42%2 — 2.3, for example, are not direct variation, even
though they are increasing functions for positive z.

Even without an equation, we can check whether a table of data describes
direct variation or merely an increasing function. If y varies directly with x™ |

then y = kx" , or, equivalently,% = k.
x

Test for Direct Variation.

If the ratio % is constant, then y varies directly with z”.
x

Example 3.1.11 Delbert collects the following data and would like to know if
y varies directly with the square of . What should he calculate?

x |2 5 8 | 10 | 12
y | 61]165 |36 | 54| 76

Y

Solution. If y varies directly with x2, then y = kz?2, or —5 = k. Delbert
T
should calculate the ratio % for each data point.
x
T 2 5 8 10 12
Y 6 | 165 | 36 54 76
% 1.5 | 0.66 | 0.56 | 0.54 | 0.53
x
Because the ratio LA is not constant, y does not vary directly with 22. O

x2
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Checkpoint 3.1.12 Does B vary directly with the cube of »? Explain your
decision.

T 0.1 0.3 0.5 0.8 1.2
B | 0.072 | 1.944 | 9.0 | 16.864 | 124.416

B .
Answer. Yes, — is constant.
T

3.1.5 Scaling

Recall that if y varies directly with x, then doubling x causes y to double also.
But:

e Is the area of a 16-inch circular pizza double the area of an 8-inch pizza?

¢ If you double the dimensions of a model of a skyscraper, will its weight
double also?

You probably know that the answer to both of these questions is No. The
area of a circle is proportional to the square of its radius, and the volume (and
hence the weight) of an object is proportional to the cube of its linear dimension.
Variation with a power of x produces a different scaling effect.

Example 3.1.13 The Taipei 101 building is 1671 feet tall, and in 2006 it was
the tallest skyscraper in the world. Show that doubling the dimensions of a
model of the Taipei 101 building produces a model that weighs 8 times as much.
Solution. The Taipei 101 skyscraper is approximately box shaped, so its
volume is given by the product of its linear dimensions, V' = [wh. The weight
of an object is proportional to its volume, so the weight, W, of the model is

W = klwh

where the constant k depends on the material of the model. If we double the
length, width, and height of the model, then

Whew = k(21)(2w)(2h)
= 23(l<;lwh) = 8Woia

The weight of the new model is 22 = 8 times the weight of the original model.
|

Checkpoint 3.1.14 Use the formula for the area of a circle to show that
doubling the diameter of a pizza quadruples its area.

Answer. A =712 80 Apew = 7(2r)% = 4dmr? = 44,4

In general, if y varies directly with a power of z, that is, if y = kx™, then
doubling the value of x causes y to increase by a factor of 2”. In fact, if we
multiply by any positive number ¢, then

Ynew = k(cx)"
= c"(kz") = " (Yola)

so the value of y is multiplied by ™.

We will call n the scaling exponent, and you will often see variation
described in terms of scaling. For example, we might say that "the area of a
circle scales as the square of its radius." (In many applications, the power n is
called the scale factor, even though it is not a factor but an exponent.)
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3.1.6 Inverse Variation

How long does it take to travel a distance of 600 miles? The answer depends
on your average speed. If you are on a bicycle trip, your average speed might
be 15 miles per hour. In that case, your traveling time will be

D 600

=15 = 40 hours

(Of course, you will have to add time for rest stops; the 40 hours are just your
travel time.)
If you are driving your car, you might average 50 miles per hour. Your

travel time is then D600
2525212}10111'8

If you take a commercial air flight, the plane’s speed might be 400 miles
per hour, and the flight time would be

D 600
7 = 100 = 1.5 hours

You can see that for higher average speeds, the travel time is shorter. In
other words, the time needed for a 600-mile journey is a decreasing function of
average speed. In fact, a formula for the function is

600

T f(R) =5

This function is an example of inverse variation. A table of values and a
graph of the function are shown below.

R | T r

10 | 60

15 | 40

20 | 30

50 | 12

200 | 3
400 1.5 200 400 R

Inverse Variation.
y varies inversely with x if

k
yzf’x7£0
X

where k is a positive constant.

Caution 3.1.15 Inverse variation describes a decreasing function, but not every
decreasing function represents inverse variation. People sometimes mistakenly
use the phrase varies inversely to describe any decreasing function, but if y

k
varies inversely with x, the variables must satisfy an equation of the form y = —,
x

or zy = k.
To decide whether two variables truly vary inversely, we can check whether

their product is constant. For instance, in the preceding travel-time example,
we see from the table that RT = 600.
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R 10 | 15 | 20 | 50 | 200 | 400
T 60 | 40 | 30 | 12 3 1.5
RT | 600 | 600 | 600 | 600 | 600 | 600

We can also define inverse variation with a power of the variable.

Inverse Variation with a power.

y varies inversely with " if

y= x#0

b
xn

where k£ and n are positive constants.

We may also say that y is inversely proportional to z".

Example 3.1.16 The weight, w, of an object varies inversely with the square
of its distance, d, from the center of the Earth. Thus,

k
a2

w =

If you double your distance from the center of the Earth, what happens to your
weight? What if you triple the distance?

Solution. Suppose you weigh W pounds at distance D from the center of the
k

Earth. Then W = D2 At distance 2D, your weight will be

k 1

oV

—
®)
T
>
[ V]
.
)
[V
A~

1
Your new weight will be 1 of your old weight. By a similar calculation, you

1
can check that by tripling the distance, your weight will be reduced to 9 of its

original value. O

Checkpoint 3.1.17 The amount of force, F, (in pounds) needed to loosen
a rusty bolt with a wrench is inversely proportional to the length, I, of the

wrench. Thus,
k
F=-
l
If you increase the length of the wrench by 50% so that the new length is 1.5,
what happens to the amount of force required to loosen the bolt?

2
Answer. Fl ., = gFold

In Example 3.1.16, p. 299 and Checkpoint 3.1.17, p. 299, as the independent
variable increases through positive values, the dependent variable decreases.
An inverse variation is an example of a decreasing function. The graphs of
some typical inverse variations are shown below.
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(a) (b)

3.1.7 Finding a Formula for Inverse Variation

If we know that two variables vary inversely and we can find one pair of
corresponding values for the variables, we can determine k, the constant of
variation.

Example 3.1.18 The intensity of electromagnetic radiation, such as light or
radio waves, varies inversely with the square of the distance from its source.
Radio station KPCC broadcasts a signal that is measured at 0.016 watt per
square meter by a receiver 1 kilometer away.

a Write a formula that gives signal strength as a function of distance.

b If you live 5 kilometers from the station, what is the strength of the signal
you will receive?

Solution.

a Let I stand for the intensity of the signal in watts per square meter, and

d for the distance from the station in kilometers. Then [ = ek To find

the constant k, we substitute 0.016 for I and 1 for d. Solving for k gives
us

k
0.016 = iEl
k = 0.016(1%) = 0.016
.01
s, 7= 0018
b Now we can substitute 5 for d and solve for I.
0.016

At a distance of 5 kilometers from the station, the signal strength is
0.00064 watt per square meter.

O

Checkpoint 3.1.19 Delbert’s officemates want to buy a $120 gold watch for a
colleague who is retiring. The cost per person is inversely proportional to the
number of people who contribute.

a Express the cost per person, C, as a function of the number of people, p,
who contribute.

b Sketch the function on the domain 0 < p < 20.

Answer.

aC:@
p
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b

50

10 20 i

3.1.8 Section Summary

3.1.8.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e Direct variation o Scaling exponent
e Directly proportional e Inverse variation
e Constant of variation e Inversely proportional

3.1.8.2 CONCEPTS

1 Direct and Inverse Variation.

e y varies directly with z if the ratio J is constant, that is,
x
if y=kx .

e y varies directly with a power of x if the ratio % is
x
constant, that is, if y = kax™ .

e y varies inversely with x if the product zy is constant,

k
that is, if y = — .
x

e y varies inversely with a power of z if the product ™y

is constant, that is, if y = — .
:'L-'I’L

2 The graph of a direct variation passes through the origin. The graph of
an inverse variation has a vertical asymptote at the origin.

3 If y = ka™ , we say that y scales as z".

3.1.8.3 STUDY QUESTIONS
1 Describe the graph of y = f(x) if y varies directly with x.

2 What is true about the ratio of two variables if they are directly propor-
tional?

3 If y is inversely proportional to x, then the graph of y versus z is a
transformation of which basic graph?

4 If y varies directly with a power of x, write a formula for y as a function
of z.

5 If y varies inversely with a power of z, write a formula for y as a function
of z.
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6 If y = kx*, what happens to y if you double z?

7 State a test to determine whether y varies inversely with z.

k
8§ If y = pot and we double the value of x, what happens to the value of y?

3.1.8.4 SKILLS

Practice each skill in the Homework 3.1.9, p. 302 problems listed.
1 Find the constant of variation: #1-4, 13-26
2 Write a formula for direct or inverse variation: #1-4, 13-26, 35-46

3 Recognize direct and inverse variation from a table of values: #27-34,
39-42

4 Recognize direct or inverse variation from a graph: #9-12, 35-38

5 Use scaling in direct and inverse variation: #13-20, 43-46

3.1.9 Variation (Homework 3.1)

1. Delbert’s credit card statement lists three purchases he made while on
a business trip in the Midwest. His company’s accountant would like to

know the sales tax rate on the purchases.
Price of item 18 28 12
Tax 1.17 1.82 0.78
Tax/Price

a Compute the ratio of the tax to the price of each item. Is the tax
proportional to the price? What is the tax rate?

b Express the tax, T, as a function of the price, p, of the item.

¢ Sketch a graph of the function by hand, and label the scales on the

axes.
Answer.
Price of item 18 28 12
a Tax 1.17 1.82 0.78
TaX/Price 0.065 | 0.065 | 0.065
Yes; 6.5%
b T = 0.065p
T
2
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2. At constant acceleration from rest, the distance traveled by a race car
is proportional to the square of the time elapsed. The highest recorded
road-tested acceleration is 0 to 60 miles per hour in 3.07 seconds, which
produces the following data.

Time (seconds) 2 2.5 3
Distance (feet) 57.32 | 89.563 | 128.97
Distance/Time”

a Compute the ratios of the distance traveled to the square of the time
elapsed. What was the acceleration, in feet per second squared?

b Express the distance traveled, d, as a function of time in seconds, t.

¢ Sketch a graph of the function by hand, and label the scales on the
axes.

3. The marketing department for a paper company is testing wrapping paper
rolls in various dimensions to see which shape consumers prefer. All the
rolls contain the same amount of wrapping paper.

Width (feet) 2 2.5 3

Length (feet) 12 9.6 8

Length x width

a Compute the product of the length and width for each roll of wrapping
paper. What is the constant of inverse proportionality?

b Express the length, L, of the paper as a function of the width, w, of
the roll.

¢ Sketch a graph of the function by hand, and label the scales on the

axes.
Answer.
Width (feet) 2 |25 3
a Length (feet) 12 196 | 8
Length x width | 24 | 24 | 24

24 square feet

_
_w

b L

20

10
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4. The force of gravity on a 1-kilogram mass is inversely proportional to the
square of the object’s distance from the center of the Earth. The table
shows the force on the object, in newtons, at distances that are multiples

of the Earth’s radius
Distance (Earth radii) 1 2 4

Force (newtons) 9.8 2.45 | 0.6125
Force x distance?

a Compute the products of the force and the square of the distance.
What is the constant of inverse proportionality

b Express the gravitational force, F', on a 1-kilogram mass as a function
of its distance, r, from the Earth’s center, measured in Earth radii

¢ Sketch a graph of the function by hand, and label the scales on the
axes.

5.
a How can you tell from a table of values whether y varies directly
with z7?
b How can you tell from a table of values whether y varies inversely
with z?
Answer.
a The ratio % is a constant.
b The product zy is a constant.
6.

a How can you tell from a table of values whether y varies directly
with a power of 7

b How can you tell from a table of values whether y varies inversely
with a power of 7

7. The length of a rectangle is 10 inches, and its width is 8 inches. Suppose
we increase the length of the rectangle while holding the width constant.

a Fill in the table.

Length | Width | Perimeter | Area
10 8
12 8
15 8
20 8

b Does the perimeter vary directly with the length?

¢ Write a formula for the perimeter of the rectangle in terms of its
length.

d Does the area vary directly with the length?

e Write a formula for the area of the rectangle in terms of its length.

Answer.
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10.

11.

12.

Length | Width | Perimeter | Area
10 8 36 80
a 12 8 40 96
15 8 46 120
20 8 56 160
b No
c P=16+2]
d Yes
e A=28I

The base of an isosceles triangle is 12 centimeters, and the equal sides
have length 15 centimeters. Suppose we increase the base of the triangle
while holding the sides constant.

a Fill in the table.

Base | Sides | Height | Perimeter | Area
12 15
15 15
18 15
20 15

b Does the perimeter vary directly with the base?

¢ Write a formula for the perimeter of the triangle in terms of its base.
d Write a formula for the area of the triangle in terms of its base.

e Does the area vary directly with the base?

Which of the graphs could describe direct variation? Explain your answer.

Answer. (b)

Which of the graphs could describe direct variation? Explain your answer.

Which of the graphs could describe inverse variation? Explain your answer.

Answer. (c)

Which of the graphs could describe inverse variation? Explain your answer.
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13. The weight of an object on the Moon varies directly with its weight on
Earth. A person who weighs 150 pounds on Earth would weigh only 24.75
pounds on the Moon.

a Find a function that gives the weight m of an object on the Moon in
terms of its weight w on Earth. Complete the table and graph your
function in a suitable window.

w 50 100 | 200 | 400

m

b How much would a person weigh on the Moon if she weighs 120
pounds on Earth?

¢ A piece of rock weighs 50 pounds on the Moon. How much will it
weigh back on Earth?

d If you double the weight of an object on Earth, what will happen to
its weight on the Moon?

Answer.
a m = 0.165w
w 50 100 | 200 | 400
m | 825 | 16.5 | 33 | 66
b 19.8 Ib
¢ 303.03 Ib

d It will double.

14. Hubble’s law says that distant galaxies are receding from us at a rate that
varies directly with their distance. (The speeds of the galaxies are measured
using a phenomenon called redshifting.) A galaxy in the constellation Ursa
Major is 980 million light-years away and is receding at a speed of 15,000
kilometers per second.

a Find a function that gives the speed, v, of a galaxy in terms of its
distance, d, from Earth. Complete the table and graph your function
in a suitable window. (Distances are given in millions of light-years.)

d | 500 | 1000 | 2000 | 4000
m

b How far away is a galaxy in the constellation Hydra that is receding
at 61,000 kilometers per second?

¢ A galaxy in Leo is 1240 million light-years away. How fast is it
receding from us?

d If one constellation is twice as distant as another, how do their speeds
compare?
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15. The length, L, of a pendulum varies directly with the square of its period,
T, the time required for the pendulum to make one complete swing back
and forth. The pendulum on a grandfather clock is 3.25 feet long and has
a period of 2 seconds.

a Express L as a function of T. Complete the table and graph your
function in a suitable window.

T 1 ) 10 20
L

b How long is the Foucault pendulum in the Pantheon in Paris, which
has a period of 17 seconds?

¢ A hypnotist uses a gold pendant as a pendulum to mesmerize his
clients. If the chain on the pendant is 9 inches long, what is the
period of its swing?

d In order to double the period of a pendulum, how must you vary its
length?

Answer.

a L =0.8125T2

L | 0.8125 | 20.3 | 81.25 | 325

b 234.8125 ft
¢ 0.96 sec
d It must be four times as long.

16. The load, L, that a beam can support varies directly with the square of
its vertical thickness, h. A beam that is 4 inches thick can support a load
of 2000 pounds.

a Express L as a function of h. Complete the table and graph your
function in a suitable window.

h 1 2 4 8
L

b What size load can be supported by a beam that is 6 inches thick?
¢ How thick a beam is needed to support a load of 100 pounds?

d If you double the thickness of a beam, how will the load it can
support change?

17. Computer monitors produce a magnetic field. The effect of the field, B,
on the user varies inversely with his or her distance, d, from the screen.
The field from a certain color monitor was measured at 22 milligauss 4
inches from the screen.

a Express the field strength as a function of distance from the screen.
Complete the table and graph your function in a suitable window.

d 1 2 12 24
B

b What is the field strength 10 inches from the screen?
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¢ An elevated risk of cancer can result from exposure to field strengths
of 4.3 milligauss. How far from the screen should the computer user
sit to keep the field level below 4.3 milligauss?

d If you double your distance from the screen, how does the field
strength change?

Answer.

88
B =22
& d

b 8.8 milligauss
¢ More than 20.47 in

d It is one half as strong.

18. The amount of current, I, that flows through a circuit varies inversely with
the resistance, R, on the circuit. An iron with a resistance of 12 ohms
draws 10 amps of current.

a Express the current as a function of the resistance. Complete the
table and graph your function in a suitable window.

R 1 2 10 20
I

b How much current is drawn by a light bulb with a resistance of 533.3
ohms?

¢ What is the resistance of a toaster that draws 12.5 amps of current?

d If the resistance of one appliance is double the resistance of a second
appliance, how does the current they draw compare?

19. The amount of power, P, generated by a windmill varies directly with the
cube of the wind speed, w. A windmill on Oahu, Hawaii, produces 7300
kilowatts of power when the wind speed is 32 miles per hour.

a Express the power as a function of wind speed. Complete the table
and graph your function in a suitable window.

w 10 20 40 80
P

b How much power would the windmill produce in a light breeze of 15
miles per hour?

¢ What wind speed is needed to produce 10,000 kilowatts of power?

d If the wind speed doubles, what happens to the amount of power

generated?
Answer.
182
p= 1825 5 0.2228w?
8192

w | 10 20 40 80
P | 223 | 1782 | 14,259 | 114,074
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b 752 kilowatts
¢ 33.54 mph

d It is multiplied by 8.

20. A crystal form of pyrite (a compound of iron and sulfur) has the shape
of a regular solid with 12 faces. Each face is a regular pentagon. This
compound is called pyritohedron, and its mass, M, varies directly with
the cube of the length, L, of one edge. If each edge is 1.1 centimeters, then
the mass is 51 grams.

a Express the mass of pyritohedron as a function of the length of one
edge. Complete the table and graph your function in a suitable
window.

L 0.5 1 2 4
M

b What is the weight of a chunk of pyritohedron if each edge is 2.2
centimeters?

¢ How long would each edge be for a 1643-gram piece of pyritohedron?

d If one chunk has double the length of a second chunk, how do their
weights compare?

For Problems 21-26,

a Use the values in the table to find the constant of variation, k, and write
y as a function of z.

b Fill in the rest of the table with the correct values.

¢ What happens to y when you double the value of z?

21. y varies directly with x. 22. y varies directly with x.
x Y r Y
2 0.8
5 1.5 1.5 54
2.4 108
12 126
4.5 6
Answer.
ay=0.3x
€ )
2 | 0.6
b 5 |15
8 | 24
12 | 3.6
15 | 4.5

¢ y doubles.
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23. 1y varies directly with the

24. y varies directly with the cube
square of .

of x.
T Y o Y
3 2 120
6 24 3
54 1875
12 6
150 15,000
Answer.
2 4
ay= 3ac
r Y
3 6
b 6 24
9
12 | 96
15 | 150

¢ y is quadrupled.
25. y varies inversely with x.

26. y varies inversely with the

L y square of x.
4 x Y
15 0.2
20 6 80
30 2
3 4 1.25
Answer. 0.8
120
ay=—
4 30
8 | 15
b 2 | 6
30 | 4
40 3

¢ y is halved.

For Problems 27-30, decide whether

a y varies directly with =z,
b y varies directly with 22, or

¢ y does not vary directly with a power of x.

Explain why your choice is correct. If your choice is (a) or (b), find the constant
of variation.
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27. 28. 29. 30.

z Y T |y T Y T Y
21 20 2 112 1.5 | 3.0 1.2 7.20
3| 4.5 4|28 2.4 | 5.3 2.5 | 31.25
5 12.5 6 | 44 5.5 | 33 6.4 | 204.80
8 | 32.0 9 | 68 8.2 | 73.8 12 | 720.00
Answer. Ansgver.
(b) (C)ﬁis
y = 0.52° not

constant

for any

exponent

P.

For Problems 31-34, decide whether
a y varies inversely with z,
b y varies inversely with z2, or
¢ y does not vary inversely with a power of x.

Explain why your choice is correct. If your choice is (a) or (b), find the constant
of variation.

31. 32. 33. 34.
T y T y T y T y
0.5 | 288 0.5 | 100.0 1.0 | 4.0 0.5 | 180.00
2.0 | 18 2.0 | 25.0 1.3 | 3.7 2.0 | 11.25
3.0 8 4.0 | 125 3.0 ] 2.0 3.0 5.00
6.0 2 5.0 | 10.0 4.0 | 1.0 5.0 1.80
Answer. Answer.
(b)yzlz (c) aPy is
x not
constant
for any
exponent
P.

The functions described by a table of data or by a graph in Problems 35-42
are examples of direct or inverse variation.

a Find an algebraic formula for the function, including the constant of
variation, k.

b Answer the question in the problem.

35.



312 CHAPTER 3. POWER FUNCTIONS

d
The faster a car moves, the more 10
difficult it is to stop. The graph :
shows the distance, d, required to
stop a car as a function of its ve- s
locity, v, before the brakes were ap- E
plied. What distance is needed to
stop a car moving at 100 kilometers ,

Distance (meters)

per hour? 20 40
Velocity
(kilometers per hour)
Answer.
a d = 0.0050° b 50 m
36.
w
A wide pipe can handle a greater o 10
water flow than a narrow pipe. The g
graph shows the water flow through 2
a pipe, w, as a function of its ra- § 5
dius, r. How great is the water g
flow through a pipe of radius of 10 O
inches? randd
Radius (inches)
37. ”
If the price of mushrooms goes up,
the amount consumers are willing
- 8
to buy goes down. The graph shows 2
the number of tons of shiitake mush- 5 6
. . . =
rooms, m, sold in California each &y
week as a function of their price, p. 5 )
If the price of shiitake mushrooms
. p
rises to $10 per pound, how many > 4 6 %
tons will be sold? Dollars per pound
Answer.
am = § b 0.8 ton
p
38.
d

When an adult plays with a small

child on a seesaw, the adult must 8
sit closer to the pivot point to bal- 6
ance the seesaw. The graph shows

this distance, d, as a function of the E 4
adult’s weight, w. How far from the 2

pivot must Kareem sit if he weighs

280 pounds? 50 100 150 200
Weight (pounds)

Distance (feet)

39. Ocean temperatures are generally colder at the greater depths. The
table shows the temperature of the water as a function of depth. What
is the ocean temperature at a depth of 6 kilometers?
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40.

41.

42.

Depth (km) | Temperature (°C)
0.5 12
1 6
2 3
3 2
Answer.
6 °
a T =2 b 1°C

The shorter the length of a vibrating guitar string, the higher the
frequency of the vibrations. The fifth string is 65 centimeters long
and is tuned to A (with a frequency of 220 vibrations per second).
The placement of the fret relative to the bridge changes the effective
length of the guitar string. The table shows frequency as a function of
effective length. How far from the bridge should the fret be placed for
the note C (256 vibrations per second)?

Length (cm) | Frequency
%) 260
57.2 250
65 220
71.5 200

The strength of a cylindrical rod depends on its diameter. The greater
the diameter of the rod, the more weight it can support before collaps-
ing. The table shows the maximum weight supported by a rod as a
function of its diameter. How much weight can a 1.2-centimeter rod
support before collapsing?

Diameter (cm) | Weight (newtons)
0.5 150
1.0 600
1.5 1350
2.0 2400
Answer.
a W = 600d” b 864 newtons

The maximum height attained by a cannonball depends on the speed
at which it was shot. The table shows maximum height as a function
of initial speed. What height is attained by a cannonball whose initial
upward speed was 100 feet per second?

Speed (ft/sec) | Height (ft)
40 200
50 31.25
60 450
70 612.5

43. The wind resistance, W, experienced by a vehicle on the freeway varies
directly with the square of its speed, v.

a If you double your speed, what happens to the wind resistance?
b If you drive one-third as fast, what happens to the wind resistance?

¢ If you decrease your speed by 10%, what happens to the wind
resistance?
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Answer.
a Wind resistance quadruples.
b It is one-ninth as great.

¢ It is decreased by 19% because it is 81% of the original.

44. The weight, w, of a bronze statue varies directly with the cube of its height,
h.

a If you double the height of the statue, what happens to its weight?

b If you make the statue one-fourth as tall, what happens to its weight?

¢ If you increase the height of the statue by 50%, what happens to its
weight?

45. The intensity of illumination, I, from a lamp varies inversely with the
square of your distance, d, from the lamp.

a If you double your distance from a reading lamp, what happens to
the illumination?

b If you triple the distance, what happens to the illumination?

¢ If you increase the distance by 25%, what happens to the illumina-
tion?

Answer.
a It is one-fourth the original illumination.
b It is one-ninth the illumination.

¢ It is 64% of the illumination.

46. The resistance, R, of an electrical wire varies inversely with the square of
its diameter, d.

a If you replace an old wire with a new one whose diameter is half that
of the old one, what happens to the resistance?

b If you replace an old wire with a new one whose diameter is two-thirds
of the old one, what happens to the resistance?

¢ If you decrease the diameter of the wire by 30%, what happens to
the resistance?

The quoted material in Problems 47-50 is taken from the article "Quantum
Black Holes," by Bernard J. Carr and Steven B. Giddings, in the May 2005 issue
of Scientific American. (See Algebra Skills Refresher A.1.4, p.853 to review
scientific notation.)

47. “The density to which matter must be squeezed [to create a black hole]
scales as the inverse square of the mass. For a hole with the mass of
the Sun, the density is about 10'? kilograms per cubic meter, higher
than that of an atomic nucleus.”

a Recall that the density of an object is its mass per unit volume.
Given that the mass of the sun is about 2 x 103° kilograms, write
a formula for the density, D, of a black hole as a function of its
mass, m.

b “The known laws of physics allow for a matter density up to the
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48.

49.

50.

so-called Planck value of 10°7 kilograms per cubic meter.” If a
black hole with this density could be created, it would be the
smallest possible black hole. What would its mass be?

¢ Assuming that a black hole is spherical, what would be the radius
of the smallest possible black hole?

“A black hole radiates thermally, like a hot coal, with a temperature
inversely proportional to its mass. For a solar-mass black hole, the
temperature is around a millionth of a kelvin.”

a The solar mass is given in Problem 47. Write a formula for the
temperature, T', of a black hole as a function of its mass, m.

b What is the temperature of a black hole of mass 10'? kilograms,
about the mass of a mountain?
“The total time for a black hole to evaporate away is proportional to
the cube of its initial mass. For a solar-mass hole, the lifetime is an
unobservably long 1054 years.”

a The solar mass is given in Problem 47. Write a formula for the
lifetime, L, of a black hole as a function of its mass, m.

b The present age of the universe is about 10'° years. What would
be the mass of a black hole as old as the universe?

Answer.
a L= (1.25x10-27)m?
b 2 x 10'? kg

“String theory ... predicts that space has dimensions beyond the usual
three. In three dimensions, the force of as strong.” In three dimensions,
the forcgravity quadruples as you halve the distance between two
objects. But in nine dimensions, gravity would get 256 timese of
gravity varies inversely with the square of distance. Write a formula
for the force of gravity in nine dimensions.

Use algebra to support your answers to Problems 51-56. Begin with a formula
for direct or inverse variation.

51.

52.

53.

54.

55.

56.

Suppose y varies directly with z. Show that if you multiply z by any
constant ¢, then y will be multiplied by the same constant.

Answer. y = kx implies that k(cz) = c(kz) = cy.

Suppose y varies inversely with x. Show that if you multiply = by any
constant ¢, then y will be divided by the same constant.

Explain why the ratio % is a constant when y varies directly with z2.
x

Answer. If y = k2?2, then dividing both sides of the equation by z?2
gives % =k.

x
Explain why the product yz? is a constant when y varies inversely
with x2.
If x varies directly with y and y varies directly with z, does = vary
directly with 2?7
Answer. Yes

If & varies inversely with y and y varies inversely with z, does = vary
invesely with 27
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3.2 Integer Exponents

Recall that a positive integer exponent tells us how many times its base occurs

as a factor in an expression. For example,

4a3b? means 4daaabb

3.2.1 Negative Exponents

Study the list of powers of 2 shown in 2t =16~ )
§x2=16
Table a and ob.serve the pattern as we ”_g }
move up the list from bottom to top. i)
X 2 =1
Each time the exponent increases by 1 2 _y )
we multiply by another factor of 2. We - 0
can continue up the list as far as we like. Si_y } o
a
22 =38 B
If we move back down the list, we divide 8r2=4
by 2 at each step, until we get to the 2=y ——
bottom of the list, 2! = 2. 4:2=2
What if we continue the list in the same =2 ~—
way, dividing by 2 each time we decrease 5 e
the exponent? The results are shown in 0] —
Table b. l+2=1
As we continue to divide by 2, we gen- 2= %«,_\v—/
erate fractions whose denominators are oo
powers of 2. In particular, R
b.
1 1 1 1
27 l=Z=_ and 2?%2==_
2 21 4 22

Based on these observations, we make the following definitions.

Definition of Negative and Zero Exponents.

a™" = ! (a #0)

pr

a®=1 (a #0)

These definitions tell us that if the base a is not zero, then any number
raised to the zero power is 1, and that a negative exponent denotes a reciprocal.

Example 3.2.1

. 1 1 1 9
-3 _ _ -2 _ _
BT bO9rm=95=0
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Caution 3.2.2

1. A negative exponent does not mean that the power is negative! For
example,
273 7& 723
2. In Example 3.2.1, p. 316b, note that
1
972 #£ —
T 92

The exponent, —2, applies only to the base z, not to 9.

Checkpoint 3.2.3 Write each expression without using negative exponents.

a 54 b 5z
Answer.
1 5
a =3 b —

x
In the next example, we see how to evaluate expressions that contain negative
exponents and how to solve equations involving negative exponents.

Example 3.2.4 The body mass index, or BMI, is one measure of a person’s
physical fitness. Your body mass index is defined by

BMI = wh™?
where w is your weight in kilograms and h is your height in meters. The World

Health Organization classifies a person as obese if his or her BMI is 25 or higher.

a a. Calculate the BMI for a woman who is 1.625 meters (64 inches) tall
and weighs 54 kilograms (120 pounds).

b For a fixed weight, how does BMI vary with height?

¢ The world’s heaviest athlete is the amateur sumo wrestler Emanuel
Yarbrough, who weighs 319 kg (704 pounds). What height would Yarbrough
have to be to have a BMI under 257

Solution.

a BMI = 54(1.62572) = 54( ) = 20.45

1.6252
b BMI = wh2 = -2

ﬁ?
That is, for a fixed weight, BMI decreases as height increases.

so BMI varies inversely with the square of height.

¢ To find the height that gives a BMI of 25, we solve the equation 25 =
319h~2. Note that the variable h appears in the denominator of a fraction,
so we begin by clearing the denominator -- in this case we multiply both
sides of the equation by h2.

319
25 = e Multiply both sides by h2.
25h% =319  Divide both sides by 25.
h? =12.76 Extract square roots.

h =~ 3.57

To have a BMI under 25, Yarbrough would have to be over 3.57 meters,
or 11 feet 8 inches tall. (In fact, he is 6 feet 8 inches tall.)

]
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Checkpoint 3.2.5 Solve the equation 0.2273 =1.5

Hint. Rewrite without a negative exponent.
Clear the fraction.
Isolate the variable.

2
A . ={/—==~0.51
nswer. z = { 5

3.2.2 Power Functions

The functions that describe direct and inverse variation are part of a larger
family of functions called power functions.

Power Function.

A function of the form
f(z) = ka?

where k and p are nonzero constants, is called a power function.

Examples of power functions are
4 3 2
V(r) = 3™ and L(T)=0.8125T

In addition, the basic functions

fla)=1 and g() = 5

22
which we studied in Chapter 2, p. 149 can be written as
f(z)y=2"1 and g(z)=a"2

Their graphs are shown below. Note that the domains of power functions with
negative exponents do not include zero.

S g(x)

f)=x"! g =x-2
Example 3.21.6 Which of the following are power functions? 6
_14 _ _r+t
af(w)—§$ +2 bg(m)—@ c h(z) = e
Solution.

a This is not a power function, because of the addition of the constant term.

b We can write g(z) = %x_‘l, S0 g is a power function.

¢ This is not a power function, but it can be treated as the sum of two
power functions, because h(z) = z72 + 6273,

O
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Checkpoint 3.2.7 Write each function as a power function in the form y = kaP.

12 1 2
af(x):; bg(fﬂ):@ Ch(x):@
Answer.
- 1 2
a f(x) =12272 b g(z) = ~a* ¢ h(z) = gsc_ﬁ

Most applications are concerned with positive variables only, so many models
use only the portion of the graph in the first quadrant.

Example 3.2.8 In the Middle Ages in Europe, castles were built as defensive
strongholds. An attacking force would build a huge catapult called a trebuchet
to hurl rocks and scrap metal inside the castle walls. The engineers could adjust
its range by varying the mass of the projectiles. The mass, m, of the projectile
should be inversely proportional to the square of the distance, d, to the target.

a Use a negative exponent to write m as a function of d, m = f(d).

b The engineers test the trebuchet with a 20-kilogram projectile, which
lands 250 meters away. Find the constant of proportionality; then rewrite
your formula for m.

¢ Graph m = f(d).

d The trebuchet is 180 meters from the courtyard within the castle. What
size projectile will hit the target?

e The attacking force would like to hurl a 100-kilogram projectile at the
castle. How close must the attackers bring their trebuchet?

Solution.

a If we use k for the constant of proportionality, then m = d—kQ Rewriting
this equation with a negative exponent gives m = kd 2.
b We substitute m = 20 and d = 250 to obtain
20 = k(250)™2 Multiply both sides by 2502.
1,250,000 = k
Thus, m = 1,250,000d 2.

¢ We evaluate the function for several values of m, or use a calculator to
obtain the graph below.

m=1,250,000d ~2

100

100 200 300 400 d
d We substitute d = 180 into the formula:
m = 1,250,000(180) 2
1,250,000
32,400
A 38.58

The attackers should use a mass of approximately 38.6 kilograms.



320 CHAPTER 3. POWER FUNCTIONS

e We substitute m = 100 into the formula and solve for d.

100 = 1,250,000d"2 Multiply by d2.
100d* = 1, 250,000 Divide by 100.
d* = 12,500 Take sqwuare roots.

d = =++/12,500
They must locate the trebuchet /12,500 = 111.8 meters from the castle.
O

The function m = — is an example of an inverse square law, because m

varies inversely with the square of d. Such laws are fairly common in physics
and its applications, because gravitational and other forces behave in this way.
Here is a more modern example of an inverse square law.

Checkpoint 3.2.9 Cell phone towers typically transmit signals at 10 watts of
power. The signal strength varies inversely with the square of distance from the
tower, and 1 kilometer away the signal strength is 0.8 picowatt. (A picowatt is
10712 watt.) Cell phones can receive a signal as small as 0.01 picowatt. How far
can you be from the nearest tower and still hope to have cell phone reception?

Answer. About 9 km

3.2.3 Working with Negative Exponents

A negative exponent denotes the reciprocal of a power. Thus, to simplify
a fraction with a negative exponent, we compute the positive power of its
reciprocal.

Example 3.2.10

9\ 4
Checkpoint 3.2.11 Simplify <2>
x

8
Answer. r
16

Dividing by a power with a negative exponent is equivalent to multiplying
by a power with a positive exponent.

Example 3.2.12

a b
1 R k? _
5?_1—5 74:]62—7’714
:1+i — 2_L
53 ma
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O

Checkpoint23.2.13 Write each expression Witthout using negative exponents.
3\ b —
a ([)4) x—ﬁ

Answer.

b® b 1228

a —
9

3.2.4 Laws of Exponents

The laws of exponents, reviewed in Algebra Skills Refresher Section A.6, p. 895,
apply to all integer exponents, positive, negative, and zero. When we allow
negative exponents, we can simplify the rule for computing quotients of powers.

A Law of Exponents.

m

Il — =qm " (a #0)

an

For example, by applying this new version of the law for quotients, we find

For reference, we restate the laws of exponents below. The laws are valid
for all integer exponents m and n, and for a,b # 0.

Laws of Exponents.

[a™ a"=am™"
a™ _

II —=am"
a'n,

Example 3.2.14

a. 2 20 =370 =72 Apply the first law: Add exponents.
8272 8 5 (_o) 4
b. 106 Zx =2z Apply the second law: Subtract exponents.
x

—2
c. (533*3) =5 2% 2=2  Apply laws IV and IIL.
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You can check that each of the calculations in Example 3.2.14, p. 321 is
shorter when we use negative exponents instead of converting the expressions
into algebraic fractions.

Checkpoint 3.2.15 Simplify by applying the laws of exponents.
o (20 (Lie?) )

3r—4
Answer.
-8 1
& a? 3r2

Caution 3.2.16 The laws of exponents do not apply to sums or differences
of powers. We can add or subtract like terms, that is, powers with the same
exponent. For example,

6272 + 3272 = 9272

but we cannot add or subtract terms with different exponents. Thus, for example,

4z% — 3272  cannot be simplified
z '+ 27®  cannot be simplified

At the start of this section, we saw that 2° = 1, and in fact a” =1 as long
as a # 0. Now we can see that this definition is consistent with the laws of
exponents. The quotient of any (nonzero) number divided by itself is 1. But
by applying the second law of exponents, we also have

Thus,

Zero as Exponent.

a®=1, ifa#0

For example,

3=1, (-528)°=1, and (0.024)° =1

3.2.5 Section Summary

3.2.5.1 Vocabulary
Look up the definitions of new terms in the Glossary.

e Power function o Inverse square law
3.2.5.2 CONCEPTS

1
1 A negative exponent denotes a reciprocal: a™" = — if a # 0.
a

2 Any number (except zero) raised to the zero power is 1: a” = 1, if a # 0.

3 A function of the form f(x) = kaP, where k and p are constants, is called
a power function.
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Laws of Exponents.

Iam-a"=a™™"
m
a —

I —=am"
an

Il (a™)" = a™

IV (ab)" = a™b"

3.2.5.3 STUDY QUESTIONS
1 Explain the difference between each pair of expressions.
a —23 and 273
b —z* and z~*
¢ —2" and 277
2 Write a power function for "y varies inversely with the cube of x."?
3 Explain why it makes sense to define 10° = 1.
4 Why is zero excluded from the domain of f(z) = 32727
5 Choose a value for to show that the following statement is false:
2072 4477 =673 False!
3.2.5.4 SKILLS
Practice each skill in the Homework 3.2.6, p. 323 problems listed.
1 Simplify expressions with negative exponents: #1-12
2 Solve equations involving negative exponents: #19-24
3 Write formulas for power functions: #17 and 18, 25-34
4 Evaluate and analyze power functions: #13-16, 25-34

5 Apply the laws of exponents to simplify expressions: #35-62

3.2.6 Integer Exponents (Homework 3.2)

1. Make a table showing powers of 3 from 37° to 3°. Illustrate why defining
3% = 1 makes sense.

Answer.

n|-5|-4|-3|-2|-1(0|1]|2|3 |4/ 5

n | _1 | 1 | 1 1
HENEE T 1392781243

Each time n increases by 1, we multiply the power in the bottom row
by 3.
2. Make a table showing powers of 5 from 5% to 5%. Illustrate why defining
5° = 1 makes sense.

[Ol—

For Problems 3-6, compute each power.
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3.
a 23 b (—2)? c 273 d (-2)7?
Answer.
1 -1
a 8 b -8 - d —
“3 8
4.
a 42 b (—4)? c47? d (—4)72
5. 3 3 3 3
1 1 1\ 1\
a | = b(—-= - d (—=
2 2 2 2
Answer.
1 -1
- b — c 8 d -8
*3 8
6.

o
N
W=
N~
()

on
/?
W=
N~
()

o
7 N
B~
~__
i

(oW
/T\
| =
~~
s

7.

a 27! b (=5)"2 1\ "? q 1
C g (72)74
Answer.
A L1 L S d (-2 =
2t 2 (—5)2 25 16
c 3 =27
8. , .
a 372 b (-2)73 3\~ d
C g (73)73
9. - .
b (2¢)7° —4x~2
a g (29) ¢ —dz d =
Answer.
ab-43 = 1 _ 1 o 2
320 (2¢)° 32q° 2
d 8b3
10. ; -
b (4k)~3 —7z4
a F ( ) C T d F
11.
a (m—mn)~2 c 2pg~*
_5y—2
by ?4y? d —=

Answer.
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12.

2p
c X
¢4
—525
d —5
Y
¢ 8m~2n?
—6y—3
d =L
—

325

Use your calculator to fill in the tables in Problems 13 and 14. Round your

answers to two decimal places.

13. f(z) =22

a

16

f(z)

b What happens to the values of f(x) as the values of = increase?

Explain why.

0.5

0.25 | 0.125

0.0625

f(z)

d What happens to the values of f(z) as the values of x decrease

toward 07 Explain why.

Answer.

T 2

4 8

16

(a) -,

0.25

0.06 | 0.02

0.00

(b) The values of f(x) decrease, because x~2 is the reciprocal of 2.

x 0.5

()

0.25 | 0.125

0.0625

2

4

16 64

256

(d) The values of f(z) increase toward infinity, because x =2 is the

reciprocal of z2.

14. g(z) =273

a

4.5 6.2

9.3

g()

b What happens to the values of g(z) as the values of = increase?

Explain why.

T 1.5 0.6

0.1 0.03

0.002

f(x)

d What happens to the values of g(z) as the values of = decrease

toward 07 Explain why.
15.

(a) Use your calculator to graph each of the following functions on the

window

Xmin = —5
Ymin = —2

Xmax =5
Ymax = 10
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i. f(z)=2"
ii. f(zx)=a"2
i, f(z) = %

CHAPTER 3. POWER FUNCTIONS

v, f(z) = (if

(b) Which functions have the same graph? Explain your results.

Answer. b.
represent the same function.

16.

(ii), (iii), and (iv) have the same graph, because they

(a) Use your calculator to graph each of the following functions on the

window
Xmin = —3
Ymin = -5
i f(z) =23
ii. f(x) =273
1
iii. f(z) =—=

3

Xmax = 5

Ymax =5

iv. f(z) = (i>3

(b) Which functions have the same graph? Explain your results.

For Problems 17-18, write each expression as a power function using negative

exponents.
1 3 2 1
(a) F(r)= 7 (b) Gw) = -3 (c) H(z) = EBE
Answer.
_ g4 2 _ 1
(a) F(r)=3r (b) Gw) = zw™ (c) H(z) = 52"
18 9 3 1
(a) hls) = = (b) f(v) =g 5 (c) g(t) = 50

For Problems 19-24, olve.
19. 6272 =3.84

Answer. z = —1.25 or
z=1.25
21. 12+ 0.04t73 =175.84
1
Answer. = —
16
23. 100 —0.150=* = 6.25
1 -1
Answer. v=-orv=—
5 5

20. 0.8w 2=1.25

22. 854 — 48273 =104

24. 8100p~* — 250 = 3656.25

25. When an automobile accelerates, the power, P, needed to overcome air
resistance varies directly with a power of the speed, v.

(a) Use the data and the graph to find the scaling exponent and the
constant of variation. Then write a formula for P as a power function

of v.
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40,000
v (Hlph) 10 20 30 4&000
P (watts) | 355 | 2840 | 9585 | 22,720

10,000

v
10 20 30 40 50

(b) Find the speed that requires 50,000 watts of power.

(¢) If you increase your speed by 50%, by what factor does the power
requirement increase?

Answer.

(a) P =0.3550° (b) v =~ 52.03 mph (c) 3.375
26. The power, P, generated by a windmill varies directly with a power of
wind velocity, v.
(a) Use the data and the graph to find the scaling exponent and the
constant of variation. Then write a formula for P as a power function
of v.

40
v (mph) 10| 20 | 30 | 40 30
P (watts) | 15 | 120 | 405 | 960 | .,

v

10 20
(b) Find the wind velocity needed to generate 500 watts of power.

(¢) If the wind speed drops by half, what happens to the power gener-
ated?
27. The “Rule of 70” is used to estimate how long it takes an investment to
double in value when interest is compounded annually. The doubling time,
D, is inversely proportional to the interest rate, i. (Note that i is expressed
as a percent, not as a decimal fraction. For example, if the interest rate is
8%, then i = 8.)
(a) Use the data and the graph to find the constant of proportionality
and write D as a power function of i.

P
40
i (mph) 4 6 8 10 4
D (watts) | 17.5 | 11.67 | 8.75 | 7
10
14

10 20

(b) If the interest rate increases from 5% to 6%, how will the doubling
time change?
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28.

29.

30.
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Answer.
70
(a) D= — (b) Tt decreases by about 2.3 years.
i

The f-stop setting on a camera regulates the size of the aperture and
thus the amount of light entering the camera. The f-stop f is inversely
proportional to the diameter, d, of the aperture.

(a) Use the data and the graph to find the constant of proportionality
and write d as a power function of f. Values of d have been rounded
to one decimal place.

20

2.8 4 5.6 | 8 11
179 | 125 | 89 | 6.3 | 45 | '©

ISH AN

5 10 15 I

(b) Why are the f-stop settings labeled with the values given in the
table?

Hint. As you stop down the aperture from one f-value to the next, by
what factor does d increase?

The Stefan-Boltzmann law relates the total amount of radiation emitted
by a star to its temperature, T, in kelvins, by the following formula:

L

T = ——
5 47 R?

where R is the radius of the star, L is its luminosity, and s = 5.7 x
108 watt/m” is a constant governing radiation. (See Algebra Skills Re-
fresher A.1.4, p. 853 to review scientific notation.)

a Write a formula for luminosity as a power function of temperature
for a fixed radius.

b The radius of the Sun is R = 9.96 x 10® meters, and its luminosity
is L = 3.9 x 10?6 watts. Calculate the temperature of the Sun.

Answer.
(a) L = (47TSR2) T* ~ 7.2 x 107 TR*T*
(b) 4840 K

Poiseuille’s law for the flow of liquid through a tube can be used to describe
blood flow through an artery. The rate of flow, F', in liters per minute is
proportional to the fourth power of the radius, r, divided by the length, L,
of the artery.

a Write a formula for the rate of flow as a power function of radius.

b If the radius and length of the artery are measured in centimeters,
then the constant of variation, k = 7.8 x 10%, is determined by blood
pressure and viscosity. If a certain artery is 20 centimeters long,
what should its radius be in order to allow a blood flow of 5 liters
per minute?
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31. Airplanes use radar to detect the distances to other objects. A radar unit
transmits a pulse of energy, which bounces off a distant object, and the
echo of the pulse returns to the sender. The power, P, of the returning
echo is inversely proportional to the fourth power of the distance, d, to
the object. A radar operator receives an echo of 5 x 10719 watts from an
aircraft 2 nautical miles away.

a Express the power of the echo received in picowatts. (1 picowatt
= 10712 watts.)

b Write a function that expresses P in terms of d using negative
exponents. Use picowatts for the units of power.

¢ Complete the table of values for the power of the echo received from
objects at various distances.

d (nautical miles) 4 5 7 10
P (picowatts)

d Radar unit scan typically detect signals as low as 1073 watts. How
far away is an aircraft whose echo is 1073 watts?

e Sketch a graph of P as a function of d. Use units of picowatts on
the vertical axis

Hint. Convert 1073 watts to picowatts.

Answer.
(a) 500 picowatts
(b) P =8000d*

(c) d (nautical miles) 4 5 7 | 10
P (picowatts) 31.3 | 12.8 | 3.3 | 0.8

(d) 16.8 nautical miles

50
40

20
10

5 IOd

32. The lifetime of a star is roughly inversely proportional to the cube of
its mass. Our Sun, which has a mass of one solar mass, will last for
approximately 10 billion years.

a rite a power function for the lifetime, L, of a star in terms of its
Writ function for the lifeti L, of astarin t f it
mass, m.

(b) Sketch a graph of the function using units of solar mass on the
horizontal axis.

(¢) How long will a star that is 10 times as massive as the Sun last?

(d) Ome solar mass is about 2 x 103? kilograms. Rewrite your formula
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for L with the units of mass in kilograms.

(e) How long will a star that is half as massive as the Sun last?

33. The amount of force or thrust generated by the propeller of a ship is a
function of two variables: the diameter of the propeller and its speed, in
rotations per minute. The thrust, T, in pounds, is proportional to the
square of the speed, r, and the fourth power of the diameter, d, in feet.

(a) Write a formula for the thrust in terms of the speed if the diameter
of the propeller is 2 feet.

(b) A propeller of diameter 2 feet generates a thrust of 1000 pounds
at 100 rotations per minute. Find the constant of variation in the
formula for thrust.

(c¢) Sketch a graph of the thrust as a function of the propeller speed
for a propellor of diameter 4 feet. If the speed of the propeller is
doubled, by what factor does the thrust increase?

Answer.
(a) T = 16kr?
(b) T = 0.1r?
T
A
2000
1500
()
1000
500

> 7
50 100 150
34. Refer to Problem 33.

(a) Write a formula for the thrust, 7', in terms of the diameter of the
propeller if its speed is 100 rotations per minute.

(b) A propeller of diameter 4 feet generates a thrust of 32,000 pounds
at 100 rotations per minute. Find the constant of variation in the
formula for thrust.

(c) Sketch a graph of the thrust as a function of the diameter of the
propeller at a speed of 100 rotations per minute. If the diameter of
the propeller is doubled, by what factor does the thrust increase?

For Problems 35-40, use the laws of exponents to simplify and write without
negative exponents.

35.
-3, 8
(a) a™>-a () P

p
(b) 5—4.5°3 (d) (7,2)5

Answer.
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36.
(a) b*- b6

(b) 472.476

@ (1) (52%)

Answer.

37.

() 2

@ (397%) (")

(a) (3$‘2y3)72

38.

39.

Answer.

40.

3u~3
9u®

RITE

44
8c—8

-2
603
b2

a4 -
()

331
1
P
1
710
w=?
’LU2
3
(o)
560
( ) 5_2t_1
(c) 5%
3105—1
(C) 3755()
5h‘3(h4)*2
© —5
5
(c) 6o

For Problems 4144, write each expression as a sum of terms of the form kzP.

41. 5
x
®)3+3
Answer.
1 ~1
(a) §m+3m
42, )
2 T
@ =7
43.
2 (22 x 1
@%ﬁ<4+2‘4>
Answer.
1 1
(a) ix_Q%—x_3—»§x_4
44.

(a)

(b)

x — 62
423
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For Problems 45-50, use the distributive law to write each product as a sum of
power functions.

45. 27 Y(2? - 32+ 2) 46. 3z 2(2z% + 22 — 4)
Answer. z — 34 2z7!

47. —3t72(t2 — 2+ 4t72) 48. —t73(3t2 —1—1t72)
Answer. —3+6t72+12t7%

49. 2u3(—2u® — u® + 3u) 50. 2u~t(—1—u —2u?)
Answer. —4 —2u~! +6u?

For Problems 51-54, factor as indicated, writing the second factor with positive
exponents only.

51. 422+ 16072 =42"2( 7 ) 52. 20y — 15y~ =5y~ '( 7 )
Answer. 4r=2(x* + 4)
53. 3a®—3a+a>=a3( 7)) 54. 2—4q 2 —8¢ *=2¢"%( 7 )

Answer. o 3(3 — 3a* + a%)

55.
(a) Is it true that (z +5y)~2 = 272 + y~2? Explain why or why not.

(b) Give a numerical example to support your answer.

Answer.

(a) No, because m is not 5 + y%

(b) Let z = 1, y = 2, then (z +y)™2 = (1+2)72 =372 = §, but
_ 2 - —2 _ 1.5
T 2+y 2_1 2+2 2_1+1_Z
56.
(a) Is it true that (a —b)~! = a~! — b~1? Explain why or why not.

(b) Give a numerical example to support your answer.

57.
2 +1

(a) Show that z + 27! =

28 4+1

(b) Show that 2% + 273 = .

(c) Write 2™ + 2™ as an algebraic fraction. Justify your answer.

Answer.

_ 1 =z 1
@) z+z =ax4+-—=—+4+-—=

58.
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a4 1

(b) If m < n, show that =™ + 2" =
:I;TL

By rewriting the expressions in Problems 59-62 as fractions, verify that the
laws of exponents hold for negative exponents . Show where you apply the
corresponding law for positive exponents. Here is the fourth law as an example:

1 1
(ab)™® = (@b T By the fourth law of exponents.
a a
= i . l = a73b73
a® b
59. a 203 =a"" a6 A
A 60. 5 = a
nswer. a
) 1 1 1
a’2a’3:—2-—3: 2.3
a? a a?-a
1
=53 By the first law of exponents.
a
= i = a_5
ab
) -3
a = 4 62. (a2 =af
61. F =a ( )
Answer.
o elge_ 1.1
a6 ’ a? T ab
b 6
21 @
=a%2 By the second law of exponents.
4
=a

3.3 Roots and Radicals

In Section 3.2, p. 316 we saw that inverse variation can be expressed as a power
function by using negative exponents. We can also use exponents to denote
square roots and other radicals.

3.3.1 nth Roots

Recall that s is a square root of b if s> = b, and s is a cube root of b if s3 = b.
In a similar way, we can define the fourth, fifth, or sixth root of a number. For
instance, the fourth root of b is a number s whose fourth power is b. In general,
we make the following definition.

nth Roots.

s is called an nth root of b if s™ = b.

We use the symbol ¥/b to denote the nth root of b. An expression of the
form /b is called a radical, b is called the radicand, and n is called the index
of the radical.
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Example 3.3.1

a v/81 = 3 because 3* = 81 d /1 =1 because 14 =1
b /32 = 2 because 2° = 32

e /100,000 = 10 because 10° =
¢ v/64 = 2 because 26 = 64 100, 000

Checkpoint 3.3.2 Evaluate each radical.

a V16 b v/243
Answer.

a 2 b 3

3.3.2 Exponential Notation for Radicals

A convenient notation for radicals uses fractional exponents. Consider the
expression 9'/2. What meaning can we attach to an exponent that is a fraction?
The third law of exponents says that when we raise a power to a power, we
multiply the exponents together:

(xa)b _ l,ab
Therefore, if we square the number 9'/2, we get

(91/2>2 _ 91/ _gl g

Thus, 9*/2 is a number whose square is 9. But this means that 9'/2 is a square
root of 9, or
91/2 — \/§ — 3

In general, any nonnegative number raised to the 1/2 power is equal to the
positive square root of the number, or

a1/2 — \/&

Example 3.3.3

a 2512 =5 ¢ (—25)/2 is not a real number.
b —25Y2 = -5 do'/?=0
a

Checkpoint 3.3.4 Evaluate each power.

a 4172 b 472 c 4712 1\"/?

d (=
(3)
Answer.
1 1 1
a 2 b — — d -
39

2
The same reasoning works for roots with any index. For instance, 8'/2 is
the cube root of 8, because

(81/3)3 =g(1/3)3) =gl — g

In general, we make the following definition for fractional exponents.
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Exponential Notation for Radicals.

For any integer n > 2 and for a > 0,

Example 3.3.5
a 81/ = V81 =3 b 1253 = Y125 =5

Caution 3.3.6 Note that
1 1
251/2 £ 5(25) and 12513 £ 5(125)
1 . 1
An exponent of 3 denotes the square root of its base, and an exponent of 3

denotes the cube root of its base.

Checkpoint 3.3.7 Write each power with radical notation, and then evaluate.

a 32'/° b 6251/4
Answer.
a v32=2 b V625 =5

Of course, we can use decimal fractions for exponents as well. For example,
Va=a"?*=a" and Va=a"*=d"%
Example 3.3.8

a 100%° = v/100 = 10 b 16%2° = V16 = 2
O
Checkpoint 3.3.9 Write each power with radical notation, and then evaluate.
a 100, 000%2 b 810-%
Answer.

a /100,000 = 10 b v81 =3

3.3.3 Irrational Numbers

What about nth roots such as v/23 and 5!/3 that cannot be evaluated easily?
These are examples of irrational numbers. We can use a calculator to obtain
decimal approximations for irrational numbers. For example, you can verify
that

V23~ 4.796 and 5% ~ 1.710

It is not possible to write down an exact decimal equivalent for an irrational
number, but we can find an approximation to as many decimal places as we

like.

Caution 3.3.10 The following keying sequence for evaluating the irrational
number 7'/% is incorrect:
71+ 5ENTER .
7
You can check that this sequence calculates —, instead of 7!/%. Recall that

according to the order of operations, powers are computed before multiplications
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or divisions. We must enclose the exponent 1/5 in parentheses and enter
7+ (1+5)ENTER

Or, because % = 0.2, we can enter

7~ 0.2 ENTER

3.3.4 Working with Fractional Exponents

Fractional exponents simplify many calculations involving radicals. You should
learn to convert easily between exponential and radical notation. Remember
that a negative exponent denotes a reciprocal.

Example 3.3.11 Convert each radical to exponential notation.
a V12 =123 b /2y = (2y)"/* or (29)"%

O
Checkpoint 3.3.12 Convert each radical to exponential notation.
! b 3w
a 5
ab
Answer.
a (ab)~1/° b 3w/
Example 3.3.13 Convert each power to radical notation.
a 5'/2=1/5 c 203 =2z
8
—1/4
b 2°2 = ¥z d 8a /:%
|

Note 3.3.14 In Example 3.3.13, p. 336d, note that the exponent —1/4 applies
only to a, not to 8a.

Checkpoint 3.3.15

3 . .
a Convert —— to exponential notation.

V2z

b Convert —5b8%125 to radical notation.
Answer.

a 3(2z)" /4 b —5Vb

3.3.5 Using Fractional Exponents to Solve Equations

In Chapter 2, we learned that raising to powers and taking roots are inverse
operations, that is, each operation undoes the effects of the other. This
relationship is especially easy to see when the root is denoted by a fractional
exponent. For example, to solve the equation

z* = 250
we would take the fourth root of each side. But instead of using radical notation,

1
we can raise both sides of the equation to the power 1

1/4
(x4) — 2501/4

x =~ 3.98
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The third law of exponents tells us that (x“)b =2% so
1/4
<x4) — /9@ _ 1

In general, to solve an equation involving a power function =™, we first isolate
the power, then raise both sides to the exponent —.

n
Example 3.3.16 For astronomers, the mass of a star is its most important

property, but it is also the most difficult to measure directly. For many stars,
their luminosity, or brightness, varies roughly as the fourth power of the mass.

a Our Sun has luminosity 4 x 10%¢ watts and mass 2 x 1030 kilograms.
Because the numbers involved are so large, astronomers often use these
solar constants as units of measure: The luminosity of the Sun is 1 solar
luminosity, and its mass is 1 solar mass. Write a power function for the
luminosity, L, of a star in terms of its mass, M, using units of solar mass
and solar luminosity.

b The star Sirius is 23 times brighter than the Sun, so its luminosity is 23
solar luminosities. Estimate the mass of Sirius in units of solar mass.

Solution.

a Because L varies as the fourth power of M, we have
L=kM*

Substituting the values of L and M for the Sun (namely, L = 1 and
M = 1), we find
1= k(1)

sok=1and L = M*.

b We substitute the luminosity of Sirius, L = 23, to get

23 = M*

1
To solve the equation for M, we raise both sides to the 1 power.

1/4
(23)1/4 = <M4>
2.1899 = M

The mass of Sirius is about 2.2 solar masses, or about 2.2 times the mass
of the Sun.
|

Checkpoint 3.3.17 A spherical fish tank in the lobby of the Atlantis Hotel
holds about 905 cubic feet of water. What is the radius of the fish tank?

Answer. About 6 feet

3.3.6 Power Functions

The basic functions y = /z and y = /x are power functions of the form
flx) = 2'/™ and the graphs of all such functions have shapes similar to those
two, depending on whether the index of the root is even or odd.
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Figure (a) shows the graphs of

y=2a2 y=2z"* and y=2g'/°

Figure (b) shows the graphs of

Y= xl/S’ Y= x1/5, and y = 217
y y
3
s — 12 T
3 y=x 5 N
vy = x5
2 y =yl 1 v =117
y=x6
! X
-8 —4 4 ]
-2 4 3 x
-1 5
-2 3
f)=x"" n even F) = x", n odd

(a) (b)

We cannot take an even root of a negative number. (See Subsection 3.3.8,
p.341 "A Note on Roots of Negative Numbers" at the end of this section.)
Hence, if n is even, the domain of f(z) = z'/" is restricted to nonnegative
real numbers, but if n is odd, the domain of f(x) = /™ is the set of all real
numbers.

We will also encounter power functions with negative exponents. For
example, an animal’s heart rate is related to its size or mass, with smaller
animals generally having faster heart rates. The heart rates of mammals are
given approximately by the power function

H(m) = km~ /4

where m is the animal’s mass and k is a constant.

Example 3.3.18 A typical human male weighs about 70 kilograms and has a
resting heart rate of 70 beats per minute.

a Find the constant of proportionality, k, and write a formula for H(m).

b Fill in the table with the heart rates of the mammals whose masses are

given.

Animal Shrew | Rabbit | Cat | Wolf | Horse | Polar bear | Elephant | Whale
Mass (kg) | 0.004 2 4 80 300 600 5400 70,000
Heart rate

¢ Sketch a graph of H for masses up to 6000 kilograms.

Solution.

a We substitute H = 70 and m = 70 into the equation; then solve for k.

70=Fk- 70" /%
_ 0 s/

Thus, H(m) = 202.5m~/%.

b We evaluate the function H for each of the masses given in the table.
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Animal Shrew | Rabbit | Cat | Wolf | Horse | Polar bear | Elephant | Whale
Mass (kg) | 0.004 2 4 80 300 600 5400 70,000
Heart rate 805 170 143 68 49 41 24 12
¢ We plot the points in the table to obtain the graph shown below.
H(m)
754
H(m) =202.5m~ /4
50
25
m
2000 4000
O

Many properties relating to the growth of plants and animals can be de-
scribed by power functions of their mass. The study of the relationship between
the growth rates of different parts of an organism, or of organisms of similar
type, is called allometry. An equation of the form

variable = k(mass)?

used to describe such a relationship is called an allometric equation.
Of course, power functions can be expressed using any of the notations we
have discussed. For example, the function in Example 3.3.18, p. 338 can be

written as

H(m) = 202.5m~ /4

Checkpoint 3.3.19

or  H(m)=202.5m %% or

H{(m)

2025
==

a Complete the table of values for the power function f(z) = z~'/2.

T

0.1

0.25 | 0.5

1

2|4

8110

20 | 200

f(x)

b Sketch the graph of y = f(x).

¢ Write the formula for f(x) with a decimal exponent, and with radical

notation.
Answer.
a T 0.1 1025|055 |1 2 4 8 10 20 | 200
flx) | 3.2 2 1411071 ]05]035] 032|022 0.1

y
3

b 2
1
0 10 20
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3.3.7 Solving Radical Equations

A radical equation is one in which the variable appears under a square root
or other radical. The radical may be denoted by a fractional exponent. For
example, the equation

5at/? =32
is a radical equation because z1/3 = Jx. To solve the equation, we first isolate
the power to get

/3 =64

1
Then we raise both sides of the equation to the reciprocal of 3’ or 3.

3
(+17) =647
x =262.144
Example 3.3.20 When a car brakes suddenly, its speed can be estimated from
the length of the skid marks it leaves on the pavement. A formula for the car’s

speed, in miles per hour, is v = f(d) = (24d)'/?, where the length of the skid
marks, d, is given in feet.

a If a car leaves skid marks 80 feet long, how fast was the car traveling
when the driver applied the brakes?

b How far will a car skid if its driver applies the brakes while traveling 80
miles per hour?

Solution.
a To find the velocity of the car, we evaluate the function for d = 80.
v=(24-80)1/2
= (1920)'/2 & 43.8178046
The car was traveling at approximately 44 miles per hour.

b We would like to find the value of d when the value of v is known. We
substitute v = 80 into the formula and solve the equation

80 = (24d)'/?  Solve for d.

Because d appears to the power %, we first square both sides of the
equation to get

2
80% = ((24d)1/2) Square both sides.

6400 = 24d Divide by 24.
266.6 = d

You can check that this value for d works in the original equation. Thus,
the car will skid approximately 267 feet. A graph of the function v =
(24d)"/? is shown below, along with the points corresponding to the values
in parts (a) and (b).
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100

50 v=\24d

100 200 300
]

Note 3.3.21 Thus, we can solve an equation where one side is an nth root of x
by raising both sides of the equation to the nth power. We must be careful when
raising both sides of an equation to an even power, since extraneous solutions
may be introduced. However, because most applications of power functions deal
with positive domains only, they do not usually involve extraneous solutions.

Checkpoint 3.3.22 In Example 3.3.18, p. 338, we found the heart-rate function,
H(m) = 202.5m~ /%, What would be the mass of an animal whose heart rate
is 120 beats per minute?

Answer. 81 kg

3.3.8 A Note on Roots of Negative Numbers

You already know that +/—9 is not a real number, because there is no real
number whose square is —9. Similarly, v/—16 is not a real number, because
there is no real number r for which r* = —16. (Both of these radicals are
complex numbers. Complex numbers are discussed in Chapter 7.) In general,
we cannot find an even root (square root, fourth root, and so on) of a negative
number.

On the other hand, every positive number has two even roots that are real
numbers. For example, both 3 and —3 are square roots of 9. The symbol /9
refers only to the positive, or principal root, of 9. If we want to refer to the
negative square root of 9, we must write —/9 = —3. Similarly, both 2 and —2
are fourth roots of 16, because 2* = 16 and (—2)* = 16. However, the symbol
V/16 refers to the principal, or positive, fourth root only. Thus,

V16=2 and — v16= -2

Things are simpler for odd roots (cube roots, fifth roots, and so on). Every
real number, whether positive, negative, or zero, has exactly one real-valued
odd root. For example,

VvV32=2 and ¥-32=-2

Here is a summary of our discussion.

Roots of Real Numbers.

1. Every positive number has two real-valued roots, one positive and
one negative, if the index is even.

2. A negative number has no real-valued root if the index is even.

3. Every real number, positive, negative, or zero, has exactly one
real-valued root if the index is odd.
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Example 3.3.23

a +/—625 is not a real number.

b —v625 = -5

c vV-1=-1

d /=T is not a real number.

a
The same principles apply to powers with fractional exponents. Thus

(—32)1/5 = 2
but (—64)/6 is not a real number. On the other hand,
—64Y/6 = —2

because the exponent 1/6 applies only to 64, and the negative sign is applied
after the root is computed.

Checkpoint 3.3.24 Evaluate each power, if possible.

a —811/4 c —64'/3
b (—81)Y4 d (—64)'/3
Answer.
a —3 b undefined c —4 d —4

3.3.9 Section Summary

3.3.9.1 Vocabulary

Look up the definitions of new terms in the Glossary.

e nth root o Radical notation e Radicand
. Radical e Index . Allometrlc equa-
tion

¢ Exponential nota-
¢ Radical equation tion e Irrational number

3.3.9.2 CONCEPTS
1 nth roots: s is called an nth root of b if s” = b.
2 Exponential notation: For any integer n > 2 and for a > 0, a'/" = a.

3 We cannot write down an exact decimal equivalent for an irrational
number, but we can approximate an irrational number to as many
decimal places as we like.

1
4 We can solve the equation ™ = b by raising both sides to the — power.
n

5 An allometric equation is a power function of the form variable =
k(mass)?.

6 We can solve the equation z'/™ = b by raising both sides to the nth
power.
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7 Roots of Real Numbers.

e Every positive number has two real-valued roots, one positive
and one negative, if the index is even.

¢ A negative number has no real-valued root if the index is
even.

o Every real number, positive, negative, or zero, has exactly
one real-valued root if the index is odd.

3.3.9.3 STUDY QUESTIONS

1 Use an example to illustrate the terms radical, radicand, index, and
principal root.

2 Explain why /4 is a reasonable notation for /.

3 What does the notation %2 mean?

4 Express each of the following algebraic notations in words; then evaluate
each for = 16:

4

1
dx, a7, , Zz, x1/4, T —4, x4

x
4
5 How is the third law of exponents, (za)® = 2°, useful in solving equations?

3.3.9.4 SKILLS
Practice each skill in the Homework 3.3.10, p. 343 problems listed.
1 Evaluate powers and roots: #1-8, 17-20
2 Convert between radical and exponential notation: #9-16, 21 and 22
3 Solve radical equations: #23-38, 59 and 60
4 Graph and analyze power functions: #39-58

5 Work with fractional exponents: #61-68

3.3.10 Roots and Radicals (Homework 3.3)

Find the indicated root without using a calculator; then check your answers.
1.
(a) V121 (b) V27 (c) V625

Answer.
(a) 11 (b) 3 (c)
2.
(a) V169 (b) V64 (c) V81
3.

(a) V/32 (b) V16 (c) V729
Answer.

(a) 2 (b) 2 (€) 9
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(a) {/100,000
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Find the indicated power without using a calculator; then check your answers.

5.
(a) 91/2
Answer.
(a) 3
6.
(a) 25'/2
7.
(a) 3292
Answer.
(a) 2
8.
(a) 6250.25

Write each expression in radical form.

9.
(a) 31/2
Answer.
(a) V3
10.
(a) 71/2
11.
(a) 671/3
Answer.
1
a) —
(a) 7
12.
(a) 871/4

(b) V1296 (c) V343

(b) 811/4 (c) 641/6

(b) 3 (c) 2

(b) 16/4 (c) 273

(b) 871/ (c) 64700
1 1

(b) 3 (c) 3

(b) 24371/° (c) 4979

(b) 4z'/® (c) (42)"?

(b) 4z (c) vz

(b) 3gt/4 (c) (3x)%2°

(b) y(52)7%°

Write each expression in exponential form.

13.
(a) V7
Answer.
(a) 71/2

14.
(a) V5

15.

(a)

&) |
| W

(b) V2x

(b) (22)'°

(b) ¥4y

(b) ¥z —3y
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Answer.
() —3-67" b) =3 (o)~
- (a) % (b) Yy +2z (c) \/ﬁ
Simplify.
a (a) (\/ﬁ)B (b) (\@)4 (©) (3ﬁ)2 (d) i
()
Answer.
(a) 125 (b) 2 (c) 63 (d) —2z7
18. . 5 5
() (V16) () (V5) (© (2v12)" (@ (—a3€/a7)4

Use a calculator to approximate each irrational number to the nearest thou-
sandth.

19.

(a) 2%/2 (c) V1.6 (e) 0.0067%-2

(b) V75 (d) 36571/3

Answer.

(a) 1.414  (b) 4217  (c) 1.125  (d) 0.140 () 2.782
20.

(a) 312 (c) V14 (e) 1.05701

(b) V60 (d) 105871/5

Write each expression as a power function.

21.
(a) g(a) =37%z  (b) H(x)= V85 (¢) F(t) = 22

It
Answer.
(a) g(z) = 3.721/3 (b) H(z) = (c¢) F(t)=25t"1/5
]5l/4,1/4
22. -
h(v) = 12. b) F(p) = ¥/2. _
(a) h(v) v (D) Flp)=32%  (¢) Gw) = ST
Solve.
23. 6.52/3 + 3.8 =33.05 24. 9.8 — 7624 +15=9.6
Answer. x =91.125
25. 4(z+2)1/5 =12 26. —9(x—3)/5 =18

Answer. 1z =241
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1

27. (2z—3)"V4= 28. (5x+2)7Y/3 = 1

Answer. =

29. Vz2-3=3 30. Va3—-7=2
Answer. z = +v30

ol

Solve each formula for the indicated variable.

31. T =2my/ £ for L. Also solve 32. T =2m,/ % for m
g

for g.
2
Answer. L = ﬂ
472
33. r = +t2 — 52 for 5. Also solve 34. c=+Va?—-0b2forb

for t.

Answer. s=+Vt2 — 1?2

.13V 2
35. r=4/—forV 36. d={ 16Mr for M
47 m

3

Answer. v = gﬂ'?“

8L
37. R:{‘/ivfforp 36. T:{llﬂforA
™ SA

8Lvf

Answer. = —
p R4

39. The period of a pendulum is the time it takes for the pendulum to complete
one entire swing, from left to right and back again. The greater the length,
L, of the pendulum, the longer its period, T'. In fact, if L is measured in
feet, then the period is given in seconds by

T:27rq/£
32

(a) Write the formula for T" as a power function in the form f(z) = kaP.

(b) Suppose you are standing in the Convention Center in Portland,
Oregon, and you time the period of its Foucault pendulum (the
longest in the world). Its period is approximately 10.54 seconds.
How long is the pendulum?

(¢) Choose a reasonable domain for the function T'= f(L) and graph
the function.

Answer.

(b) 90 feet 50 100 150 -

40. If you are flying in an airplane at an altitude of i miles, on a clear day
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you can see a distance of d miles to the horizon, where

d = V'7920h.

(a) Write the formula for d as a power function in the form f(z) = kaP.

(b) Choose a reasonable domain for the function d = f(h) and graph
the function.

(¢) At what altitude will you be able to see for a distance of 100 miles?
How high is that in feet?

41. If you walk in the normal way, your maximum speed, v, in meters per
second, is limited by the length of your legs, r, according to the formula

v =./gr

where the constant g is approximately 10 meters per second squared.
(Source: Alexander, 1992)

(a) A typical adult man has legs about 0.9 meter long. How fast can he
walk?

(b) A typical four-year-old has legs 0.5 meter long. How fast can she
walk?

(¢) Graph maximum walking speed as a function of leg length.

(d) Race-walkers can walk as fast as 4.4 meters per second by rotating
their hips so that the effective length of their legs is increased. What
is that effective length?

(e) On the Moon the value of g is 1.6 meters per second squared. How
fast can a typical adult man walk on the Moon?

Answer.
(a) 3 meters per second (d) 1.9 meters
(b) b ~ 2.2 meters per SeCOHd (e) 1_2meters per Second

05 1
42. When a ship moves through the water, it creates waves that impede its

own progress. Because of this resistance, there is an upper limit to the
speed at which a ship can travel, given, in knots, by

Umax = 1.3\/Z

where L is the length of the vessel, in feet. (Source: Gilner, 1972)

(a) Graph maximum speed as a function of vessel length.

(b) The world’s largest ship, the oil tanker Jahre Viking, is 1054 feet
long. What is its top speed?
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(c) As a ship approaches its maximum speed, the power required in-
creases sharply. Therefore, most merchant ships are designed to
cruise at speeds no higher than v, = 0.8v/L. Graph v, on the same
axes with vpax.

(d) What is the cruising speed of the Jahre Viking? What percent of its
maximum speed is that?

43. A rough estimate for the radius of the nucleus of an atom is provided by
the formula
r=kAY3
where A is the mass number of the nucleus and k ~ 1.3 x 10713 centimeter.

(a) Estimate the radius of the nucleus of an atom of iodine-127, which
has mass number 127. If the nucleus is roughly spherical, what is its
volume?

(b) The nuclear mass of iodine-127 is 2.1 x 10722 gram. What is the
density of the nucleus? (Density is mass per unit volume.)

(¢) Complete the table of values for the radii of various radioisotopes.

Element Carbon | Potassium | Cobalt | Technetium | Radium

Mass

14 40 60 99 226
number, A

Radius, r

(d) Sketch a graph of r as a function of A. (Use units of 10712 centimeter
on the vertical axis.)

Answer.
(a) 6.5 x 10713 cm; 1.17 x 10736 cm?

(b) 1.8 x 10**g/cm?

Element Carbon | Potassium | Cobalt | Technetium | Radium
(© ﬁﬁier ) 14 40 60 99 226
Radius, r
’ 1 4.4 Nl .
(1013 cm) 3 5 6 7.9
r
A
8
5
(d) «
S 4
100 200

44. In the sport of crew racing, the best times vary closely with the number of
men in the crew, according to the formula

t=kn Y/?
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where n is the number of men in the crew and ¢ is the winning time, in
minutes, for a 2000-meter race.

(a) If the winning time for the 8-man crew was 5.73 minutes, estimate
the value of k.

(b) Complete the table of values of predicted winning times for the other
racing classes.

Size of crew, n 1 2 4 8

Winning time, ¢

(c) Sketch a graph of ¢ as a function of n.

In Problems 45-48, one quantity varies directly with the square root of the
other, that is, y = k+/x.

a Find the value of k and write a power function relating the variables.
b Use your function to answer the question.

¢ Graph your function and verify your answer to part (b) on the graph.

45. The stream speed necessary to move a granite particle is a function
of the diameter of the particle; faster river currents can move larger
particles. The table shows the stream speed necessary to move particles
of different sizes. What speed is needed to carry a particle with
diameter 0.36 centimeter?

Diameter, d (cm) | Speed, s (cm/sec)
0.01 5
0.04 10
0.09 15
0.16 20

Answer.
(a) s =50Vd
(c)

(b) 30 cm/sec

46. The speed at which water comes out of the spigot at the bottom of a
water jug is a function of the water level in the jug; it slows down as

the water level drops. The table shows different water levels and the
resulting flow speeds. What is the flow speed when the water level is

at 16 inches?

Level, L (in) | Speed, s (gal/min)
9 1.5
6.25 1.25
4 1
2.25 0.75

47. The rate, r, in feet per second, at which water flows from a fire hose is
a function of the water pressure, P, in psi (pounds per square inch).
What is the rate of water flow at a typical water pressure of 60 psi?

P (psi) 10 20 30 40

r (ft/sec) | 38.3 | 54.1 | 66.3 | 76.5

Answer.
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(a) r=12.1VP
(c)

(b) 94 ft/sec

48. When a layer of ice forms on a pond, the thickness of the ice, d, in
centimeters, is a function of time, ¢, in minutes. How thick is the ice
after 3 hours?

t(min) | 10 | 30 | 40 | 60
d (cm) | 0.50 | 0.87 | 1.01 | 1.24

49. Membership in the County Museum has been increasing since it was built
in 1980. The number of members is given by the function

M(t) = 72 4 100t/3

where t is the number of years since 1980.

(a) How many members were there in 19907 In 20007

(b) In what year will the museum have 400 members? If the membership
continues to grow according to the given function, when will the
museum have 500 members?

(¢) Graph the function M(t). How would you describe the growth of
the membership over time?

Answer.
(a) 287; 343
(b) 2015; 2058

(¢) The membership grows rapidly
at first but is growing less
rapidly with time.
50. Due to improvements in technology, the annual electricity cost of running
most major appliances has decreased steadily since 1970. The average
annual cost of running a refrigerator is given, in dollars, by the function

C(t) = 148 — 28t'/3

where t is the number of years since 1970.

(a) How much did it cost to run a refrigerator in 19807 In 19907

(b) When was the cost of running a refrigerator half of the cost in 19707
If the cost continues to decline according to the given function, when
will it cost $50 per year to run a refrigerator?

(c) Graph the function C(¢). Do you think that the cost will continue
to decline indefinitely according to the given function? Why or why
not?

51. Match each function with the description of its graph in the first quadrant.

I f(z)=2?
I f(z) =22



SECTION 3.3. ROOTS AND RADICALS 351

I f(z) =a'/?
(a) Increasing and concave up
(b) Increasing and concave down
(¢) Decreasing and concave up
(d) Decreasing and concave down

Answer.

(a) I (b) III (c) I (d) none
52. In each pair, match the functions with their graphs.

J@)y =% g =x J@=x", gx)=x" J@=x7 g)=x7
(a) (b) (]
53.
(a) Graph the functions
Y1 = x'/?, yo = '/, y3 = a4, Ya = !/
in the window
Xmin =0 Xmax = 100
Ymin =0 Ymax = 10
What do you observe?
(b) Use your graphs to evaluate 100'/2, 100*/3, 100'/4, and 100'/°.
(¢) Use your calculator to evaluate 100'/" for n = 10, n = 100, and
n = 1000. What happens when n gets large?
Answer.
(a) The graphs of 2/ become closer and closer to horizontal when n
increases (for z > 1).
(b) 10, 4.64, 3.16, 2.51
(c) 1.58,1.05, 1.005; the values decrease towards 1.
54.
(a) Graph the functions
Y1 = CU]'/2, Y2 = 1'1/37 Ys = $1/4, Ya = x1/5
in the window
Xmin =0 Xmax =1
Ymin =0 Ymax =1

What do you observe?
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(b) Use your graphs to evaluate 0.5'/2, 0.5*/3, 0.5'/4, and 0.5'/°.

(c) Use your calculator to evaluate 0.5'/" for n = 10, n = 100, and
n = 1000. What happens when n gets large?

For Problems 55-58, graph each set of functions in the given window. What do
you observe?

55. y1 =T,y =1a% ys =2 56. y1 =T, pp=a ys=x
Xmin=0 Xmax=4 Xmin = -4 Xmax =4
Ymin=0 Ymax=14 Ymin = -4 Ymax =4

Answer. The graphs of y;
and yo are symmetric about

Y3 =1x.
57. yi= Yz, y2=2", y3 == 58. y1= v, yp=2" ys =1
Xmin = —2 Xmax = 2 Xmin =0 Xmax =2
Ymin = -2 Ymax =2 Ymin=0 Ymax =2

Answer. The graphs of y;
and y» are symmetric about

Ys = .
59.
(a) Graph the functions f(z) =4v/x — 9 and g(z) = 12 in the window
Xmin =0 Xmax = 47
Ymin = —8 Ymax = 16
(b) Use the graph to solve the equation 4y/z — 9 = 12.
(c) Solve the equation algebraically.
Answer.
(b) = =36
(a)
60.
(a) Graph the functions f(z) = 6 + 2v/12 — 2 and g(x) = 10 in the
window
Xmin = —27 Xmax = 20
Ymin =4 Ymax = 12

(b) Use the graph to solve the equation 6 + 2+v/12 — = = 10.

(¢) Solve the equation algebraically.
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61.
(a) Write /x with a fractional exponent.
(b) Write \/+/x with a fractional exponents.
(c) Use the laws of exponents to show that /v/z = /.
Answer.
(a) 331/2
1/2
(b) (xl/Q)
(c)
1/2
N (ml/ 2) By definition of fractional exponents.
=g/ By the third law of exponents.
= Yz By definition of fractional exponents.
62.

(a) Write ¢/ with a fractional exponent.

(b) Write \/ ¥/= with a fractional exponents.

Write each expression as a sum of terms of the form kaxP.

2
63. VI _ 2 o 6a. V342
4 V' R z  Vz 3

Answer. 1
g2 _9pT2 g

4 V2
6 — Jx 66 V42

(c) Use the laws of exponents to show that \/ /x = /x.
vE

65. .
2Yx 2Yx
1
Answer. 3z /3 — =
67. 105 (:r 4025 _ xo.s) 68. 295 (x71 405 4 x*0'25)

Answer. 205 4 7025 _ 40

3.4 Rational Exponents

3.4.1 Powers of the Form a™/"

In the last section, we considered powers of the form a!/™, such as z!/3 and
=%, and saw that a'/" is equivalent to the root {/a. What about other
fractional exponents? What meaning can we attach to a power of the form
am/n?

3 1
Consider the power z3/2. Notice that the exponent 5= 3(5), and thus by

the third law of exponents, we can write

(x1/2)3 _ x(1/2)3 — 3/2
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In other words, we can compute z3/2 by first taking the square root of = and
then cubing the result. For example,

100%/2 = (1001/2)3 Take the square root of 100.
=10° = 1000 Cube the result.

We will define fractional powers only when the base is a positive number.

Rational Exponents.

am/n — (al/n)m _ (am)l/n’ a>0, n ?é 0

To compute a™/™, we can compute the nth root first, or the mth power,
whichever is easier. For example,

g2/3 — (81/3)2 —92_4

or

g2/3 — (82)1/3 —64l/3 — 4

Example 3.4.1

a C 1
) 3 277283 = — —
813/4 _ (811/4) (271/3)2
— 33 =97 _1_1
32 9
b d
_975/3 — _ 271/3)5 53/2 — (51/2)3
— 35— _943 ~ (2.236)% ~ 11.180

O

Note 3.4.2 You can verify all the calculations in Example 3.4.1, p. 354 on your
calculator. For example, to evaluate 813/4, key in

81~ (3 +4)ENTER

or simply

81 ~ 0.75 ENTER

Checkpoint 3.4.3 Evaluate each power.

a 3273/° b —811%
Answer.
. b —243
8

3.4.2 Power Functions

The graphs of power functions y = z"/™, where m/n is positive, are all
increasing for x > 0. If m/n > 1, the graph is concave up. If 0 < m/n < 1, the
graph is concave down. Some examples are shown below.
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1 2 3 4 5

Perhaps the single most useful piece of information a scientist can have about
an animal is its metabolic rate. The metabolic rate is the amount of energy
the animal uses per unit of time for its usual activities, including locomotion,
growth, and reproduction. The basal metabolic rate, or BMR, sometimes called
the resting metabolic rate, is the minimum amount of energy the animal can
expend in order to survive.

Example 3.4.4 A revised form of Kleiber’s rule states that the basal metabolic
rate for many groups of animals is given by

B(m) = 70m®™

where m is the mass of the animal in kilograms and the BMR is measured in
kilocalories per day.

a Calculate the BMR for various animals whose masses are given in the

table.
Animal Bat | Squirrel | Raccoon | Lynx | Human | Moose | Rhinoceros
Weight (kg) 0.1 0.6 8 30 70 360 3500
BMR (kcal/day)
b Sketch a graph of Kleiber’s rule for 0 < m < 400.
¢ Do larger species eat more or less, relative to their body mass, than
smaller ones?
Solution.
a We evaluate the function for the values of m given. For example, to
calculate the BMR of a bat, we compute
B(0.1) = 70(0.1)*7 = 12.1
A bat expends, and hence must consume, at least 12 kilocalories per day.
We evaluate the function to complete the rest of the table.
Animal Bat | Squirrel | Raccoon | Lynx | Human | Moose | Rhinoceros
Weight (kg) 0.1 0.6 8 30 70 360 3500
BMR (kcal/day) | 12 48 333 897 1694 5785 31,853

b We plot the data from the table to obtain the graph below.
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B(m)
6000
4800
3600

2400 B(m) = 70m°7

1200

100 200 300 400

¢ If energy consumption were proportional to body weight, the graph would
be a straight line. But because the exponent in Kleiber’s rule, —, is less
than 1, the graph is concave down, or bends downward. Therefore, larger
species eat less than smaller ones, relative to their body weight.

a
Checkpoint 3.4.5

a Complete the table of values for the function f(z) = z 3/,

x 0110205 |1]2|5]8]|10
f(x)
b Sketch the graph of the function.

Answer.
a T 0.1 0.2 0.5 1 2 5 8 10
flx) | 5.623 | 3.344 | 1.682 | 1 | 0.595 | 0.299 | 0.210 | 0.178
f(x)
4
b L
2

3.4.3 More about Scaling

In Example 3.4.4, p. 355 we saw that large animals eat less than smaller ones,
relative to their body weight. This is because the scaling exponent in Kleiber’s
rule is less than 1. For example, let s represent the mass of a squirrel. The
mass of a moose is then 600s, and its metabolic rate is

B(600s) = 70(600s)°7®
= 600275 . 705" 7 = 121B(s)

or 121 times the metabolic rate of the squirrel. Metabolic rate scales as k%72,
compared to the mass of the animal.

In a famous experiment in the 1960s, an elephant was given LSD. The dose
was determined from a previous experiment in which a 2.6-kg cat was given
0.26 gram of LSD. Because the elephant weighed 2970 kg, the experimenters
used a direct proportion to calculate the dose for the elephant:

0260 =g
2.6 kg 2970 kg
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and arrived at the figure 297 g of LSD. Unfortunately, the elephant did not
survive the experiment.

Example 3.4.6 Use Kleiber’s rule and the dosage for a cat to estimate the
corresponding dose for an elephant.

Solution. If the experimenters had taken into account the scaling exponent
of 0.75 in metabolic rate, they would have used a smaller dose. Because the

2
elephant weighs ET or about 1142 times as much as the cat, the dose would
be 114207 = 196 times the dosage for a cat, or about 51 grams. O
Checkpoint 3.4.7 A human being weighs about 70 kg, and 0.2 mg of LSD

is enough to induce severe psychotic symptoms. Use these data and Kleiber’s
rule to predict what dosage would produce a similar effect in an elephant.

Answer. About 3.3 mg

3.4.4 Radical Notation

Because al/™ = {/a, we can write any power with a fractional exponent in
)

radical form as follows.

Rational Exponents and Radicals.

Example 3.4.8
4
a 12543 = Y1251 or (\3/125)

b 204 = 22/5 = /g2

¢ 6w 3/t = .
&3
w
O

Checkpoint 3.4.9 Write each expression in radical notation.

a 5tl:25 b 3m /3
Answer.

a 5Vt5 b 3

3 m5

Usually, we will want to convert from radical notation to fractional exponents,
since exponential notation is easier to use.

Example 3.4.10

a VZ’5:I5/2 c 3 :3t_2/5
5 t2
4 3/4 3/9..2 2\/? 1/3,2/3
b 53/p3 = 5p¥/ d\/2y=(2y) =2y
|
Checkpoint 3.4.11 Convert to exponential notation.
a V6w? 3

~
‘ <

b

V)
ot
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Answer.

a 61/3w2/3 b ,U3/4S—5/4

3.4.5 Operations with Rational Exponents

Powers with rational exponents -- positive, negative, or zero -- obey the laws of
exponents, which we discussed in Section 3.1, p.291. You may want to review
those laws before studying the following examples.

Example 3.4.12

a
70.75
05 = 7975705 — 7025 Apply the second law of exponents.
b
v-v"3 = (=23 Apply the first law of exponents.
— l/3
¢ 0.5
(m8) = 2809) — 4% Apply the third law of exponents.
d

2
(51/2y2> 5y

(52/3y)3 T B2y3 Apply the fourth law of exponents.

y' Tty
=TT g Apply the second law of exponents.
O
Checkpoint 3.4.13 Simplify by applying the laws of exponents.
a x'/3 (x + :L'2/3) n’/t
b —
An3/4
Answer.
a 243 4o . n3/2
4

3.4.6 Solving Equations

According to the third law of exponents, when we raise a power to another
power, we multiply the exponents together. In particular, if the two exponents
are reciprocals, then their product is 1. For example,

3/2
(m2/3) — p2/3)E/2) 1y,

This observation can help us to solve equations involving fractional exponents.
For instance, to solve the equation

¥ =4
we raise both sides of the equation to the reciprocal power, 3/2. This gives us
(w2/3)3/2 _ 432

r=2_8
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The solution is 8.

Example 3.4.14 Solve (2 +1)3/* =27

4
Solution. We raise both sides of the equation to the reciprocal power, 3

4/3
[(2x + 1)3/4} = 2743 Apply the third law of exponents.

2r+1 =281 Solve as usual.
z =40

O

Checkpoint 3.4.15 Solve the equation 3.22°¢ —9.7 = 8.7. Round your answer
to two decimal places.

Hint. Isolate the power.
Raise both sides to the reciprocal power.

Answer. 18.45

Investigation 14 Vampire Bats. Small animals such as bats cannot survive
for long without eating. The graph below shows how the weight, W, of a typical
vampire bat decreases over time until its next meal, until the bat reaches the
point of starvation. The curve is the graph of the function

W(h) = 130.25h 9126

where h is the number of hours since the bat’s most recent meal. (Source:

Wilkinson, 1984)
W(h)

._
(=]

W(h) = 130.25170-126

Point of
starvation

90

80

Weight of bat (grams)

h
0 10 20 30 40 50 60 70
Hours since last meal

1. Use the graph to estimate answers to the following questions: How long
can the bat survive after eating until its next meal? What is the bat’s
weight at the point of starvation?

2. Use the formula for W (h) to verify your answers.

3. Write and solve an equation to answer the question: When the bat’s
weight has dropped to 90 grams, how long can it survive before eating
again?

4. Complete the table showing the number of hours since the bat last ate
when its weight has dropped to the given values.

Weight (grams) | 97.5 | 92.5 | 85 | 80
Hours since eating
Point on graph A B C | D

5. Compute the slope of the line segments from point A to point B, and
from point C' to point D. Include units in your answers.
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h

What happens to the slope of the curve as h increases? What does this
tell you about the concavity of the curve?

Suppose a bat that weighs 80 grams consumes 5 grams of blood. How
many hours of life does it gain? Suppose a bat that weighs 97.5 grams
gives up a meal of 5 grams of blood. How many hours of life does it
forfeit?

Vampire bats sometimes donate blood (through regurgitation) to other
bats that are close to starvation. Suppose a bat at point A on the curve
donates 5 grams of blood to a bat at point D. Explain why this strategy
is effective for the survival of the bat community.

3.4.7 Section Summary

3.4.7.1 Vocabulary

Look up the definitions of new terms in the Glossary.

Rational exponent

3.4.7.2 CONCEPTS

1

2

6

m
Rational exponents a™/" = (al/”) = (am)l/", a>0, n#0.
To compute a™/™, we can compute the nth root first, or the mth power,
whichever is easier.

The graphs of power functions y = z™/", where m/n is positive, are all
increasing for z > 0. If m/n > 1, the graph is concave up. If 0 < m/n < 1,
the graph is concave down.

Radical notation: a™/" = {/a™ = ({/a)™.

Powers with rational exponents—positive, negative, or zero—obey the
laws of exponents.

To solve the equation z™/™ = k, we raise both sides to the power n/m.

3.4.7.3 STUDY QUESTIONS

1
2

3
4
)

What does the notation a9 mean?

Explain how to evaluate the function f(z) = 273/ for 2 = 625, without
using a calculator.

Explain why zv/z = 2.
What is the first step in solving the equation (z —2)~5/2 = 1.8?

If the graph of f(z) = 2%/® is concave down, and a/b > 0, what else can
you say about a/b?
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Practice each skill in the Homework 3.4.8, p. 361 problems listed.

1 Simplify and evaluate powers with rational exponents: #1-4, 13-18

2 Graph power functions with rational exponents: #19-22

3 Solve radical equations: #23-38, 59 and 60

4 Analyze power functions with rational exponents: #23-36

5 Simplify expressions using the laws of exponents: #37-44, 57-70

6 Solve equations involving rational exponents: #45-56

3.4.8 Rational Exponents (Homework 3.4)

For the problems in Homework 3.4, assume that all variables represent positive

numbers.

Evaluate each power in Problems 1-4.

1.
(a) 81%/4

Answer.
(a) 27
(a) —8%/3
(a) 1673/2

Answer.

(0) o

(a) —12574/3

For Problems 5-8, write each power in radical form.

Answer.

(a) 3V

(b) 125%/3

(b) —642/3

(b) 874/2

1

(b) 1o

(b) —3273/°

(b) b°/°

6250.75

125
243%4

3216

256
100~2°

(pq)?

(st)~3/°

—94025,0.75

—2/xy?
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(a) 5y2/3 (b) 6w 1 (C) _31,0.4y0.6

For Problems 9-12, write each expression with fractional exponents.
9.

(a) Va2 (b) 2Vab? (¢) —4m
6 p7
Answer.
(a) 2%/3 (b) 2a/5p%/° (c) —dmp~7/6
10.
(a) Vo (b) 65/(ab)? (©) —2
q
11. g R
(a) V/(ab)? b c
0) o= ©
Answer.
(a) (ab)*/3 (b) 8273/ () TRT1/2K—5/2
3
12. ’ 5 g
(a) Vab? b c
®) e ©) v
For Problems 13-16, evaluate each root without using a calculator.
13.
(a) V323 (b) —V274 (c) +/16y'2
Answer.
(a) 8 (b) —81 (c) 2y3
14.
(a) V165 (b) —V/1252 (c) V24310
15.
(a) —VaBb16 (b) /8927 (c) —V/81a8h'2
Answer.
a) —a*b® b) 2x3y° ¢) —3a%b?
(a)
16.

(a) —Val0b35 (b) /64x5y8 (c) V/32x25y5

For Problems 17-18, use a calculator to approximate each power or root to the
nearest thousandth.
17.
(a) 12°/6 (b) V64 (c) 377%/3 (d) 4.7%3

Answer.
(a) 7.931
(b) 10.903
(c) 0.090
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(d) 35.142

18.
(a) 20°/4 (b) V883 (c) 12873/4 (d) 16.10-2°

19. During a flu epidemic in a small town, health officials estimate that the
number of people infected ¢ days after the first case was discovered is given
by

I(t) = 50t3/°

(a) Make a table of values for I(t) on the domain 0 <t < 20. What is
the range of the function on that domain?

t 5 10 15 20
1(t)

(b) How long will it be before 300 people are ill?

(¢) Graph the function I(¢) and verify your answer to part (b) on your

graph.
Answer.
(a) t 5 10 15 20
I(t) | 131 | 199 | 254 | 302
Range: [0, 302]

(b) & 19.812 or about 20 days

()

20. The research division of an advertising firm estimates that the number of
people who have seen their ads ¢t days after the campaign begins is given
by the function

N(t) = 2000t°/*

(a) Make a table of values for N(t) on the domain 0 < ¢ < 20. What is
the range of the function on that domain?

t 6 10 14 20
N(1)

(b) How long will it be before 75,000 people have seen the ads?

(¢) Graph the function N(t) and verify your answer to part (b) on your
graph.

In Problems 21-22, graph each set of power functions in the suggested window
and compare the graphs.
21. Y=, Y2 = l’5/4, Ys = x3/2a Yg = $2, Ys =
Xmin =0, Xmax =16, Ymin=0, Ymax=10
Answer. All the graphs are increasing and concave up. For = > 1,
each graph increases more quickly than the previous one.

5/2
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22. y1 =225 yo =22 ys =23, y =24 ys=u

Xmin =0, Xmax =6, Ymin=0, Ymax=4

23. The surface to volume ratio is important in studying how organisms grow
and why animals of different sizes have different characteristics.

(a) Write formulas for the volume, V| and the surface area, A, of a cube
in terms of its length, L.

(b) Express the length of the cube as a function of its volume. Express
the length of the cube as a function of its surface area.

(¢) Express the surface area of the cube as a function of its volume.

(d) Express the surface to volume ratio of a cube in terms of its length.
What happens to the surface to volume ratio as L increases?

Answer.

(a) V =1L3 A=6L?

1/2
(b) L=V'3 L= (?)

(c) A=6V2/3

(d) % = % As L increases, the surface-to-volume ratio decreases.

24. Repeat Problem 23 for the volume and surface area of a sphere in terms
of its radius, R.

(a) Write formulas for the volume, V, and the surface area, A, of a
sphere in terms of its radius, R.

(b) Express the radius of the sphere as a function of its volume. Express
the radius of the sphere as a function of its surface area.

(¢) Express the surface area of the sphere as a function of its volume.

(d) Express the surface to volume ratio of a sphere in terms of its radius.
What happens to the surface to volume ratio as R increases?

25. A brewery wants to replace its old vats with larger ones. To estimate the
cost of the new equipment, the accountant uses the 0.6 rule for industrial
costs, which states that the cost of a new container is approximately
N = Cr%6, where C is the cost of the old container and r is the ratio of
the capacity of the new container to the old one.

(a) If an old vat cost $5000, graph N as a function of r.

(b) How much should the accountant budget for a new vat that holds
1.8 times as much as the old one?

Answer.
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26.

27.

(a) (b) $7114.32

N
14,000
12,000
10,000

8000
6000
4000
2000

2 4

If a quantity of air expands without changing temperature, its pressure, in
pounds per square inch, is given by P = kV =14 where V is the volume of
the air in cubic inches and k = 2.79 x 10%.

(a) Graph P as a function of V.

(b) Find the air pressure of an air sample when its volume is 50 cubic
inches.

In the 1970s, Jared Diamond studied the number of bird species on small
islands near New Guinea. He found that larger islands support a larger
number of different species, according to the formula

S =15.14%22

where S is the number of species on an island of area A square kilometers.
(Source: Chapman and Reiss, 1992)

(a) Fill in the table.

A 10 100 1000 5000 10, 000
S

(b) Graph the function on the domain 0 < A < 10, 000.

(¢) How many species of birds would you expect to find on Manus Island,
with an area of 2100 square kilometers? On Lavongai, which bird’s
area is 1140 square kilometers?

(d) How large must an island be in order to support 200 different species
of bird?

Answer.

(a) A 10 | 100 | 1000 | 5000 | 10,000 |
S| 25| 42 69 98 115

100

(b)

50

5000 10,000
(c) 81,71
(d) 126,000 sq km
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28. The drainage basin of a river channel is the area of land that contributes
water to the river. The table gives the lengths in miles of some of the

29.

world’s largest rivers and the areas of their drainage basins in square miles.

(Source: Leopold, Wolman, and Miller 1992)

(a)

(b)

for some variables related to mammals
(Source: Chapman and Reiss, 1992)

Plot the data, using units of
100, 000 on the horizontal axis and
units of 500 on the vertical axis.

The length, L, of the channel
is related to the area, A, of its
drainage basin according to the
formula

L =1.054%58

Graph this function on top of the
data points.

The drainage basin for the Congo
covers about 1,600,000 square
miles. Estimate the length of the
Congo River.

The Rio Grande is 1700 miles long.
What is the area of its drainage
basin?

The table at right shows the exponent, p
in the allometric equation

variable = k(body mass)?

Area of

River . . Length
drainage basin
Amazon 2,700,000 4300
Nile 1,400, 000 4200
Mississippi 1, 300, 000 4100
Yangtze 580, 000 2900
Volga 480, 000 2300
St. Lawrence 460,000 1900
Ganges 440,000 1400
Orinoco 380,000 1400
Indus 360, 000 2000
Danube 350, 000 1800
Colorado 250,000 1700
Platte 72,000 800
Rhine 63,000 900
Seine 48,000 500
Delaware 12,000 200
Variable Exponent, p

Home range size 1.26

Lung volume 1.02

Brain mass 0.70
Respiration rate —0.26

a Match each equation to one of the graphs shown in the figure.
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\/
\/

\_

I1I IV

b Explain how the value of p in the allometric equation determines the
shape of the graph. Consider the cases p > 1,0 <p <1, and p < 0.

\
Y

Answer.

(a) Home range size: II, lung volume: III, brain mass: I, respiration
rate: IV

(b) If p > 1, the graph is increasing and concave up. If 0 < p < 1,
the graph is increasing and concave down. If p < 0, the graph is
decreasing and concave up.

30. The average body mass of a dolphin is about 140 kilograms, twice the
body mass of an average human male.

(a) Using the allometric equations in Problem 29, calculate the ratio of
the brain mass of a dolphin to that of a human.

(b) A good-sized brown bear weighs about 280 kilograms, twice the
weight of a dolphin. Calculate the ratio of the brain mass of a brown
bear to that of a dolphin.

(¢) Use a ratio to compare the heartbeat frequencies of a dolphin and
a human, and those of a brown bear and a dolphin. (See Exam-
ple 3.3.18, p. 338 of Section 3.3, p.333.)

31. The gourd species Tricosanthes grows according to the formula L = ad??,
where L is its length and d is its width. The species Lagenaria has the
growth law L = ad®8!. (Source: Burton, 1998)
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(a) By comparing the exponents, predict which gourd grows into a long,
thin shape, and which is relatively fatter. Which species is called
the snake gourd, and which is the bottle gourd?

(b) The snake gourd reaches a length of 2 meters (200 cm), with a
diameter of only 4 cm. Find the value of a in its growth law.

(c) The bottle gourd is 10 cm long and 7 c¢m in diameter at maturity.
Find the value of a in its growth law.

(d) The giant bottle gourd grows to a length of 23 cm with a diameter
of 20 cm. Does it grow according to the same law as standard bottle
gourds?

Answer.

(a) Tricosanthes is the snake gourd and Lagenaria is the bottle gourd.
Tricosanthes is thinner and Lagenaria is fatter.

(b) a~ 9.5
() am?
(d) Yes

As a fiddler crab grows, one claw (called the chela) grows much faster than
the rest of the body. The table shows the mass of the chela, C', versus
the mass of the rest of the body, b, for a number of fiddler crabs. (Source:
Burton, 1998)

b | 65| 110 | 170 | 205 | 300 | 360 | 615
c| 6 | 15 | 30 | 40 | 68 | 110 | 240

(a) Plot the data.

(b) On the same axes, graph the function C' = 0.0076'-%3. How well does
the function fit the data?

(c¢) Using the function in part (b), predict the chela mass of a fiddler
crab if the rest of its body weighs 400 mg.

(d) The chela from a fiddler crab weighs 250 mg. How much does the
rest of its body weigh?

(e) As the body mass of a fiddler crab doubles from 100 mg to 200 mg,
by what factor does the mass of its chela increase? As the body mass
doubles from 200 mg to 400 mg?

The climate of a region has a great influence on the types of animals that
can survive there. Extreme temperatures create difficult living conditions,
so the diversity of wildlife decreases as the annual temperature range
increases. Along the west coast of North America, the number of species
of mammals, M, is approximately related to the temperature range, R,
(in degrees Celsius) by the function M = f(R) = 433.8R=%742. (Source:
Chapman and Reiss, 1992)

(a) Graph the function for temperature ranges up to 30°C.
(b) How many species would you expect to find in a region where the

temperature range is 10°C? Label the corresponding point on your
graph.
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(c¢) If 50 different species are found in a certain region, what temper-
ature range would you expect the region to experience? Label the
corresponding point on your graph.

(d) Evaluate the function to find f(9), f(10), f(19), and f(20). What
do these values represent? Calculate the change in the number of
species as the temperature range increases from 9°C to 10°C and
from 19°C to 20°C. Which 1° increase results in a greater decrease
in diversity? Explain your answer in terms of slopes on your graph.

Answer.

300
200

(b)
100 ©

10 20
(b) ~ 78.5 or about 79 species

(c) 18.4°C

(d) f(9) =~ 85, f(10) = 79, f(19) ~ 49, f(20) ~ 47; from 9°C to 10°C
has the greater decrease, corresponding to the steeper slope. If the
temperature range is 9°C, there will be approximately 85 species. If
the temperature range is 10°C, there will be approximately 79 species.
If the temperature range is 19°C, there will be approximately 49
species. If the temperature range is 20°C, there will be approximately
47 species.

34. A bicycle ergometer is used to measure the amount of power generated by
a cyclist. The scatterplot shows how long an athlete was able to sustain
various levels of power output. The curve is the graph of y = 5002729,
which approximately models the data. (Source: Alexander, 1992)

800

400

Power maintained (watts

5 10
Duration (minutes)

(a) In this graph, which variable is independent and which is dependent?

(b) The athlete maintained 650 watts of power for 40 seconds. What
power output does the equation predict for 40 seconds?

(¢) The athlete maintained 300 watts of power for 10 minutes. How long
does the equation predict that power output can be maintained?

(d) In 1979, a remarkable pedal-powered aircraft called the Gossamer
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Albatross was successfully flown across the English Channel. The
flight took 3 hours. According to the equation, what level of power
can be maintained for 3 hours?

(e) The Gossamer Albatross needed 250 watts of power to keep it air-
borne. For how long can 250 watts be maintained according to the
given equation?

Investigation 13, p.290 at the start of this chapter gives data for the
pressure inside April and Tolu’s balloon as a function of its diameter. As
the diameter of the balloon increases from 5 cm to 20 c¢m, the pressure
inside decreases. Can we find a function that describes this portion of the
graph?

(a) Pressure is the force per unit area exerted by the balloon on the air
inside, or P = T Because the balloon is spherical, its surface area,

A, is given by A = wd?. Because the force increases as the balloon
expands, we will try a power function F' = kdP, where k and p are
constants, and see if this fits the data. Combine the three equations,
P= T A =7d?, and F = kdP, to express P as a power function of
d.

(b) Use your calculator’s power regression feature to find a power function
that fits the data. Graph the function P = 211d~%7 on top of the
data. Do the data support the hypothesis that P is a power function
of d?

(¢) What is the value of the exponent p in F' = kdP?
Answer.
k
P=—qgr?
() P=

(b)

The power function is a good fit on this interval.

(c) 1.3
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The table shows the total number of frequent flyer
miles redeemed by customers through the given
year. (Source: www.hotelnewsresource.com)

(a) Plot the data, with ¢ = 0 in 1980. What type

of function might model the data?

(b) Graph the function f(t) = 3.13t*33 on top

of the data.

(c) Evaluate f(5) and f(25). What do those

values mean in this context?

(d) Use the regression equation to predict when

the total number of miles redeemed will reach

10 trillion.

Cumulative
Year | miles redeemed
(billions)

1982 14.8
1984 85.3
1986 215.4
1988 387.5
1990 641.3
1992 975.2
1994 1455.9
1996 1996
1998 2670.8
2000 3379.1
2002 4123.6

Hint. (For part d): How many billions make a trillion?

For Problems 37-42, simplify by applying the laws of exponents. Write your

answers with positive exponents only.

37.
(a) 4a6/5a4/5 (b) 9b4/3b1/3
Answer.
(a) 4a> (b) 96°/3
38.
(a) (—2m/3)" (b) (=5m3/4)3
39.
8w9/4 12211/3
() S (b) =
Answer.
(a) 4w?/? (b) 322
40.
(a) (—3u®?)(5u=2/%) (b) (—207/8)(=3v™%/%)
41.
k3/4 L 4h2/3
(2) ;- (b) —
Answer.
1 4
' _ 2 s
@ e (22 () )

43. The incubation time for a bird’s egg is a function of the mass, m, of the

egg, and has been experimentally determined as

I(m) = 12.0m%2'7

where m is measured in grams and I is in days. (Source: Burton, 1998)

(a) Calculate the incubation time (to the nearest day) for the wren,
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whose eggs weigh about 2.5 grams, and the greylag goose, whose
eggs weigh 46 grams.

(b) During incubation, birds’ eggs lose water vapor through their porous
shells. The rate of water loss from the egg is also a function of its
mass, and it appears to follow the rule

W(m) = 0.015m° 742

in grams per day. Combine the functions I(m) and W (m) to calculate
the fraction of the initial egg mass that is lost during the entire
incubation period.

(¢) Explain why your result shows that most eggs lose about 18% of
their mass during incubation.

Answer.

(a) Wren: 15 days, greylag goose: 28 days

I(m) - W(m)

= 0.18m 004

(b)

(c) Because m~0:041

is close to mY, the fraction lost is close to 0.18.

44. The incubation time for birds’ eggs is given by
I(m) = 12.0m°%27

where m is the weight of the egg in grams, and I is in days. (See Problem
43.) Before hatching, the eggs take in oxygen at the rate of

O(m) = 22.2m"7"

in milliliters per day. (Source: Burton, 1998)

(a) Combine the functions I(m) and O(m) to calculate the total amount
of oxygen taken in by the egg during its incubation.

(b) Use your result from part (a) to explain why total oxygen con-
sumption per unit mass is approximately inversely proportional to
incubation time.

(¢) Predict the oxygen consumption per gram of a herring gull’s eggs,
given that their incubation time is 26 days. (The actual value is 11
milliliters per day.)

For Problems 45-50, solve. Round your answers to the nearest thousandth if
necessary.

45. 23 -1=15 46. 23/ +3=11 a7, 725 =9
Answer. Answler.
T =64 o= "
48. 2732 =38 49. 2(5.2—2%%) = 50. 3(8.6—a%/?) =
1.4 6.5
Answer.

T ~ 2.466
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51.

52.

53.

54.
55.

56.

Kepler’s law gives a relation between the period, p, of a planet’s revolution,
in years, and its average distance, a, from the sun:

p2 _ Ka?)
where K = 1.243 x 10724, g is measured in miles, and p is in years.
(a) Solve Kepler’s law for p as a function of a.
(b) Find the period of Mars if its average distance from the sun is

1.417 x 10® miles.

Answer.
(a) p=1.115 x 10712¢/2

(b) 1.88 years
Refer to Kepler’s law, p?> = Ka?, in Problem 51.

(a) Solve Kepler’s law for a as a function of p.

(b) Find the distance from Venus to the sun if its period is 0.615 years.
If f(x) = (3z —4)%/2, find = so that f(x) = 27.

1
Answer. 33

If g(z) = (62 — 2)%/3, find x so that g(z) = 32.
If S(z) = 12275/, find « so that S(x) = 20.
Answer. 0.665

If T(x) = 9275/5, find x so that T'(x) = 15.

For Problems 57—64, use the distributive law to find the product.

57. 29:1/2(x — 1:1/2) 58. 1‘1/3(2x2/3 _ m1/3)
Answer. 2z%/2% — 2z
1 - - 1

59. Sy Ay +3y~0/0) 60. 3y /% <4y1/4 +y3/4)

1

Answer. §y1/3 + ;y—”ﬁ

61. (2zY/*+1)(21/% —1) 62. (2013 —1)(z'/3 +1)
Answer. 2z'/2 —g'/* 1

63. (a%/* —2)? 64. (a2/® +3)?

Answer. a%/? —4a3/* +4

For Problems 65-70, factor out the smallest power from each expression. Write
your answers with positive exponents only.

65. 232tz =x( 7 ) 66. y—y2/*=y?3( 7))
Answer. z(z'/?2+1)
67. Y/t —y A= /A7) 68. 132 4o 1/ =73/2( 7))
y—1
Answer. —-—
g1/

69. a'P+3—a V3 =0a"1B3( 7 ) 70. 3b-br44p3/4 =b73/4( 7))
a2/3 4 ql/3 — 1

Answer.
al/3
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Chapter Summary and Review

3.5.1 Key Concepts

2

10

1 Direct and Inverse Variation.

e y varies directly with z if the ratio Y s constant, that is,
x
if y = kx.
e y varies directly with a power of z if the ratio % is
o
constant, that is, if y = ka™ .
e y varies inversely with z if the product zy is constant,

k
that is, if y = — .
x

e y varies inversely with a power of z if the product 2™y

is constant, that is, if y = — .
xn

The graph of a direct variation passes through the origin. The graph of
an inverse variation has a vertical asymptote at the origin.

If y = ka™, we say that y scales as x™.

nth roots: s is called an nth root of b if s™ = b.

5 Exponential Notation.

The absolute value has the following properties:

1
a "= — a#0
xn
a®=1 a#0
a/" = a n an integer, n > 2
a™m = (a'M)™ = (@™, a>0,n#0

In particular, a negative exponent denotes a reciprocal, and a fractional
exponent denotes a root.

a™™ = {fam = (+/a)™

To compute a™/™, we can compute the nth root first, or the mth power,
whichever is easier.

We cannot write down an exact decimal equivalent for an irrational
number, but we can approximate an irrational number to as many decimal

places as we like.

The laws of exponents are valid for all exponents m and n, and for b # 0.
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11

12

13

14

15

16

17

18

20

Laws of Exponents.
I[am-a"=amt" IV (ab)" = a"b"
11 Z—TZ =am " .
I (a™)" = o™ v (Z) - ZT

A function of the form f(z) = kaP, where k and p are constants, is called
a power function.

An allometric equation is a power function of the form variable =
k(mass)P.

1
We can solve the equation 2™ = b by raising both sides to the — power
n

We can solve the equation z!/™ = b by raising both sides to the nth
power.

To solve the equation 2™/™ = k, we raise both sides to the power n/m.

The graphs of power functions y = 2™/, where m/n is positive are all
increasing for > 0. If m/n > 1, the graph is concave up. If 0 < m/n < 1,
the graph is concave down.

The notation z = f(x,y) indicates that z is a function of two variables, x
and y.

We can use a table with rows and columns to display the output values
for a function of two variables.

19 Joint Variation.

o We say that z varies jointly with = and y if

z=kxy, k#0
e We say that z varies directly with = and inversely with y if

Z:%, k#0, y+#0

We can represent a function of two variables graphically by showing a set
of graphs for several fixed values of one of the variables.

21 Roots of Real Numbers.

o Every positive number has two real-valued roots, one positive
and one negative, if the index is even.

e A negative number has no real-valued root if the index is
even.

o Every real number, positive, negative, or zero, has exactly
one real-valued root if the index is odd.
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3.5.2 Chapter 3 Review Problems

1. The distance s a pebble falls through a thick liquid varies directly with
the square of the length of time t it falls.
a If the pebble falls 28 centimeters in 4 seconds, express the distance
it will fall as a function of time.

b Find the distance the pebble will fall in 6 seconds.

Answer.
a d=1.75t>
b 63 cm

2. The volume, V, of a gas varies directly with the temperature, 7', and
inversely with the pressure, P, of the gas.

a If V=40 when T'= 300 and P = 30, express the volume of the gas
as a function of the temperature and pressure of the gas.

b Find the volume when T" = 320 and P = 40.

3. The demand for bottled water is inversely proportional to the price per
bottle. If Droplets can sell 600 bottles at $8 each, how many bottles can
the company sell at $10 each?

Answer. 480 bottles

4. The intensity of illumination from a light source varies inversely with the
square of the distance from the source. If a reading lamp has an intensity
of 100 lumens at a distance of 3 feet, what is its intensity 8 feet away?

5. A person’s weight, w, varies inversely with the square of his or her distance,
r, from the center of the Earth.

a Express w as a function of r. Let k stand for the constant of variation.
b Make a rough graph of your function.

¢ How far from the center of the Earth must Neil be in order to weigh
one-third of his weight on the surface? The radius of the Earth is
about 3960 miles.

Answer.

a w=—45
T‘2

>

¢ 3960v/3 & 6860 miles

6. The period, T, of a pendulum varies directly with the square root of its
length, L.

a Express T as a function of L. Let k stand for the constant of
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variation.

b Make a rough graph of your function.

the old one, what happens to the period?

377

¢ If a certain pendulum is replaced by a new one four-fifths as long as

In Problems 7-10, y varies directly or inversely with a power of x. Find the
power of x and the constant of variation, k. Write a formula for each function

of the form y = ka™ or y = —.

7.

For Problems 11-16, write without negative exponents and simplify.
11.

12.

13.

14.

15.

16.

xn
8. 10.
T Y T Y T Y T Y
2 4.8 1.4 | 75.6 0.5 | 40.0 1.5 | 320.0
5 30.0 2.3 | 124.2 2.0 | 10.0 2.5 | 115.2
8 76.8 5.9 | 318.6 4.0 | 5.0 4.0 | 45.0
11 | 145.2 8.3 | 448.2 8.0 | 2.5 6.0 | 20.0
Answer. Answer.
y = 1.222 Y= 2

a (=3)7"

Answer.

a

1

81

+(5)

a (3m)™°

Answer.

REDYEI

1

aal+a?

a (2d*2k3) -

b

b

xT

473

99
22

23 (w=2)~3

5w—>

For Problems 17-20, write each power in radical form.

17.

a 25m!/?

b 8n~ /3
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Answer.
a 25v/m b 8
In
18.
a (13d)%/3 b 6x2/%y3/5
19.
a (3¢)~%/* b 7(uv)®/?
Answer.
a 1 b 7TVu3v3
/27¢3
20.
a (a® 4 v%)%° b (16 — 22)%%

For Problems 21-24, write each radical as a power with a fractional exponent.
21.

a 2vx2 b 3\4/5
Answer.
a 2x2/3 b ixl/‘l
22.
a 22\/z b 2z
23. 6 )
a b —
Vb3 3vb
Answer.
—3/4 -1
a 6b b —p~1/3
3
24.
—4 b 2
a _c
(Va)? (Va)?

For Problems 25-28, sketch graphs by hand for each function on the domain
(0, 00).

25. y varies directly with 22. The constant of variation is k = 0.25.

Answer.

60
40
20

5 10 15
26. y varies directly with x. The constant of variation is & = 1.5.
27. 1y varies inversely with x. The constant of variation is k = 2.

Answer.
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y
8
6
4
2
x
2 4 6 8
28. y varies inversely with 2. The constant of variation is k = 4.
For Problems 29-30, write each function in the form y = kaP.
2 87
2
Answer. f(z)= gsv_"‘
For Problems 31-34,
(a) Evaluate each function for the given values.
(b) Graph the function.
31. Q(x) = 4a°/? 32. T(w) = —3uw?/?
1 1
x 16 1 3 | 100 w 27 2 20 | 1000
Q(z) T'(w)
Answer.
1
16 | = 3 100
(a) |- 1
Q(x) | 4096 A 44/35 &~ 62.35 | 400,000
(b)
33. f(x) =2a"3 34. g(x) = —27°7
x 0 1 5 10 | 20 | 80 || W@1||1002(| 0.5 1 10
f(x) g(x)
Answer.
(a) |2 011 5 10 20 50 70 | 100
f(z) | 0] 1] 162|200 | 246 | 3.23 | 3.58 | 3.98

b

35. According to the theory of relativity, the mass of an object traveling at

velocity v is given by the function

v
1-=
C
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36.

37.

38.

39.

CHAPTER 3. POWER FUNCTIONS

where M is the mass of the object at rest and c¢ is the speed of light. Find
the mass of a man traveling at a velocity of 0.7¢ if his rest mass is 80
kilograms.

Answer. 112 kg

The cylinder of smallest surface area for a given volume has a radius and

%
height both equal to {/ —. Find the dimensions of the tin can of smallest
s
surface area with volume 60 cubic inches.

Membership in the Wildlife Society has grown according to the function
M (t) = 30¢3/4
where t is the number of years since its founding in 1970.
a Sketch a graph of the function M (t).
b What was the society’s membership in 19907

¢ In what year will the membership be 810 people?

Answer.
M(1)
300
a 200
100

10 20
b 283.7 or ~ 284

c 2051

The heron population in Saltmarsh Refuge is estimated by conservationists
at

P(t) = 360t~ %/3
where t is the number of years since the refuge was established in 1990.

a Sketch a graph of the function P(t).
b How many heron were there in 19957

¢ In what year will there be only 40 heron left?

Manufacturers of ships (and other complex products) find that the average
cost of producing a ship decreases as more of those ships are produced.
This relationship is called the experience curve, given by the equation

C=az?

where C' is the average cost per ship in millions of dollars and z is the
number of ships produced. The value of the constant b depends on the
complexity of the ship. (Source: Storch, Hammon, and Bunch, 1988)

a What is the significance of the constant of proportionality a?

1
b For one kind of ship, b = 3’ and the cost of producing the first ship

is $12 million. Write the equation for C' as a function of z using
radical notation.
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¢ Compute the cost per ship when 2 ships have been built. By what
percent does the cost per ship decrease? By what percent does the
cost per ship decrease from building 2 ships to building 4 ships?

d By what percent does the average cost decrease from building n ships
to building 2n ships? (In the shipbuilding industry, the average cost
per ship usually decreases by 5 to 10% each time the number of ships
doubles.)

Hint. What is the value of C if only one ship is built?

Answer.

a It is the cost of producing the first ship.

12
b C= 8—\/5 million
¢ About $11 million; about 8.3%
d About 8.3%
40. A population is in a period of supergrowth if its rate of growth, R, at

any time is proportional to P*, where P is the population at that time
and k is a constant greater than 1. Suppose R is given by

R =0.015P'2

where P is measured in thousands and R is measured in thousands per
year.

a Find R when P = 20, when P = 40, and when P = 60.

b What will the population be when its rate of growth is 5000 per
year?

¢ Graph R and use your graph to verify your answers to parts (a) and
(b).
For Problems 41-50, solve

-2 _
41, 63 = 5 42. 3.5—-24p~2 = -6.1
500
Answer. t=10
43. Yr+1=2 44. 2¥°+2=6
Answer. =7
1 1
45. (z—1)7%2 = 3 46. (2z+1)71/2 = 3

Answer. x =25

47. 8yr+6=24 48. 98 =7¥2z—4
Answer. x =75

49. §(2y +1)%2=6
Answer. y=29,524

50. 1.3w%3+4.7=52

For Problems 51-54, solve each formula for the indicated variable.

[2v 21
51. t= ?7forg 52. q—1:2\/T,forr

2v

Answer. ¢g= o)
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1 241 1 2
53. R:+++,forp 54. q:f’/%,forr

Answer. p=+2VR?-R

For Problems 55-60, simplify by applying the laws of exponents.

55. (7t)3(7t)~t 5 361 2s 57 (2k—1)—4
Answer. 49t? T 9r—3sd T 4k-3
7
Answer. k—
64
58. (2w 3)(2w ) (suwBe_ ! 60. b2/3(4b=2/3 —
(2075 2P g s

Answer. 8a?

61. When the Concorde landed at Heathrow Airport in London, the width, w,
of the sonic boom felt on the ground is given in kilometers by the following

formula: s
Th
m

where T stands for the temperature on the ground in kelvins, h is the
altitude of the Concorde when it breaks the sound barrier, and m is the
drop in temperature for each gain in altitude of one kilometer.

a Find the width of the sonic boom if the ground temperature was
293 K, the altitude of the Concorde was 15 kilometers, and the
temperature drop was 4 K per kilometer of altitude.

b Graph w as a function of h if T'= 293 and m = 4.

Answer.
(a) 132.6 km
w
200
b
() 100

10 20

62. The manager of an office supply store must decide how many of each item
in stock she should order. The Wilson lot size formula gives the most
cost-efficient quantity, @, as a function of the cost, C, of placing an order,
the number of items, N, sold per week, and the weekly inventory cost, I,
per item (cost of storage, maintenance, and so on).

20N\ /2
©= (1)

a How many reams of computer paper should she order if she sells on
average 80 reams per week, the weekly inventory cost for a ream is
$0.20, and the cost of ordering, including delivery charges, is $257

b Graph @ as a function of N if C' = 25 and I = 0.2.
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63.

64.

65.

Two businesswomen start a small company to produce saddle bags for
bicycles. The number of saddle bags, ¢, they can produce depends on the
amount of money, m, they invest and the number of hours of labor, w,
they employ, according to the Cob